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Abstract

Neurophysiological signal analysis is crucial for understanding the complex dynamics of brain function and its deviations
in various pathological conditions. Traditional linear methods, while insightful, often fail to capture the full spectrum of
inherently non-linear brain dynamics. This review explores the efficacy and applicability of the Higuchi fractal dimension
(HFD) in interpreting neurophysiological signals such as scalp electroencephalography (EEG) and stereotactic intracranial
encephalography (sEEG). We focus on three case studies: i) distinguishing between Alzheimer’s disease (AD) and healthy
controls; ii) classifying neurodynamics across diverse brain parcels looking for a signature of that cortical parcel; and iii)
differentiating states of consciousness. Our study highlights the potential of non-linear analysis for deeper insights into brain
dynamics and its potential for improving clinical diagnostics.
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1. Introduction

Investigations of the structure of human brain neural networks and their biophysical mechanisms
suggest the hypothesis that the analysis of the ongoing neuronal electrical activity, the neurodynamics,
measured via intracranial or scalp electroencephalography (sEEG/EEG), requires a non-linear measure
approach [1]. It has been shown that brain signals often yield skewed, heavy-tailed distributions [2].
Such distributions indicate a scale-free dynamics or the existence of self-similar regularities that are ex-
pressed in a non-exact/statistical fractal geometry [3]. In the case of brain dynamics, such statistical
self-similarity could be observed even at different time scales [4,5]. For this reason, the complexity of
the patterns displayed in the electrical brain recordings requires means to detect the differences between
the neurodynamics generating processes. In particular, it is clinically relevant to extend the analysis of
neurodynamics from linear measures to non-linear ones, in order to evaluate the overall signal complexity
across different conditions, as studies suggest that measures such as Hurst Exponent, Entropy, and Cor-
relation Dimension are useful in detecting the reduced complexity of the neurodynamics in sleep/wake
states [6,7] and sedation levels [8], as well as in pathological cases [9,10]. Furthermore, the fractal dimen-
sion index of neurophysiological signals has been proven to be sensitive to alterations in clinical scenarios
such as stroke [11], Alzheimer’s disease [12], and fatigue in multiple sclerosis [13]. Conversely, it has
been shown to detect increased complexity in conditions like depression [14]. Moreover, it is useful to
identify the fingerprint neurodynamics for different brain regions with complexity measures [15,16]. The
scope of this review is to provide an overview of Higuchi fractal dimension (HFD) and its application for
neurophysiological signal analysis in clinical settings.

© 2024 , licensee Sciendo.
This work is licensed under the Creative Commons Attribution 4.0 International Public License (CC BY 4.0).

mailto: karolina.armonaite@uninettunouniversity.net
http://creativecommons.org/licenses/by/4.0/


K.Armonaite, L.Conti, E.Olejarczyk, F.Tecchio

2. Fractal features of neurodynamics

Mathematical fractal shapes are mostly generated by recursive algorithms that involve iterations; a
transformation T : X → X is a function with domain X and codomain X. Then, Tn(x) is a composite
function Tn(x) = T ◦ T ◦ · · · ◦ T (x)︸ ︷︷ ︸

(n times)

= T (T (· · ·T (x) · · · )). And the orbit of x is the sequence O(x) =

{x, T (x), T 2(x), T 3(x), . . .}. As a definition, for an object to be a fractal, it has to satisfy several conditions:

1. to possess a self-similarity of the shape, thus, generated through iterative process;
2. have a scale-free property;
3. to be a function that is continuous, but not differentiable;
4. to hold an irregularity of the shape [17,18].

Self-similarity can be defined in exact mathematical terms or through statistical self-similarity. An
object exhibits exact mathematical self-similarity when each smaller part of the object is an ideal or
nearly ideal replica of the entire object. Classic examples of geometrically self-similar objects include
the curve introduced by Niels Fabian Helge von Koch, a complex geometrical structure that can hardly
be described by Euclidean geometry, as it has a finite area and an infinite length [3]. The curve can
be generated through an iterative process [5]. For example, generating Koch curves requires four affine
transformations [19] and it has a non-integer dimension.

In Figure 1, we provide an example of Koch curve with its fractal dimension. The generation process
is to begin with a straight-line segment (left panel); split the initial line segment into three equal parts,
on the middle third of the line segment, construct an equilateral triangle pointing outwards (middle
panel); draw two lines from the endpoints of the middle third segment, each at a 60-degree angle to the
original segment; connect these two lines to form an equilateral triangle (right panel). The ideal scale-free
behavior can be proved by the power-law property, from this geometrical distribution we can extract the
fractal dimension of this shape using a self-similarity dimension. The D is calculated using the formula
D = log(N)

log(S) , where N is the number of self-similar pieces and S is the scaling factor. The formula is
derived from the fact that an object can be divided into N smaller parts, each of which is a scaled-down
version of the entire object by a factor of S. Therefore, they follow the relationship: N = SD. The Koch
curve holds D = log(4)

log(3) .

Figure 1. The generating process of the Koch curve

When speaking about natural phenomenon, we often encounter fractal shapes that do not adhere exact
mathematical fractal generation rules, but express some statistical properties of fractals. Examples include
seismic activity described by the Gutenberg-Richter scale [20,21], solar electromagnetic storms [22,23],
the connectivity of the cortical neural networks [5], and the irregular shape of the ongoing neural electrical
activity, the neurodynamics [15,24–26]. To calculate the fractality of such time series is not straightforward
as the self-similarity is statistical and it could be expressed at different time scales [4,27,28]. A primary
indicator of scale-free activity, and thus possibly fractality, in neurophysiological time series is the power-
law behaviour, expressed as the linear tendency of power spectral density (PSD) on a logarithmic scale
[29,30]. As presented in Figure 2, the PSD of neural recordings from the cerebral cortex appears to follow
a power-law distribution. On the log-log scale, it exhibits nearly linear behaviour indicating the existence
of self-similarities in the neural electrical activity patterns.
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Figure 2. Top panel. The locations of the electrodes on the human cerebral cortex projected from sagittal and axial planes.
Bottom panel. In the inset figure are shown the 141 PSDs of the neural recordings from the cerebral cortex. The x-axis is
presented in logarithmic scale. In the main figure the mean of PSD of all channels is presented on log-log scale.

The PSD is calculated according to the Welch method. Start with segmentation of the time series
xk[n]−x[n+ k(L−D)]w[n], k = 0, 1, . . . ,K− 1, where w[n] is the window function (e.g., Hamming). On
each segment calculate a periodogram using a Fast Fourier Transform:

Pk(f) =
1

U

∣∣∣∣∣
L−1∑
n=0

xk[n]e
−j2πfn

∣∣∣∣∣
2

.
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Then average across the periodograms:

PWelch(f) =
1

K

K−1∑
k=0

Pk(f).

However, the linear measures like Fourier Transform might fall short in detecting the existing non-
linearities in neurophysiological signals [31]. For this reason, here, we provide a plausible method to
capture the complex features in the neural signals, directly from time domain, for this we deploy the
Higuchi fractal dimension.

3. Higuchi fractal dimension

The time series like Earth electromagnetic field activity was shown to express high irregularities, and
the method to estimate the size of such fluctuations was shown by T. Higuchi (1988) [32]. He suggested
to subsample the time series into a shorter series of some length. Consider a given N -length time series
{X(1), X(2), X(3), . . . , X(N)}. For a time interval, we skip a number of samples equal to k. We obtain
m number of sets of new time series Xm

k : X(m), X(m+ k), X(m+ 2k), . . . , X(m+ [(N −m)/k)]). Then
we calculate the length of the curve Xm

k as follows:

Lm(k) =

[∑⌊(N−m)/k⌋
i=1 |X(m+ ik)−X(m+ (i− 1)k)|

]
(N − 1)

⌊(N −m)/k⌋ · k
· 1
k

The length L(k) of the newly generated subseries Xm
k is evaluated by averaging the k sets of Lm(k)

values, as:

L(k) =
1

k

k∑
m=1

Lm(k)

If the limit exists for k → ⌊N/2⌋, such as:

L(k) ∝ k−HFD

then the curve is fractal with dimension equal to HFD(f,N, kmax) = a.

4. Review of three HFD applications for measuring neurodynamics complexity

Here, we provide an overview of some cases of Higuchi’s algorithm application in detecting the com-
plexity of neurophysiological signals, across healthy and pathological conditions, across different cortical
parcels and consciousness states.

4.1. Case 1: reduced HFD in Alzheimer’s disease and aging

In the study by Smits et al. 2016, Authors calculated HFD on 5-minutes duration, 19 - channel scalp
EEG recordings, sampled at 128 Hz, from 41 healthy individuals (20-89 y.o.) and 67 Alzheimer’s Disease
(AD) patients (50-88 y.o.). The elderly healthy control (EC) group and AD patients were tested by
Mini Mental State Examination score (MMSE) and a Non-Ceruloplasmin-Bound Copper Levels (NCC)
for cognitive decline symptoms. The aim was to determine if HFD can detect changes in brain activity
of healthy aging and AD with respect to young controls. The results showed a non-linear relationship
between HFD and age in healthy individuals (R2 = .575, p < 0.001). HFD expressed a declination
around age of 60, with the reduction noticeable in the central-parietal regions more pronounced in the
right hemisphere compared to the left (p = 0.006). Moreover, a correlation between HFD and MMSE
score was also found (the significance threshold, (r = 0.264, p = 0.031), furthermore a linear relationship
between HFD and NCC levels was shown (r = −0.274, p = 0.025). In the Figure 3 we present these results.
In the panel A the dots represent the average whole-scalp HFD values from left to right: healthy subjects
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plotted against age in years with the best fitting curve; AD patients plotted against MMSE scores; AD
patients plotted against NCC levels, with the best fitting line. For the comparisons of HFD of the three
groups, it was noticed that AD patients exhibited lower HFD compared to aged and young controls.
In the Figure 3 B the reduction of average HFD values for the left and right parietal regions for each
group can be noticed. This reduction was linked to decreased cognitive capabilities decline, as measured
by the mini-mental state examination, and NCC levels. These findings indicate that the complexity of
resting-state EEG increases from young age to adulthood and decreases in healthy aging. In AD, the
complexity of brain activity is further reduced in association with loss of cognition. Summarizing, HFD
appears to be a reliable measure for monitoring EEG-derived brain activity complexity in both healthy
and pathological aging.

A 

B 

Figure 3. A. Correlation of HFD and various parameters. B. HFD across three groups of investigation.[Figure reprinted
from Smits et al., 2016, PLOS ONE, DOI:10.1371/journal.pone.0149587]
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4.2. Case 2: HFD as a fingerprint of brain areas neurodynamics in resting wakefulness

In the following two studies, HFD was applied to analyse if local brain areas neurodynamics exhibit
characteristic activity in resting wakefulness [15,16]. In both studies, Authors used sEEG recordings
from Montreal Neurological Institute (MNI) of 106 subjects suffering from drug-resistant focal epilepsy,
however the regions affected by the disease were excluded from the study. In the analysis by Olejarczyk
et al., 2022 [16], Authors estimated the average HFD across all channels and all subjects in 38 brain
regions. They observed some significant differences across brain regions, where the highest HFD was
noticed in the frontal cortex, in particular, the two areas were found to be active during wakefulness:
the middle segment of the precentral gyrus and the inferior segment of the inferior frontal gyrus. Both
expressed HFD greater than 1.7 ± 0.1 (Figure 4 top panel). Where the highest HFD is observed in
the frontal lobe, the lowest in parahippocampal and fusiform gyri. In the second study by Armonaite et
al. [15,33], authors selected three regions: primary motor (M1), primary somatosensory (S1), and primary
auditory (A1) cortices for the investigation, and examined if the differences in neurodynamics complexity
across brain regions remain constant within a single subject. Deploying a non-parametric Wilcoxon test
(Wtest), it was verified that M1 ≥ S1 (Wtest = 12, p = 0.01), M1 ≥ A1 in 8/9 subjects, and S1 ≥ A1
in 5/6 subjects within a single subject. As presented in the Figure 4 bottom panel, the scatterplots of
each subject’s HFD values indicate where the two sources differ: S1 vs. M1; A1 vs. M1; A1 vs. S1. The
diagonal and coloured areas indicate where the HFD of the source on the x-axis is higher than that on
the y-axis.

Figure 4. HFD of different brain areas in wakefulness. The results are shown on lateral, medial, and insular views from left
to right. [Modified figure is reprinted from Olejarczyk et al., Nat. Sci. Rep, 2022, DOI : 10.1038/s41598−021−04213−8]. B.
HFD comparisons in three cortical parcels within a subject. Colour codes: S1(blue),M1(red), A1(green). [Figure is reprinted
from Armonaite et al., Advances in Neurobiology, 2024, DOI : 10.1007/978− 3− 031− 47606− 833]

4.3. Case 3: HFD is able to detect the consciousness states

There are plenty of evidence suggesting that with consciousness states decrease either during Non-
rapid-eye-movement (NREM) sleep or during anaesthesia [7,30] the brain regions become more synchro-
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nized on a larger scale [34,35] and therefore exhibit slower periodic oscillations such as δ [≤ 4 Hz] and
θ [4−8 Hz], than in wakefulness, where α [8−12 Hz] and β [12−33 Hz] frequencies dominate [36,37]. Here,
as for the brain areas classification, authors proceeded to look if Higuchi’s method is able to capture these
changes across the sleep staging and wakefulness. In both studies, it was noticed that HFD decreases
from REM stage to N2 and N3. In particular in the study of Olejarczyk et al., 2022 [16] they found that
in almost all of the 38 brain regions the complexity measured via HFD is reduced from wake to N3 sleep
stage, however in many brain regions, wake state and REM sleep are more similar. Interestingly, the
precentral gyrus showed differences in HDF between the wake state and REM sleep stage. Instead, the
fusiform and parahippocampal gyri did not exhibit differences between the awake state and N2. More-
over, similarity in HFD was observed between stages REM and N2 only for the postcentral gyrus, the
area containing the primary somatosensory cortex. The differences of the cortical areas with respect to
sleep stages can be seen in the Figure 5 top panel. On the other hand, in the study by Armonaite et al.,
2022 [38], authors selected three regions and showed how the complexity from the wake state to the N3
sleep stage decreases measured via HFD linearly correlating it with the PSD in δ frequency band since it
has the most evident indication of sleep stages [7]. The steepness of the slope (α) was estimated, with the
scope to examine if there is a negative correlation between HFD and δ frequency band, this would indicate
that with the depth of sleep the HFD decreases significantly. In fact, it was found that the α value, was
not only decreasing as with the depth of sleep, but also was different across A1, S1 and M1 measuring
on single subjects and on average. The most evident decrease of HFD value as PSD(δ) increases is in A1.
The Pearson’s correlation (r) was evaluated for the significance of the fit of HFD versus PSD(δ) for a
representative channel for each subject in wakefulness and sleep stages in three regions separately. The
correlations were significant as follows: for A1 (r = −0.824, p = 0.003), for S1 (r = −0.491, p = 0.045),
for M1 (r = −0.669, p = 0.001).
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Figure 5. Top panel. HFD across sleep stages in different brain regions. The results are displayed on lateral, medial, and
insular views from top to bottom rows, and from wake to N3 sleep stage shown from left to right. [Modified figure is reprinted
from Olejarczyk et al., Nat. Sci. Rep, 2022, DOI: 10.1038/s41598-021-04213-8]. Bottom panel. HFD versus PSD δ mean band
values in single subjects across the states. The top row represents each subject’s HFD value versus PSD δ band mean value
during wakefulness, REM, N2, and N3 sleep stages. In the bottom row, the mean of the HFD versus mean PSD(δ) across
the population is shown.
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5. Conclusion

While frequency domain analysis provides invaluable insights into periodicities across brain regions,
it is limited to detecting the rate of neuronal activations in response to stimuli at the cellular level or
the connections between large-scale brain regions at the network level. However, fluctuations in neural
networks arise from various factors such as inhibitory/excitatory projections, internal neuronal ”noise”
produced by biophysical processes, and potentially the number of connections with other neurons in the
neuronal pool. The Higuchi method could be a more sensitive tool for detecting such nonlinearities on
a larger scale, making it a plausible estimator for identifying neurodynamical differences between brain
regions, assessing sleep stages, and potentially serving as a marker for the deterioration of specific brain
area functions. Although HFD has shown success in detecting these properties in neurophysiological
signals, it requires further evaluation to understand its effectiveness across different time scales and with
varying parameters.
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