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Abstract: The paper aims to study the dynamic behavior of an elastic mechanical system without damping consisting of two masses
m1 and m2 mounted on a cantilever beam subjected to bending and supported on two helical compression springs, or the influence of
the dynamic mass absorber m2 on the pulsation characteristics of the forced bending vibrations of the mass electric motor m1. Using
the MATHCAD professional program, the influence of the mounting method of the dynamic absorber on the elastic system's own

pulsations can be determined.
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1. INTRODUCTION

The study of the dynamic behavior of an elastic
mechanical system without damping consisting of a
beam in a cantilever supported on two helical springs
having the same stiffness on which two concentrated
masses m; and m, are mounted, is done by numerical
simulation in MATHCAD, ie. by changing the
mounting position of the mass of the dynamic absorber
my (ms3). Using the calculation formulas of the static
arrow and the method of influence coefficients [3], [6]
for the calculation of natural pulsations, the vibrations of
the system with two degrees of freedom are studied for
four mounting cases of the engine and the dynamic
absorber:

— near the two spring (Fig. 1.a and Fig. 2.a);

— near the first spring and at the end of the beam (1.b);

— near the second arch and at the end of the beam (2.b);
The method of influence coefficients consists in
expressing the dynamic displacements of a system with n
degrees of freedom according to the inertial forces
corresponding to the masses of the vibrating system [3],

[6]:
X1 =011 Dy + 01y - Dy + 013 Py + ...+ 0y, - D,

Xz :521@14‘522@2 +523'@3+...+52n'€pn

Xn:5n1’¢1+5n2'¢2+5n3'¢3+...+5nn'@n (1)

where: @1, @y, @y, ... @ represent the inertial forces
corresponding to the masses my, My, M3,... My

@y =—My Xy, Dy=—My-Xy; D3 =—Mg-Xg; ... Py=—M; X,;
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di, 2 ... On represent the influence coefficients (the
displacements of the sections corresponding to the
masses mj, My, Ms,... My, when a unitary force P=1 is
applied in section i.

2. DEFINING THE PROBLEM

An electric motor of mass m;=10kg with speed n=1500

rpm and rotor mass me=5kg with eccentricity r=0.5mm

is mounted on a cantilever beam of length L=at+b+c
embedded at one end, next to the first support spring

(Fig.1.a). Due to the amplitudes of the forced vibrations

a simple dynamic absorber without damping consisting

of a mass m; is used which is mounted on the same

console so that the amplitude of the vibrations of the
electric motor decreases, the one-degree-of-freedom
system becoming a two-degree-of-freedom system . The
console of negligible mass is elastically supported on
two springs at distances a=600mm and b=400mm

(c=300mm), each having stiffness k=500 N/mm. The

console section consists of two U8 profiles (STAS 564-

80) having the moment of inertia Iy=57,5 cm*. For the

three assembly cases, the following will be determined:

1. the reactions Mo, Vo1 Vi1 Va1 and the values of the
displacements 811, 821 and 83, for the first charging
case (Fig. 3);

2. the reactions Mgz, Vo2 Vi2 V22 and the values of the
displacements 812, 82, and &3 for the second
charging case (Fig. 4);

3. the reactions Mgy, Vo3 Vi3 Va3 and values of
displacements 813, 823 and 833 for the third charging
case (Fig. 5);

4. the values of the natural pulsations p; and p; of the
vibrations of the system with two degrees of
freedom and the distribution coefficients
corresponding to the natural pulsations pi, p. for
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each of the three assembly cases and comparing the degree of freedom [ 7].
results with those obtained for the system with one

Fig. 1.b
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3. CALCULATION OF REACTIONS AND
INFLUENCE COEFFICIENTS FOR THE FIRST
ASSEMBLY CASE

The influence coefficients A1, o1 and Js represent
the arrows in the three sections 1, 2 and 3
corresponding to the loading with a unit force Pl
applied in section 1 (Fig. 3). In this case, the reactions
Moz, Vor Vi1 and Vi are calculated using the two
equilibrium equations from Mechanics [1], [2]:

Vor +Vi1 +Vo = R
Mg —Vi;-a—-Vy -(a+b)+PR-a=0

and the two strain equations - the arrows of sections 1

. ea.bksa+3b(a+b)2—b3]
3602 +12a-bj(a+b)’ +a’[+a’b3(3a+4b)’
V- pa-(a+b)-a® bls6ab-P

Voo =P,

M
o 6a—-3a’-b
a+b Mgy
Vi, =P -V LY
11 1 01 b b
M |
Vyy =V, 24001 where or=—

b b

“4)
The corresponding displacements 611, &1 and &
written using the loading function have the

and 2 which are written using the loading function [1]: expressions:
3 2
Vi Mg-a? Vg -a® 5y = Yo 8 +3Mg; 2"
E'IV'T:_T_T BE-I,
Vg (a+b)®+3Mgy-(a+b)® +Vy; -b* —P b
E.Iy.\ﬁ:_Mm-(aer)z_V01~(a+b)3_V11-b3+Pl-b3 O = 5.1, ;
K 2 6 6 3 5. - Vo (a+b+c)’+3Mg; -(a+b+c)’ +Vyy (b+C)’ — P -(b+C)* +Vy -C?
o 6E-I '
Solving the system of four equations with four ’ (5)
unknowns Mo1, Vo1, Vi1 and Va; yields the calculation
formulas:
§ Sz 5 | P2 S
Mo\ e
N TR =
Vo oA Y 24
a Vi b Vo, c
Fig.4

4. CALCULATION OF REACTIONS AND
INFLUENCE COEFFICIENTS FOR THE
SECOND ASSEMBLY CASE

The influence coefficients di2, 02 and & represent
the arrows in the three sections 1, 2 and 3
corresponding to the loading with a unit force P2
applied in section 2 (Fig. 4).

In this case, the reactions Moz, Vo2 Viz and Vz, are
calculated using the two equilibrium equations from
Mechanics [1], [2]:

70

Voo +Vi2 +Vp = P,

and the two strain equations - the arrows of sections 1
and 2 which are written using the loading function [1]:

E-I .Vﬁz_M_M

Yk 2 6
E-l .Vﬁz_'vloz‘(ﬁ“rb)2 _Voz'(a+b)3 _V12'b3
Yk 2 6 6

(6)
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Solving the system of four equations with four 5. CALCULATION OF REACTIONS AND
unknowns Moz, Vo2, V12 and V»; yields the calculation INFLUENCE COEFFICIENTS FOR THE THIRD
formulas: @) ASSEMBLY CASE
6a-b-(6a—3a-b) The influence coefficients o3, o3 and ds3 represent
Voo =P, 2 3], 43 h in the th i 1, 2 d 3
3602 + 12 - b[(a+b) ta J+a b3 (3a+4b) the arrows in the three sections 1, 2 an
[ ] corresponding to the loading with a unit force P3
Moy =P —— 6a-b-faf a3+ b)3 a’ 3b3 applied in section 3 (Fig. 5). In this case, the reactions
36a’b +12¢ - b[(a+b) +a J+a b (3a+4b) Moz, Vos Viz and Vi are calculated using the two
a+b Mg, equilibrium equations from Mechanics [1], [2]:
Vip ==V -
b b
. Voo +Vip +Vyy =P,
Vpy = Py V2 Mz ypere o = EIY. {02 12 +Vy =Py
b b k Moy —=Vip-a=Vy -(a+b)+P,-(a+b+c)=0
Th? corresponding displagements 5%2’ o2 and Oz and the two strain equations - the arrows of sections 1
written using the loading function have the and 2 which are written using the loading function [1]:
expressions:
P e, Vi Mga® Vig-a®
Vgp - +3Mg, -a° bk 2 0
. + .
Opp =2 — 5E1, 2 £ Vo _ Mg -(ath)® Veg-(a+h)® Vis-b°
, Yk 2 6 6
Sy = Vo -(a+b)> +3Mg, -(a+b)? +Vy, b )
6E-1,
s :_VOZ-(a+b+c)3+3M02-(a+b+c)2+V12-(b+c)37P2-c3 +Vy, -¢%
% 6E-1,
(®)
© ® ® O,
N P
N O3 O3 s | :
Moz e
N = SRR =K __
_‘7__ _‘7__
Vo A A
a Vis b Vo3 C
Fig.5
. . . Vgg-a® +3Mg,-a® |
Solving the system of four equations with four 013 = T 6E..
unknowns Moz, Vs, Vi3 and Va3 yields the calculation y3 ) .
formulas: Son = Yoz -(a+b)” +3Mo; -(a+b)” +Vy5-b” .
o 6E-1 ’
y
5o = Vos (a+b+c)*+3Myg-(a+b+c)? +Vy5-(b+c) +Vy, -c°
V.. _p, 36a’-b-18a-b-c(a+b)’ ~18a-a’-b(b+c)+3a’b’c, B 6E-1,
BT 36a?h+12a- b[(a+b)3+a3J+a3b (3a+4b) an
Vo a-(a+b)-a® b]-6a c. Py
0 6 —3a%h 6. CALCULATION OF NATURAL PULSATIONS
Vor—_p.. Gy 2th Mg, AND EIGENMODES OF VIBRATION FOR THE
BT %y p FOUR ASSEMBLY CASES
B b+c a Mg . _E-ly
Vag =Py b +Voy b+ b where o = K 6.a Calculation of natural pulsations for the first
(10) case of mounting m1-m2 (Fig. 1.a)
To solve problems using the MATCAD program, enter
the parameters:
L2107 m
The corresponding displacements &3, &3 and ds3 B= E-| N
written using the loading function have the y 12)
expressions:
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E-l E-l E-I . _ G 2
{ali=51ip_7l_§;azi=52ip_7l_§§ a3i=53ip.7l_§; i=123 {xl—al-cos( pt) = X =-p 'al'COS( pt)
X, =8y -cos( pt) %, =—p?-a,-cos( pt)

Using the quantities defined above, the influence (15)
coefficients &j, 4y, dyj are written as follows: Substituting the solutions and their derivatives into the

O =ayif-P system of differential equations of the second order,

Sy =y B-P (13) the homogeneous system of equations is obtained with

Si=agi-fB-P the vibration amplitudes a; and a; as unknowns:

2 2 2 —
To calculate the natural self-pulsations of the system 3y(1-p-Syy-my)-a”-p= Sy, My =0

with two degrees of freedom for the first mounting —-a- p2 Opp My +3,(1— p2 8y +My ) =0
case ml-m2, the method of influence coefficients is 16
used, and the differential equations (1) are written as . .( )
follows: The homogeneous system of equations with the
. vibration amplitudes al and a2 as unknowns admits
{Xl ot unde : {le ST non-zero solutions if its determinant is zero:
Xy =01 Py +6p - D, Dy =-My - X, 1-p2ay-B-P-m  —p?ay f-P-m, 0
{X1+511-m15<1+512-m2-5<2=0 _pz.a21.ﬁ.P.ml 1_p2.a22.ﬂ.P.m2
X + g1 "M%y +0 -My X, =0 (17)
(14) . , .
The system of differential equations (14) admits The positive solutions of the equation of the fourth
harmonic solutions of the form: degree (17) represent the two natural self-pulsations of

the system and have the expressions:

P _\/ 1 oMo My —log My + @z -My)—4my -y (g, - oy + a1y - 1)

B-P 2my -y (e - @z + a1y - )
b, = \/ 1 anmtay-m gy -y + g - My ) - 4my My (g - @y + 1, 1) (18)
y =
B-P 2my -y (e - @z, + a1z - )
The el.ger.lmo.des of Vlbra}tlon are given by the values of Ca,  1- p? .y - B-P-m,
the distribution coefficients obtained from the first Moy =—=

2
apy pi -y B-P-my

( 2 )a 2 (19) u :aﬁ:l—pg-anvﬂ-P-ml
1-p%-ay-f-P-mjp—p°-ayy-f-P-my-a, =0 ? a, pla, fP-m, 20)

homogeneous equation (16):

The distribution coefficients zp1, 2 corresponding to

the self-pulsation p1 are calculated with the formulas: 6.b. Calculation of natural pulsations for the second

mounting case m1-m3 (Fig. 1.b)

The two eigenpulsations of the system and the
distribution coefficients for this case are calculated
similarly and have the expressions:

D _\/ 1 .all'm1+0533'ms—\/(“n'm1+a33'ms)—4m1'm3(“11'0!33+0513'0’31)
L=
B

P 2m, -my '(0‘11 "Q33 + 03 '0‘31)
o _\/ 1 a11'm1+0533'm3+\/(0511'm1+0‘33'm3)—4m1'm3(0511ﬂ33+0513'0531) Q1)
, = .

B-P 2m1'm3'(all'a33+a13'a31)

6.d. Calculation of natural pulsations for the fourth
mounting case m2-m3 (Fig. 2.b)

6.c. Calculation of eigenpulsations for the third The two eigenpulsations of the system and the
mounting case m2-ml (Fig. 2.a) distribution coefficients for this case are calculated
The two natural pulsations of the system and the similarly and have the expressions:

distribution coefficients for this case are identical to
those obtained in paragraph 6.a
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1 app-My+ag-My ~ oz - My +aag -mg ) —4m, -my - (arzp - g5 + 233 - 037

pl_\/ﬂ_P

2m, - ms(azz Q33+ Ap3 '0‘32)

1 app-My+ag-Mg oz My +argg -mg ) —4m, -my - (arzp - g + 35 a5

(22)

pzz\/ﬂ_P

7. RESULTS OBTAINED

2m, -mg (azz "Q33 + 3 'asz)

The results obtained for the static deflection w, the
equivalent stiffness K, the displacement amplitude and
the natural pulsation for the three mounting cases of
the motors without dynamic vibration absorbers in

section 1 (Fig. 4), in section 2 (Fig. 5) and in section 3
(Fig.6), are given in table 1 [7].

The results obtained for pulsations and natural modes
of vibration in the four mounting cases of masses mj,
m; and mj3 are given in table 2:

Table 1
The mounting case of the Arrow Stifness Amplitude of Natural self- Dynamic
electric motor w (mm) K (N/mm) vibrations pulsation factor
X (mm) p(rad/s)
Case 1 (Fig.4) 0,0176 5682,256 0,01135 753,827 1,645
Case 2 (Fig.5) 0,076 1315,96 0,0577 362,761 1,759
Case 3 (Fig.6) 0,175 572,055 0,190 239,177 2,085
Table 2
The mounting case of the The natural The natural The mean The The
dynamic absorber pulsations px pulsations p. pulsation distribution distribution
(rad/s) (rad/s) (p1+p2)/2 coefficient coefficient
po1 (us1) 22 (132)
Cazul 1 ml-m2 (Fig.1.a) 332,887 1728,64 1030,763 2,258 -0,443
Cazul 2 m1-m3 (Fig.1.b) 232,120 1211,98 722,05 3,946 -0,253
Cazul 3 m2-ml (Fig.2.a) 332,887 1728,64 1030,763 2,258 -0,443
Cazul 4 m2-m3 (Fig.2.b) 201,287 1583,97 892,628 1,540 -0,650

8. CONCLUSIONS

From the analysis of the results obtained in table 1 and
table 2, the following conclusions can be drawn:

- It is observed that with the increase of the mounting
distance of the motor from the mounting, the static arrow
w increases the vibration amplitude X and the dynamic
factor and decreases the equivalent stiffness K and the
inherent pulsation p;

- the inherent pulsation of the system for the three
mounting cases is lower than the motor pulsation
(0=157.08 rad/s) and the system operates in pre-
resonance mode, so there is no danger of operating at
resonance;

- in case 1: by adding the dynamic mass absorber m2 to
the system with a mass degree of freedom m1 (case 1),
the natural pulsation pl is smaller, the natural pulsation
p2 is larger, and the average of the natural pulsations p,
and p; is also higher than the natural pulsation p from
table 1;

- in case 2: by adding the dynamic mass absorber m3 to
the system with a mass degree of freedom m1 (case 2),
the natural pulsation pl is smaller, the natural pulsation
p2 is larger, and the average of the natural pulsations p;
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and p, is approximately equal to the self-pulsation p
from the table;

- in case 3: by adding the dynamic mass absorber m1 to
the system with a mass degree of freedom m2 (case 3),
the natural pulsation p; is smaller but very close
(p=362.761 / p1=332.887) and the natural pulsation p; is
higher than the natural pulsation p from table 1;

- in case 4: by adding the dynamic mass absorber m3 to
the system with a mass degree of freedom m2 (case 4),
the natural pulsation pl is smaller but very close
(p=239.177 / p1=201.287), the natural pulsation p2 is
higher than the natural pulsation p from table 1;

- in practice, it is aimed that the own pulsations of the
system with two degrees of freedom are as far as
possible from the pulsations corresponding to the electric
motors in order to avoid the phenomenon of resonance.

- in the case of using an electric motor with a speed of
2300 rpm, the excitation pulsation (©=240.8 rad/sec) is
approximately equal to the own pulsation for case 3a
(p=239.177 rad/sec), the motor having mass m3 and it is
mandatory to use the dynamic absorber mass m1 (case 2)
or the dynamic absorber mass m2 (case 4).
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Therefore, the presented calculation method and the
MATHCAD simulation program allow the estimation of
dangerous operating modes at resonance from the design
phase and provide a solution to avoid operating in
resonance mode when the vibration amplitudes and the
dynamic factor have impermissibly high values.
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