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Abstract. The result of this paper is the derivation of the 

expression for the interaction force between two pulsating/oscillating 

bubbles (the secondary Bjerknes force). This is done by expressing 

the force using the hydrodynamic Maxwell equations for a fluid. 

These subsequent equations were written for the quantities: velocity, 

pressure and density as deviations from steady state. Also, as it will 

show in the following rows, we found the expressions of the acoustic 

charge and of the acoustic intensity. Our results may facilitate an 

approach for the interaction of two vortices and for the interaction of 

a bubble with a vortex. This approach leads to a model for an 

acoustic charged particle which has internal angular momentum. 

Keywords: oscillating bubbles, the secondary Bjerknes force, 

vortex, bubble, hydrodynamic Maxwell equations, acoustic charged 

particle, angular momentum.  
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1. Introduction 

The analogy between the Maxwell equations and those of the compressible fluid has a long 

time ago observed [1-8]. Following this analogy, we infer the secondary Bjerknes force [9-12] and 

set the background of “Acoustic world” Project (AWP) [13-18]. Our project tries to argue that the 

world of the systems which interact and correlate trough acoustic waves is like the world where 

systems interact and correlate trough electromagnetic waves. This similarity take place theoretically 

and experimentally. 

We assume the Acoustic World (AW) to be a fluid whose temperature is close to the 

boiling temperature, and which is found into a container. Here some specific systems can appear 

such as: acoustic waves, bubbles and vortices or we can introduce solid corpuscles and drops from 

another liquid. They are the basic systems - phenomena which can initiate more complex systems 

like standing acoustic waves, bubble trapped in a vortex (bubble with spin or acoustic particle with 

spin), systems of two acoustic particles (acoustic “atoms”) and systems with a large number of 

bubbles – clusters of bubbles. We must mention that we took care to set our models to be invariant 

to the change of the different coordinate frames. Since we address our study to those systems which 

interact and corelate acoustically then we will adopt the limit of the velocity of the waves to be the 

velocity of the acoustic waves which propagate into an unperturbed fluid (𝑢 = (𝑑𝑝𝑑𝜌)𝑠). The choice 

mentioned above is depicted by Lorentz transformations. We note that we do not refer here to the 

relativistic theory of the hydrodynamics [19, Ch. 15]. Equations of hydrodynamic are invariant to 

the transformations of Galilei but equations of electromagnetism are invariant to the Lorentz 

transformations [2]. 

This is a new stage of the basics of the theory of the AWP and which consist in depiction 

of the correlations between fluid physics, acoustic theory, the theory of bubbles and vortices [20-25] 

and of the topic addressed to the study of the analogy between mechanics and electromagnetism. 

More precisely, first we will prove that it is possible to infer secondary Bjerknes force [9-11] force 

from the hydrodynamics’ equations of the type of Maxwell. Earlier we have proven [12, 17, 18] 

approaches which depict the analogy between the interactions bubble-bubble and of those of 

charged particles without spin [31, 32]. Now this analogy will allow us to model a charged acoustic 

particle with angular momentum gained by entrapment of the bubble by a vortex [23-25]. 

When the viscosity of the fluid is large the small vortices (minivortices) have short lifetime 𝜏𝑙 (𝜏𝑙 << 𝑅𝑐𝑢 , 𝑅𝑐 is radius of the container where acoustic phenomenon take place) and therefore the 

interactions between them and other minisystems found in container are difficult to be observed. 
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The task becomes easier if in container is found a superfluid (a fluid cooled so much as the viscosity 

becomes extremely small) and the container is found into a space station. In this case vortices are 

stable and quantified [21, 22]. The large lifetimes of the quantified vortices allow the realization of 

more complex structures. The missing of gravity in space facilitates experimental observations of 

the phenomena instead of the terrestrial labs where observations are influenced by gravity. 

Theoretical and experimental study of acoustic phenomena will allow a better 

understanding of the electromagnetic phenomena and vice versa [2]. Also, a better understanding 

will be for quantification, for how elementary unpunctual particles can be generated, for the role 

played by the limit of the magnitude of the velocity which is involved in interactions and depends 

on the properties of the fluid, for how laws which govern phenomena can be relative and also for 

observation. 

In the second section we will depict the shape of secondary Bjerknes force and of the 

acoustic intensity using the analogy with the Maxwell equations. There we will outline what is the 

acoustic charge. We will use the SI units and Gaussian units. Also, there we write the Maxwell 

equations for a compressible fluid. In the third section we infer the expressions of the acoustic 

charge, of the acoustic intensity and of the acoustic force, for all of them using Maxwell equations 

for fluids. The fourth section is addressed to conclusions. 

2. Maxwell's equations and the Bjerkenes secondary force 

2.1. Clarifications on Maxwell's equations for the electrostatic field 

In the Electromagnetic World (EW), i.e. the world where interactions propagate at the 

maximum velocity of light in a vacuum, 𝑐 = 1√𝜀0𝜇0, Maxwell's equations for the electrostatic field in 

a vacuum are, in the SI units [26] 

 𝛻𝐸⃗ = 𝜌𝑞𝜀0   (1) 

where the electric charge density, 𝜌𝑞 = 𝑑𝑞𝑑𝑉, is the source of the electrostatic field 𝐸⃗  and 𝜀0 is the 

permittivity of the vacuum. We assume that vacuum is the medium where electromagnetic 

interactions propagate. There, the electric field acts upon a charged particle with a force  

 𝐹 = 𝑞𝐸⃗   (2) 

or the force with which a charged particle acts to another charged particle is  

 𝐹 𝑖𝑗 = 𝑞𝑖𝑞𝑗𝑟̂4𝜋𝜀0𝑟2 = 𝑞𝑖 ( 𝑞𝑗𝑟̂4𝜋𝜀0𝑟2) = 𝑞𝑖𝐸⃗ 𝑗 ,   𝑟̂ = 𝑟 𝑟  (3) 
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The above equations are asymmetric since the charge does not depend on the properties of 

the medium and the intensity depends on the properties of the medium where interactions 

propagate.  

We can define symmetric equations by introducing a charge which depends on properties 

of the medium: 

 𝐹 𝑠𝑖𝑗 = 𝑒𝑖𝑒𝑗𝑟̂𝑟2 = 𝑒𝑖 (𝑒𝑗𝑟̂𝑟2 ) = 𝑒𝑖𝐸⃗ 𝑠𝑗,  𝐸⃗ 𝑠𝑗 = 𝑒𝑗𝑟̂𝑟2 , (4) 

 𝐹 𝑠 = 𝑒𝐸⃗ 𝑠,  𝐸⃗ 𝑠 = 𝑒𝑟̂𝑟2, (5) 

 𝛻𝐸⃗ 𝑠 = 4𝜋𝜌𝑠 ,  𝜌𝑠 = 𝑑𝑒𝑑𝑉  (6) 

These two shapes of the forces lead to a relation between the parameters involved here 

since forces are equal, 𝐹 𝑠 = 𝐹 ,  𝑒𝐸⃗ 𝑠 = 𝑞𝐸⃗ . Therefore, one writes: 

 𝑒2 = 𝑞24𝜋𝜀0 ,  𝑒 = 𝑞√4𝜋𝜀0 ,  𝐸⃗ 𝑛 = 𝐸⃗ = 𝑞𝑟̂4𝜋𝜀0𝑟2 = 𝑒𝑟̂√4𝜋𝜀0𝑟2 = 𝐸⃗ 𝑠√4𝜋𝜀0  (7) 

The above equations are Maxwell equations in the Gaussian units [26]. 

2.2. Secondary Bjerknes forces 

Secondary Bjerknes forces which act between two bubbles which oscillate are [11, 12]: 

 𝐹 𝐵 = ⟨𝐹 𝑖𝑗⟩ = −⟨𝑉𝑖(𝑡)(𝛻𝑝𝑗(𝑟, 𝑡))⟩;   𝑖 ≠ 𝑗 = 1,2; (8) 

with: 𝑉𝑖(𝑡) = 4𝜋𝑅𝑖3(𝑡)3  and with the pressure exerted by the acoustic waves radiated by bubbles 𝑝𝑗(𝑟, 𝑡) = 𝜌0𝑉̈𝑗(4𝜋𝑟) − (𝜌0𝑅̇𝑗22 ) (𝑅𝑗𝑟 )4
, 𝑉̈𝑗 = 𝜕𝑡2𝑉𝑗 = 𝜕2𝑉𝑗𝜕𝑡 . We used the symbol ⟨. . ⟩ which designates the 

operation to average of a parameter during a period. In the approach which we adopted the variable 

volume of the bubble means the acoustic charge and the gradient of the pressure means the intensity 

of the acoustic field around the bubble. The pressure is the scalar potential of the acoustic field. 

Acoustic charge is a measure of the property of the bubble to scatter and to absorb some of the 

energy of the inductive wave [10, 12, 18]. Bubble absorbs some of the energy of the inductive wave 

and radiates spherical acoustic waves of the same frequency as of the inductor wave. This 

phenomenon is a scattering. The absorption is due to the viscosity of the liquid and of the viscosity 

of the inner gas of the bubble, i.e., thermal viscosity. 

When 𝑟 >> 𝑅𝑖one can approximate the pressure to be 

 𝑝𝑗(𝑟, 𝑡) = 𝜌0 [ 𝑉̈4𝜋𝑟 − 𝑅̇22 (𝑅𝑟)4] ≅ 𝜌0 𝑉̈𝑗4𝜋𝑟. (9) 

Then, the acoustic force may be expressed as  
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 𝐹 𝐵 = ⟨𝐹 𝑖𝑗⟩𝑡 = ⟨𝑉𝑖 (𝜌0 𝑉̈𝑗𝑟̂4𝜋𝑟2)⟩𝑡  = 𝜌0𝑟̂4𝜋𝑟2 ⟨𝑉𝑖𝑉̈𝑗⟩𝑡, (10) 

we note that the Eq. (10) is asymmetric regarding to the way of how the temporal variable volumes 

acts in the expressions of acoustic charge, 𝑉𝑖(𝑡), and of the acoustic intensity 
𝜌0𝑉̈𝑗(𝑡)𝑟̂(4𝜋𝑟2) . 

For oscillations with small amplitude [11, 12] one can express the temporal variability of 

the radius of the bubble as: 

 𝑅𝑖(𝑡) = 𝑅0𝑖[1 + 𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑖)], 𝑅̈𝑖(𝑡) = −𝜔2𝑎𝑖𝑅0𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑖) , 𝑎𝑖 << 1 (11) 

and 𝑉̈𝑖 = 4𝜋(2𝑅̇𝑖2 + 𝑅𝑖2𝑅̈𝑖) ≅ 4𝜋𝑅𝑖2𝑅̈𝑖 = (4𝜋𝑅0𝑖33 ) [−3𝜔2𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑖)] = 𝑉0𝑖[−3𝜔2𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 +𝜑𝑖)], since 2𝑅̇𝑖2 << 𝑅𝑖𝑅̈𝑖.  
With this approximation, the pressure expression becomes 

 𝑝𝑗(𝑟, 𝑡) ≅ 𝜌0𝑉̈𝑗4𝜋𝑟 ≅ 𝜌0𝑅𝑗2𝑅̈𝑗𝑟 ≅ 𝑉0𝑗4𝜋𝑟 [−3𝜌0𝜔2𝑎𝑗 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑗)] (12) 

and the volume as 

 𝑉𝑖 = 4𝜋𝑅𝑖33 = 4𝜋𝑅0𝑖3 (1+𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡+𝜑𝑖))33 ≅ 𝑉0𝑖(1 + 3𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑖)). (13) 

To derive the expression of the acoustic force one substitutes Eq. (13) in Eq. (8) and so one 

obtains  

 𝐹 𝐵 = ⟨𝐹 𝑖𝑗⟩ = ⟨𝑉0𝑖(1 + 3𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑖)) [𝑉0𝑗(−3𝜌0𝜔2𝑎𝑗 𝑐𝑜𝑠(𝜔𝑡+𝜑𝑗))𝑟̂4𝜋𝑟2 ]⟩ ≅ 

                             −⟨𝑉0𝑖(3𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑖)) [𝑉0𝑗(3𝑎𝑗 𝑐𝑜𝑠(𝜔𝑡+𝜑𝑗))𝑟̂4𝜋( 1𝜌0𝜔2)𝑟2 ]⟩ , (14) 

since⟨𝑉0𝑖𝑉0𝑗 [(−3𝜌0𝜔2𝑎𝑗 𝑐𝑜𝑠(𝜔𝑡+𝜑𝑗))𝑟̂(4𝜋𝑟2) ]⟩ = 0. Here, in Eq. (14) we identify 𝑞𝑎𝑖 = 𝜌0𝛿𝑉𝑖 =𝜌0(𝑉𝑖 − 𝑉0𝑖) to be the acoustic charge of the bubble, which is the variation in time of the volume of 

the bubble. This variation also involves the variation of the virtual mass, 𝛿𝑚𝑏𝑖 = 𝜌0𝛿𝑉𝑖2 =3𝜌0𝑉0𝑖𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡+𝜑𝑗)2 ,  𝑚𝑏𝑖 = 𝜌0𝑉0𝑖2 , [11, 20] 

 𝑞𝑎𝑖(𝑟, 𝑡) = 𝜌0𝛿𝑉𝑖 = 2𝛿𝑚𝑖 = 3𝑉0𝑖𝜌0𝑎𝑖 𝑐𝑜𝑠(𝜔𝑡 + 𝜑𝑗). (15) 

Acoustic charge is interpreted as the property of the pulsating bubble to scatter acoustic 

waves. Also, we identify the intensity of the acoustic field around the bubble which oscillates. It is:  

 𝐸⃗ 𝑞𝑎𝑗(𝑟, 𝑡) = −3𝑉0𝑗𝜌0𝑎𝑗 𝑐𝑜𝑠(𝜔𝑡+𝜑𝑗)𝑟̂4𝜋(𝜌0𝜔2)𝑟2 = −𝜌0𝛿𝑉𝑗𝑟̂4𝜋(𝜌0𝜔2)𝑟2 = −𝑞𝑎𝑗𝑟̂4𝜋𝜀𝑎𝑟2, (16) 

and it depends on the acoustic charge 𝑞𝑎𝑗 = 𝜌0𝛿𝑉𝑗and on the acoustic permittivity 

 𝜀𝑎 = 𝜌0𝜔2. (17) 
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Acoustic permittivity depends on the properties of acoustic medium which is excited by an 

acoustic wave, i.e. the liquid which has the 𝜌0 density in the stationary state and which oscillates 

with pulsation 𝜔 under the action of the inductor wave. 

Following the above definitions, the acoustic force may be expressed as  

 𝐹 𝐵𝑖𝑗 = ⟨−𝜌0𝛿𝑉𝑖𝛿𝑉𝑗𝑟̂4𝜋𝜀𝑎𝑟2 ⟩ =  ⟨−𝑞𝑎𝑖𝑞𝑎𝑗𝑟̂4𝜋𝜀𝑎𝑟2 ⟩ = ⟨𝑞𝑎𝑖𝐸⃗ 𝑞𝑎𝑗⟩ . (18) 

The same acoustic force may be expressed by the product of two acoustic charges which 

depends on the properties of the fluid. To do this we identify in Eq. (14) an acoustic charge which 

depends on the fluid which oscillates 

 𝑒𝑎𝑖 = 𝑞𝑎𝑖√4𝜋𝜀𝑎 = 𝜔𝑞𝑎𝑖√4𝜋𝜌0 (19) 

and an intensity of the acoustic field which has the shape 

 𝐸⃗ 𝑒𝑎𝑗 = −𝑒𝑎𝑗𝑟̂𝑟2 . (20) 

With the above definitions the acoustic force becomes  

 𝐹 𝐵𝑖𝑗 =  ⟨−𝑒𝑎𝑖𝑒𝑎𝑗𝑟̂𝑟2 ⟩𝑡 = ⟨𝑒𝑎𝑖𝐸⃗ 𝑒𝑎𝑗⟩𝑡 . (21) 

There are papers [27] where the expressions of the acoustic force have a symmetric shape 

regarding the dependence of the acoustic charge and the intensity of the field on the time 

 𝐹 𝐵𝑠 = ⟨𝐹 𝑠𝑖𝑗⟩ = − ⟨(𝑉̇𝑖(𝑡)) (𝜌0𝑉̇𝑗(𝑡)𝑟̂4𝜋𝑟2 )⟩𝑡  = −𝜌0𝑟̂4𝜋𝑟2 ⟨𝑉̇𝑖𝑉̇𝑗⟩𝑡 . (22) 

In this case the acoustic charge is𝑉̇𝑖(𝑡) and the intensity of the acoustic field generated by 

the oscillating bubble is
𝜌0𝑉̇𝑗(𝑡)𝑟̂(4𝜋𝑟2) . When adopting this shape of the acoustic force one loose the 

hydromechanics meaning of the way to generate the force by the action of a bubble which press 

another bubble, as we find in (8). But if we perform a temporal average we are led to the same 

expression of the force because ⟨(𝑉̇𝑖(𝑡))(𝑉̇𝑗(𝑡))⟩𝑡 = 𝜔2(𝑉0𝑖3𝑎𝑖)(𝑉0𝑗3𝑎𝑗) ⋅ ⟨𝑠𝑖𝑛(𝜔𝑡 + 𝜑𝑖) 𝑠𝑖𝑛(𝜔𝑡 +𝜑𝑗)⟩𝑡 =−⟨(𝑉𝑖(𝑡))(𝑉̈𝑗(𝑡))⟩𝑡 up to the terms which are proportional with 𝑎𝑖𝑎𝑗. 

2.3. Analogous Maxwell's equations for the compressible fluid case 

According to the paper [1], the Fluid Maxwell equations for compressible fluid with vortex 

are: 

 𝛻 ⋅ 𝐻⃗⃗ 𝑎 = 0,  (23) 

 𝛻 ⋅ 𝐸⃗ 𝑎 = 4𝜋𝜌𝑎 ,  (24) 

 𝛻 × 𝐸⃗ 𝑎 + 𝜕𝐻⃗⃗ 𝑎𝜕𝑡 = 0,  (25) 
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 𝑢2(𝛻 × 𝐻⃗⃗ 𝑎) − 𝜕𝑡𝐸⃗ 𝑎 = 𝐽 𝑎 ≡ 4𝜋𝑢 𝑗 𝑎,  (26) 

where the vectors of the field have the following definitions 

 𝐸⃗ 𝑎 ≡ − 𝜕𝜐⃗⃗ 𝜕𝑡 − 𝛻ℎ,  𝐻⃗⃗ 𝑎 ≡ 𝜔⃗⃗ = 𝛻 × 𝜐 . (27) 

In Eqs. (23-27): 𝑢is the velocity of sound in the fluid in a uniform state at rest, 𝜌𝑎 the 

acoustic charge density and 𝐽 𝑎 = (4𝜋𝑢 ) 𝑗 𝑎 = (4𝜋𝑢 ) 𝜌𝑎𝜐  the acoustic current density, defined according 

to the acoustic field variables 𝜐  and ℎ = 𝑝𝜌0. The charge density and the current density vector are 

like the scalar potential 𝜙 and to the vector potential 𝐴  from electrodynamics. These later 

parameters may be defined as: 

 4𝜋𝜌𝑎 = − 𝜕(𝛻𝜐⃗⃗ )𝜕𝑡 − 𝛥ℎ,  (28) 

  𝐽 𝑎 ≡ 4𝜋𝑢 𝑗 𝑎 = − 𝜕2𝜐⃗⃗ 𝜕𝑡2 + 𝛻 (𝜕ℎ𝜕𝑡) + 𝑢2(𝛻 × (𝛻 × 𝜐 )). (29) 

These equations are correct for phenomena in the fluid when the flow velocity is much 

lower than the mechanical wave propagation velocity in that fluid and this is much lower than the 

electromagnetic wave velocity in the fluid: 𝜐 << 𝑢 << 𝑐𝑓. For high flow rates, 𝜐 ≤ 𝑢 ≤ 𝑐𝑓, 

pressures and temperatures for which the fluid is relativistic, the equations of relativistic fluid 

dynamics are valid [19, Ch. 15]. In the papers “Gauge Symmetries in Physical Fields (Review) and 

Fluid Gauge Theory”, Kambe derives Maxwell's equations for the relativistic fluid [33]. According 

to Fluid Gauge Theory, the Maxwell equations that describe the interactions between specific liquid 

systems (for example water, at pressure 𝑝 = 105Nm-2, is liquid when the temperature is in the 

interval 𝑇 ∈ [273 − 373]𝐾) and phenomena (the motions of the centers of mass of specific 

systems: vortices, bubbles, drops, corpuscles, etc.) must be invariant only with respect to the wave 

velocity in the liquid 𝑢and so in the relativistic Maxwell equations for the liquid we make the 

substitutions: 𝑐𝑓 → 𝑢,  𝛽 = 𝜐𝑐𝑓 → 𝛽𝑓 = 𝜐𝑢 (𝜐 is the flow velocity or the velocity of the mass centers of 

the specific systems). 

In the paper “Analogy between vortex waves and EM waves” [2], Jamati decomposes the 

quantities that characterize the fluid: 𝜐 , 𝑝, 𝜌, into quantities at the equilibrium state: 𝜐 0, 𝑝0, 𝜌0, and 

quantities that represent the deviation from the equilibrium state, 𝜐 𝑑, 𝑝𝑑 , 𝜌𝑑, according to the 

relations: 

 𝜐 = 𝜐 0 + 𝜐 𝑑 ,  𝑝 = 𝑝0 + 𝑝𝑑 ,  𝜌 = 𝜌0 + 𝜌𝑑 . (30) 

Using the decomposition one obtains equations which are similar to Maxwell equations for 

those variables which correspond to deviation from equilibrium, 𝜐 𝑑, 𝑝𝑑, 𝜌𝑑: 
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 𝛻 ⋅ 𝐸⃗ 𝑑 = (𝛻 ⋅ 𝛼 𝑑) = 𝜌𝑎𝑑𝜀𝑑 ,  (31) 

 𝛻 ⋅ 𝐵⃗ 𝑑 = (𝛻 ⋅ 𝛽 𝑑) = 0,  (32) 

 𝛻 × 𝐸⃗ 𝑑 + 𝜕𝐵⃗ 𝑑𝜕𝑡 = (𝛻 × 𝛼 𝑑 + 𝜕𝛽⃗⃗ 𝑑𝜕𝑡 ) = 0,  (33) 

 (𝛻 × 𝐵⃗ 𝑑) − 𝜕𝐸⃗ 𝑑𝑢2𝜕𝑡 = ((𝛻 × 𝛽 𝑑) − 𝜕𝛼⃗⃗ 𝑑𝑢2𝜕𝑡) = 𝐽 𝑑 ≡ 𝜇𝑑𝑗 𝑑. (34) 

where the vectors of the field, [𝐸⃗ 𝑑]𝑆𝐼 = [𝜐𝑑]𝑆𝐼 ⋅ [𝐵⃗ 𝑑]𝑆𝐼, are defined as: 

 𝐸⃗ 𝑑 = 𝛼 𝑑 ≡ − 𝜕𝜐⃗⃗ 𝑑𝜕𝑡 − 𝛻𝑝𝑑𝜌0 ,   𝐵⃗ 𝑑 = 𝛽 𝑑 ≡ 𝛻 × 𝜐 𝑑 . (35) 

In Eqs. (31-35): 𝑢is the velocity of sound in the fluid in a uniform state at rest, 𝜌𝑎𝑑 is the 

acoustic charge density and 𝑗 𝑑 ≡ 𝜌𝑎𝑑𝜐 𝑑 is the acoustic current density (a current vector in [1]) for 

the deviation from the equilibrium state: 

 
𝜌𝑎𝑑𝜀𝑑 = 𝜕2(𝑝𝑑)𝜌0𝑢2𝜕𝑡2 − 𝛻2𝑝𝑑𝜌0 + 𝜕(𝜐⃗⃗ 0⋅𝛻𝜌𝑑)𝜌0𝜕𝑡 ,  (36) 

  𝐽 𝑎𝑑 ≡ 𝜇𝑑𝑗 𝑑 = 𝜕2𝜐⃗⃗ 𝑑𝑢2𝜕𝑡2 − 𝛻2𝜐 𝑑 − 𝛻(𝜐⃗⃗ 0⋅𝛻𝜌𝑑)𝜌0  (37) 

and they are defined by the help of field variables 𝜐 𝑑,𝑝𝑑 = 𝜌0𝑢𝜐𝑑, the density 𝜌𝑑 = 𝜌0𝜐𝑑𝑢  [19 - Sch. 

63] and the constants: acoustic permittivity 𝜀𝑑and acoustic permeability 𝜇𝑑,
1√𝜀𝑑𝜇𝑑 = 𝑢. 

2.4. Analogous Maxwell's equations in the vortex-free fluid 

If the vortex is missing in fluid, 𝜐 0 = 𝛺⃗ × 𝑟 = 0, 𝐵⃗ 𝑑 = 𝛽 𝑑 ≡ 𝛻 × 𝜐 𝑑 = 0, then the vector 𝜐 𝑑 has only a radial component and therefore the Maxwell equations for fluid (31-35) become: 

 𝛻 ⋅ 𝐸⃗ 𝑑 = (𝛻 ⋅ 𝛼 𝑑) = 𝜌𝑎𝑑𝜀𝑑 ,  (38) 

 𝛻 × 𝐸⃗ 𝑑 = (𝛻 × 𝛼 𝑑) = 0,  (39) 

 − 𝜕𝐸⃗ 𝑑𝑢𝜕𝑡 = (− 𝜕𝛼⃗⃗ 𝑑𝑢𝜕𝑡) = 𝜇𝑑𝑗 𝑑. (40) 

Consequently, the vector 𝐸⃗ 𝑑, Eq. (35), and the acoustic charge density 𝜌𝑎𝑑, Eq. (36), are: 

 𝐸⃗ 𝑑 = 𝛼 𝑑 ≡ − 𝜕𝜐⃗⃗ 𝑑𝜕𝑡 − 𝛻𝑝𝑑𝜌0 = − 𝑟̂𝜌0𝑢 𝜕𝑝𝑑𝜕𝑡 − 𝛻𝑝𝑑𝜌0 ,   [𝐸⃗ 𝑑]𝑆𝐼 = ms-2; (41) 

 
𝜌𝑎𝑑𝜀𝑑 = [ 𝜕2𝑝𝑑𝜌0𝑢2𝜕𝑡2 − 𝛻2𝑝𝑑𝜌0 ] ,  [𝜌𝑎𝑑𝜀𝑑 ]𝑆𝐼 = 𝑠-2 . (42) 

It is noted that both the acoustic field intensity, Eq. (41), and the charge density, Eq. (42), 

contain a term that depends on the explicit time pressure variation. 
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3. Inferring secondary Bjerknes force from analogous Maxwell equations  

According to the analogous Maxwell equations when vortex is missing in fluid the acoustic 

force is: 

 𝐹 𝑎 = 𝑞𝑎𝐸⃗ 𝑎 (43) 

with 

 𝑞𝑎 = ∫𝜌𝑎4𝜋𝑟2𝑑𝑟 , [𝑞𝑎]𝑆𝐼 = kg. (44) 

One can find out the shape of the expression of the secondary Bjerknes force, tacking 

account to the hydrodynamic Maxwell equations, if first we infer the expressions of the acoustic 

charge of a bubble 𝑞𝑏𝑖 = ∫𝜌𝑎𝑏𝑖4𝜋𝑟2𝑑𝑟 and of acoustic vector intensity 𝐸⃗ 𝑏𝑗. To do this, we assume 

that in a fluid which has the density 𝜌0 at equilibrium there is a bubble with radius 𝑅0 which 

oscillates due to the pressure of a plane wave with angular velocity 𝜔. This motion of the bubble 

generates around it an acoustic field having the pressure 𝑝𝑏, according to Eq. (9), 

 𝑝𝑏(𝑟, 𝑡) = 𝜌0𝑢𝜐𝑏 = 𝜌0 [ 𝑉̈4𝜋𝑟 − 𝑅̇22 (𝑅𝑟)4] ≅ 𝜌0𝑉̈4𝜋𝑟. (45) 

When substitute the pressure from Eq. (45) in Eq. (41) it results the acoustic intensity of 

the field being around the bubble 

 𝐸⃗ 𝑏𝑗 = − 𝑟̂𝜌0𝑢 𝜕𝑝𝑏𝑗𝜕𝑡 − 𝛻𝑝𝑏𝑗𝜌0 = − 𝑉𝑗𝑟̂4𝜋𝑢𝑟 + 𝑉̈𝑗𝑟̂4𝜋𝑟2. (46) 

Similar, when substitute Eq. (45) in Eq. (42), it results the acoustic charge density around 

the bubble which oscillates 

 
𝜌𝑏𝑖𝜀𝑑 = 𝜕2(𝑉̈𝑖)4𝜋𝑟𝑢2𝜕𝑡2 − 𝛻24𝜋 (𝑉̈𝑖𝑟 ) = 𝑉𝑖....4𝜋𝑟𝑢2 + 𝜌0𝑏𝑖. (47) 

In Eq. (47), 𝜌0𝑏𝑖 is the acoustic charge density of the bubble which oscillates, for 𝑟 ≤ 𝑅𝑖. It 
is introduced to be like the case of the electric charge distributed into a sphere with finite radius 𝑅. 

This constant 𝜌0𝑏𝑖 was introduced because ( 𝑉̈𝑖4𝜋)𝛻2 (1𝑟) = ( 𝑉̈𝑖4𝜋) [( 1𝑟2) ( 𝜕𝜕𝑟) (𝑟2 (( 𝜕𝜕𝑟) (1𝑟)))] =
(−𝑉̈𝑖4𝜋 ) [( 1𝑟2) (𝜕(1)𝜕𝑟 )] = −0 and then the charge density is equal to the dimensional constant 𝜌0𝑏𝑖 
([𝜌0𝑏𝑖]𝑆𝐼 = 𝑠−2) for𝑟 ≤ 𝑅𝑖. For 𝑟 > 𝑅𝑖 the charge density is 

𝑉𝑖....(4𝜋𝑟𝑢2). 
According to Eq. (44), the charge of the oscillating bubble is:  

 𝑞𝑏𝑖 = ∫ 𝜌𝑏𝑖4𝜋𝑟2𝑑𝑟𝑟0 = 𝜀𝑑 ∫ ( 𝑉𝑖....4𝜋𝑟𝑢2 + 𝜌0𝑏𝑖)𝑟0 4𝜋𝑟2𝑑𝑟 =         𝜀𝑑 ∫ 𝜌0𝑏𝑖4𝜋𝑟2𝑑𝑟 +𝑅𝑖0 𝜀𝑑 ∫ ( 𝑉𝑖....4𝜋𝑟𝑢2)𝑟𝑅𝑖 4𝜋𝑟2𝑑𝑟 = 𝑉𝑖𝜀𝑑𝜌0𝑏𝑖 − 𝑉𝑖.... 𝜀𝑑𝑅𝑖22𝑢2 + 𝑉𝑖𝜀𝑑.... 𝑟22𝑢2 . (48) 
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We set the limit of the integration to be 𝑟 > 𝑅𝑖 because the absorption and the scatter due 

to the inductive wave occur in the inner gas bubble of radius 𝑅𝑖, according to the section 2.2. 

Substituting Eq. (46) and (48) in Eq. (43) one can find out the shape of temporal vector force: 

 𝐹 𝑏𝑖𝑗(𝑟, 𝑡) = 𝑞𝑏𝑖𝐸⃗ 𝑏𝑗 = (𝜀𝑑𝑉𝑖𝜌0𝑏𝑖 − 𝜀𝑑𝑉𝑖.... 𝑅𝑖22𝑢2 + 𝜀𝑑𝑉𝑖.... 𝑟22𝑢2 ) ( 𝑉̈𝑗𝑟̂4𝜋𝑟2 − 𝑉𝑗𝑟̂4𝜋𝑢𝑟) = 

  

𝜀𝑑𝜌0𝑏𝑖𝑉𝑖𝑉̈𝑗𝑟̂4𝜋𝑟2 − 𝜀𝑑𝜌0𝑏𝑖𝑉𝑖𝑉𝑗𝑟̂4𝜋𝑢𝑟 − 𝜀𝑑𝑉𝑖....𝑅𝑖2𝑉̈𝑗𝑟̂8𝜋𝑢2𝑟2 + 𝜀𝑑𝑉𝑖....𝑅𝑖2𝑉𝑗𝑟̂8𝜋𝑢3𝑟 + 

                                         𝜀𝑑𝑉𝑖.... 𝑉̈𝑗𝑟̂8𝜋𝑢2 − 𝜀𝑑𝑉𝑖.... 𝑉𝑗𝑟𝑟̂8𝜋𝑢3 .                                                                                     (49) 

When average the temporal force during a period 𝑇 = 2𝜋𝜔 , the force becomes independent 

of time: 

 𝐹 𝑏𝑖𝑗(𝑟) = ⟨𝐹 𝑏𝑖𝑗(𝑟, 𝑡)⟩ = ⟨𝜀𝑑𝜌0𝑏𝑖𝑉𝑖𝑉̈𝑗𝑟̂4𝜋𝑟2 ⟩ − ⟨𝜀𝑑𝜌0𝑏𝑖𝑉𝑖𝑉𝑗𝑟̂4𝜋𝑢𝑟 ⟩ − 

    ⟨𝜀𝑑𝑉𝑖....𝑅𝑖2𝑉̈𝑗𝑟̂8𝜋𝑢2𝑟2 ⟩ + ⟨𝜀𝑑𝑉𝑖....𝑅𝑖2𝑉𝑗𝑟̂8𝜋𝑢3𝑟 ⟩ + ⟨𝜀𝑑𝑉𝑖.... 𝑉̈𝑗𝑟̂8𝜋𝑢2 ⟩ − ⟨𝜀𝑑𝑉𝑖....𝑉𝑗𝑟𝑟̂8𝜋𝑢3 ⟩ ≅ 

                                     𝜀𝑑𝜌0𝑏𝑖𝑟̂4𝜋𝑟2 ⟨𝑉𝑖𝑉̈𝑗⟩ − 𝜀𝑑𝑟̂8𝜋𝑢2𝑟2 ⟨𝑉𝑖....𝑅𝑖2𝑉̈𝑗⟩ + 𝜀𝑑𝑟̂8𝜋𝑢2 ⟨𝑉𝑖.... 𝑉̈𝑗⟩,                                    (50) 

because ⟨𝑉𝑖𝑉𝑗⟩𝑡 ≅ 0, 𝑉𝑖....𝑅𝑖2𝑉𝑗 ≅ 0 and⟨𝑉𝑖....𝑉𝑗⟩𝑡 ≅ 0 up to the terms which are proportional with 𝑎𝑖𝑎𝑗 << 1. 

This force has physical dimensions [𝐹𝑏𝑖𝑗]𝑆𝐼 = kgms−2.  

When compare Eq. (50) with Eq. (10) we can assume that the first term in Eq. (50) to be 

Bjerknes force if: 

 𝜀𝑑 = 𝜌0𝜌0𝑏𝑖 = 𝜌0𝜔2 ,  [𝜌0𝑏𝑖]𝑆𝐼 = 𝑠−2, 𝜌0𝑏𝑖 = 𝜔2,  𝑞𝑏𝑖 ≅ 𝑉𝑖𝜀𝑑𝜌0𝑏𝑖 = 𝑉𝑖𝜌0, (51) 

i.e. the permittivity 𝜀𝑑 is the acoustic permittivity (17). Substituting Eqs. (51) in Eq. (50) we obtain 

the expression of the force between two pulsating bubbles (bubbles in an oscillating fluid!), 

according to the hydrodynamic Maxwell equations 

 𝐹 𝑏𝑖𝑗(𝑟) ≅ 𝜌0𝑟̂4𝜋𝑟2 ⟨𝑉𝑖𝑉̈𝑗⟩ − 𝜌0𝑟̂8𝜋𝑢2𝜔2𝑟2 ⟨𝑉𝑖....𝑅𝑖2𝑉̈𝑗⟩ + 𝜌0𝑟̂8𝜋𝑢2𝜔2 ⟨𝑉𝑖.... 𝑉̈𝑗⟩. (52) 

Finally, if we substitute in Eq. (52) the secondary Bjerknes force (10), it results: 

 𝐹 𝑏𝑖𝑗(𝑟) ≅ 𝐹 𝐵𝑖𝑗(𝑟) − 𝜌0𝑟̂8𝜋𝑢2𝜔2𝑟2 ⟨𝑉𝑖....𝑅𝑖2𝑉̈𝑗⟩ + 𝜌0𝑟̂8𝜋𝑢2𝜔2 ⟨𝑉𝑖.... 𝑉̈𝑗⟩. (53) 

This force which acts between two oscillate bubbles comprise a first term which is the 

Bjerknes force, the second term which represents a force which depends inversely proportional to 

the square of the distance between bubbles and proportional to the square of the radius of the 𝑖 
bubble 𝑅𝑖2and the third term which does not depend on the distance between the two bubbles. The 

second term of the force is asymmetric, 𝐹 𝑏2𝑖𝑗(𝑟) ≠ 𝐹 𝑏2𝑗𝑖(𝑟) = (𝜌0⟨𝑉𝑗.... 𝑅𝑗2𝑉̈𝑖⟩𝑡𝑟̂)(8𝜋𝑢2𝜔2𝑟2) , regarding the 



63 

SIMACIU ION, DUMITRESCU GHEORGHE, BORSOS ZOLTAN, DRAFTA VIOREL 

COMPATIBILITY OF FLUID MAXWELL EQUATIONS WITH INTERACTIONS BETWEEN OSCILLATING BUBBLES 
 

 

 

 

Bulletin of the Polytechnic Institute of Iași, vol. 70(74), no. 3-4, 53-65, 2024 
 

dependence of the radii of those two bubbles and break the law of action and reaction. The third 

term of the force is symmetric, 𝐹 𝑏3𝑖𝑗(𝑟) = 𝐹 𝑏3𝑗𝑖(𝑟) = [ 𝜌0𝑟̂(8𝜋𝑢2𝜔2)] ⟨𝑉𝑗.... 𝑉̈𝑖⟩. These force terms was not 

yet depicted theoretically and highlight experimentally when one study the interactions between 

oscillate bubbles. As we showed in this paper the hydrodynamic Maxwell equations s, for parameters 

which are addressed to the deviations from the equilibrium, 𝜐 𝑑, 𝑝𝑑 , 𝜌𝑑, have led to the existence of 

an asymmetric force and a force independent of distance. This fact maybe requires a deeper study 

regarding the way of how the approximations were made when inferring these equations. 

Using the same procedure as in section 2.2, one can express those two forces as function of 

acoustic charge defined by Eq. (13) and Eq. (19). With the definitions mentioned above the factors ⟨𝑉𝑖𝑉̈𝑗⟩𝑡, ⟨𝑉𝑖....𝑅𝑖2𝑉̈𝑗⟩𝑡 and ⟨𝑉𝑖.... 𝑉̈𝑗⟩ can be approximated as: 

 ⟨𝑉𝑖𝑉̈𝑗⟩𝑡 ≅ −𝜔2⟨𝛿𝑉𝑖𝛿𝑉𝑗⟩ = −𝜔2⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩, ⟨𝑉𝑖....𝑅𝑖2𝑉̈𝑗⟩ ≅ −𝜔6𝑅0𝑖2 ⟨𝛿𝑉𝑖𝛿𝑉𝑗⟩ = 

 −𝜔6𝑅0𝑖2 ⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩, ⟨𝑉𝑖.... 𝑉̈𝑗⟩ ≅ −𝜔6⟨𝛿𝑉𝑖𝛿𝑉𝑗⟩ = −𝜔6⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩. (54) 

With these expressions, the force, Eq. (52), becomes: 

 𝐹 𝑏𝑖𝑗(𝑟) = −𝜔2⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩𝑟̂4𝜋𝜌0𝑟2 + 𝑅0𝑖2 𝜔4⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩𝑟̂8𝜋𝜌0𝑢2𝑟2 − 𝜔4⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩𝑟̂8𝜋𝜌0𝑢2 = 

                                                     
−𝜔2⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩𝑟̂4𝜋𝜌0𝑟2 (1 − 𝑅0𝑖2 𝜔22𝑢2 ) − 𝜔4⟨𝑞𝑎𝑖𝑞𝑎𝑗⟩𝑟̂8𝜋𝜌0𝑢2                                           (55) 

or, with Eq. (19), one obtains 

 𝐹 𝑏𝑖𝑗(𝑟) = −⟨𝑒𝑎𝑖𝑒𝑎𝑗⟩𝑟̂𝑟2 (1 − 𝑅0𝑖2 𝜔22𝑢2 ) − 𝜔2⟨𝑒𝑎𝑖𝑒𝑎𝑗⟩𝑟̂2𝑢2 . (56) 

From the expression of the natural angular velocity, 𝜔0𝑖2 = 𝑝𝑒𝑓𝑓(𝜌0𝑅0𝑖2 ), [11, 12], result 𝑅0𝑖2 =
𝑝𝑒𝑓𝑓(𝜔𝑜𝑖2 𝜌0) and 

𝑅0𝑖2 𝜔2(2𝑢2) = (𝜔2𝜔𝑜𝑖2 ) ( 𝑝𝑒𝑓𝑓2𝜌0𝑢2). It follows that for the case 𝜔 ≤ 𝜔0𝑖 the term 
𝑅0𝑖2 𝜔2(2𝑢2) << 1 and 

therefore the asymmetric component of the force of interaction of the two bubbles is much smaller 

than the secondary Bjerknes force. The term independent of the distance between the two bubbles 

represents a force constant equal to the secondary Bjerknes force at a distance proportional to the 

wavelength of the inductive oscillating field 𝑟 = √2 (𝑢𝜔) = 𝜆(√2𝜋). 
4. Conclusions 

As we expected to take place, the Maxwell equations for fluids can be used to infer the 

force of interactions between oscillate bubbles. Similarly, to the electric forces inferred from 

Maxwell equations one can infer the expression of the secondary Bjerknes force from Maxwell 

equations for compressible fluids. What is different is that we derived an expression which is 
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asymmetric regarding the dependence of the radii of the bubbles 𝐹 𝑏𝑖𝑗(𝑟) ≠ 𝐹 𝑏𝑗𝑖(𝑟) = (𝜌0⟨𝑉𝑗.... 𝑅𝑗2𝑉̈𝑖⟩𝑟̂)(8𝜋𝑢2𝜔2𝑟2) . 

There is also a force that does not depend on the distance between the two bubbles. These additional 

terms probably appear as a result of the approximations performed to infer Maxwell equations for 

parameters which measure the deviations from the equilibrium 𝜐 𝑑, 𝑝𝑑, 𝜌𝑑  and from the fact that 

bubble is an approach of acoustic charge without internal angular momentum. 

Both in classic theory [28] and quantum mechanics [29], the electron is a particle with 

internal angular momentum. We consider that only the study of a bubble trapped by a vortex can be 

a more complete model of an acoustic charge with angular moment. The approach of the electron as 

a vortex [30] can argue for our assumption. 

The compatibility of the Maxwell equations for fluids with the properties of the 

interactions of systems specific to a fluid, i.e., oscillating/ pulsating bubbles and vortices, can be 

strong support for the assumption of the theoretic and experimental analogy between AW and EW. 
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