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Abstract. The result of this paper is the derivation of the
expression for the interaction force between two pulsating/oscillating
bubbles (the secondary Bjerknes force). This is done by expressing
the force using the hydrodynamic Maxwell equations for a fluid.
These subsequent equations were written for the quantities: velocity,
pressure and density as deviations from steady state. Also, as it will
show in the following rows, we found the expressions of the acoustic
charge and of the acoustic intensity. Our results may facilitate an
approach for the interaction of two vortices and for the interaction of
a bubble with a vortex. This approach leads to a model for an
acoustic charged particle which has internal angular momentum.

Keywords: oscillating bubbles, the secondary Bjerknes force,
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1. Introduction

The analogy between the Maxwell equations and those of the compressible fluid has a long
time ago observed [1-8]. Following this analogy, we infer the secondary Bjerknes force [9-12] and
set the background of “Acoustic world” Project (AWP) [13-18]. Our project tries to argue that the
world of the systems which interact and correlate trough acoustic waves is like the world where
systems interact and correlate trough electromagnetic waves. This similarity take place theoretically
and experimentally.

We assume the Acoustic World (AW) to be a fluid whose temperature is close to the
boiling temperature, and which is found into a container. Here some specific systems can appear
such as: acoustic waves, bubbles and vortices or we can introduce solid corpuscles and drops from
another liquid. They are the basic systems - phenomena which can initiate more complex systems
like standing acoustic waves, bubble trapped in a vortex (bubble with spin or acoustic particle with
spin), systems of two acoustic particles (acoustic “atoms”) and systems with a large number of
bubbles — clusters of bubbles. We must mention that we took care to set our models to be invariant
to the change of the different coordinate frames. Since we address our study to those systems which

interact and corelate acoustically then we will adopt the limit of the velocity of the waves to be the

velocity of the acoustic waves which propagate into an unperturbed fluid (u = (Z—Z) ). The choice
S

mentioned above is depicted by Lorentz transformations. We note that we do not refer here to the
relativistic theory of the hydrodynamics [19, Ch. 15]. Equations of hydrodynamic are invariant to
the transformations of Galilei but equations of electromagnetism are invariant to the Lorentz
transformations [2].

This is a new stage of the basics of the theory of the AWP and which consist in depiction
of the correlations between fluid physics, acoustic theory, the theory of bubbles and vortices [20-25]
and of the topic addressed to the study of the analogy between mechanics and electromagnetism.
More precisely, first we will prove that it is possible to infer secondary Bjerknes force [9-11] force
from the hydrodynamics’ equations of the type of Maxwell. Earlier we have proven [12, 17, 18]
approaches which depict the analogy between the interactions bubble-bubble and of those of
charged particles without spin [31, 32]. Now this analogy will allow us to model a charged acoustic
particle with angular momentum gained by entrapment of the bubble by a vortex [23-25].

When the viscosity of the fluid is large the small vortices (minivortices) have short lifetime
R . . . .
T (1 << f, R, is radius of the container where acoustic phenomenon take place) and therefore the

interactions between them and other minisystems found in container are difficult to be observed.
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The task becomes easier if in container is found a superfluid (a fluid cooled so much as the viscosity
becomes extremely small) and the container is found into a space station. In this case vortices are
stable and quantified [21, 22]. The large lifetimes of the quantified vortices allow the realization of
more complex structures. The missing of gravity in space facilitates experimental observations of
the phenomena instead of the terrestrial labs where observations are influenced by gravity.

Theoretical and experimental study of acoustic phenomena will allow a better
understanding of the electromagnetic phenomena and vice versa [2]. Also, a better understanding
will be for quantification, for how elementary unpunctual particles can be generated, for the role
played by the limit of the magnitude of the velocity which is involved in interactions and depends
on the properties of the fluid, for how laws which govern phenomena can be relative and also for
observation.

In the second section we will depict the shape of secondary Bjerknes force and of the
acoustic intensity using the analogy with the Maxwell equations. There we will outline what is the
acoustic charge. We will use the SI units and Gaussian units. Also, there we write the Maxwell
equations for a compressible fluid. In the third section we infer the expressions of the acoustic
charge, of the acoustic intensity and of the acoustic force, for all of them using Maxwell equations

for fluids. The fourth section is addressed to conclusions.

2. Maxwell's equations and the Bjerkenes secondary force

2.1. Clarifications on Maxwell's equations for the electrostatic field

In the Electromagnetic World (EW), i.e. the world where interactions propagate at the

maximum velocity of light in a vacuum, ¢ = Teor Maxwell's equations for the electrostatic field in
0H0

a vacuum are, in the SI units [26]

VE =24 (1)

€o
) . dq . . = .
where the electric charge density, p, = ﬁ, is the source of the electrostatic field E and ¢ is the
permittivity of the vacuum. We assume that vacuum is the medium where electromagnetic

interactions propagate. There, the electric field acts upon a charged particle with a force

F =qE 2)
or the force with which a charged particle acts to another charged particle is
S} LAY () LA W S S
iy amegr? qi (4n£0r2) - qlE]' r= r 3)
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The above equations are asymmetric since the charge does not depend on the properties of
the medium and the intensity depends on the properties of the medium where interactions
propagate.

We can define symmetric equations by introducing a charge which depends on properties

of the medium:

= e;eit = et
Fuy =52 = () = iy, By =2 @
F, = ek, Es = — (5)
= de
VEs = 4nps, ps = (6)

These two shapes of the forces lead to a relation between the parameters involved here

since forces are equal, F; = F, eE; = qE. Therefore, one writes:

2 — N N =

2 _ 9 _ q = _ . q er _  Es
el=2_  e=_1_E =FE=—"L_-= — = (7)
47'[80 4-7'[80 471'807" 471'807' 1/471'80

The above equations are Maxwell equations in the Gaussian units [26].

2.2. Secondary Bjerknes forces

Secondary Bjerknes forces which act between two bubbles which oscillate are [11, 12]:

Fy = (Fy) = —(vi©Vp;(r, D)) i#j =12 (8)

3
4RO and with the pressure exerted by the acoustic waves radiated by bubbles

with: V;(t) =

poV; PoR7\ (RN* 2 2%v;
pi(rt) = 22k — (28) (4", 1) = oy, = 22

T

operation to average of a parameter during a period. In the approach which we adopted the variable
volume of the bubble means the acoustic charge and the gradient of the pressure means the intensity
of the acoustic field around the bubble. The pressure is the scalar potential of the acoustic field.
Acoustic charge is a measure of the property of the bubble to scatter and to absorb some of the
energy of the inductive wave [10, 12, 18]. Bubble absorbs some of the energy of the inductive wave
and radiates spherical acoustic waves of the same frequency as of the inductor wave. This
phenomenon is a scattering. The absorption is due to the viscosity of the liquid and of the viscosity
of the inner gas of the bubble, i.e., thermal viscosity.

When r >> R;one can approximate the pressure to be

pj(r,t) = po 4—— = ] po . %)

antr 4ntr

Then, the acoustic force may be expressed as
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- - Vi p # .
Fo = (Fy), = (v (o 25), =22 (0, (10
we note that the Eq. (10) is asymmetric regarding to the way of how the temporal variable volumes

poVj(OF

acts in the expressions of acoustic charge, V;(t), and of the acoustic intensity )

For oscillations with small amplitude [11, 12] one can express the temporal variability of
the radius of the bubble as:

R;(t) = Ry;[1 + a; cos(wt + ¢;)], R;(t) = —w?a;Ry; cos(wt + ¢;), a; << 1 (11)
and V; = 4m(2R? + R?R;) = 4nR?R; = (MTROS") [—3w?a; cos(wt + ¢;)] = Vo;[—3w?a; cos(wt +
®;)], since 2R? << R;R;.

With this approximation, the pressure expression becomes

. .
~ PoVj _ PoRjR; _ Vo

pj(r,t) =—=—E—[—3p0w2aj cos(wt+<pj)] (12)

and the volume as

4mR} _ 4AmR3;(1+a; cos(wt+¢)))?
3 3
To derive the expression of the acoustic force one substitutes Eq. (13) in Eq. (8) and so one

v, = = Vy;(1 + 3a; cos(wt + ¢;)). (13)

obtains

IR

133 = (ﬁij) = <V0i(1 + 3a; cos(wt + ¢;)) [VOj(_3p°w 4 COS(wH(pJ.))rAD

412

Voj(3aj cos(wt+<pj))f"]> (14)
4n(pot’2)r2

]>=0. Here, in Eq. (14) we identify qg = podV; =

— <V0i(3ai cos(wt + ¢;))

(-3pow?a; cos(wt+;))?
(4mr2)

Since<V0i VO] [

po (Vi — Vo) to be the acoustic charge of the bubble, which is the variation in time of the volume of

the bubble. This variation also involves the variation of the virtual mass, dmy; = P O;Wi =
ooVoiti OXOLED |, 20Vt 11, 0]
qai(r,t) = pobV; = 26m; = 3Vy;ppa; cos(wt + <p]-). (15)

Acoustic charge is interpreted as the property of the pulsating bubble to scatter acoustic

waves. Also, we identify the intensity of the acoustic field around the bubble which oscillates. It is:

= —3Vgjpoajcos(wt+@;)f  —po8V;f —qqjf
E qi(r,t) = = = , 16
aaj () po Ty n(28)r?  Amear? (16)
and it depends on the acoustic charge q,; = po6V;and on the acoustic permittivity
=153 (17)

w?’
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Acoustic permittivity depends on the properties of acoustic medium which is excited by an
acoustic wave, i.e. the liquid which has the p, density in the stationary state and which oscillates
with pulsation w under the action of the inductor wave.

Following the above definitions, the acoustic force may be expressed as

2 —pobVi6V;t —qaidaj’ =
Fgij = < - ’ > = < : > = (qaiEqa;) - (13)

2 2
4mMEGT 4mELT

The same acoustic force may be expressed by the product of two acoustic charges which
depends on the properties of the fluid. To do this we identify in Eq. (14) an acoustic charge which

depends on the fluid which oscillates

eai — dai — W(qqi (19)

JATEg JATTPg

and an intensity of the acoustic field which has the shape

= —eajf

Eeaj - 2 (20)
With the above definitions the acoustic force becomes
o~ —egi€qjT ol
FBU = <r—2]>t = (eaiEeaj)t . (21)

There are papers [27] where the expressions of the acoustic force have a symmetric shape

regarding the dependence of the acoustic charge and the intensity of the field on the time

ﬁBs _ < SU) <(V (t)) (PoVJ(t)r)>t —pot (VV) 22)

4mr? 4mr?
In this case the acoustic charge isV;(t) and the intensity of the acoustic field generated by

the oscillating bubble isp(0 Gl

hydromechanics meaning of the way to generate the force by the action of a bubble which press

. When adopting this shape of the acoustic force one loose the

another bubble, as we find in (8). But if we perform a temporal average we are led to the same

expression of the force because ((Vi(t))(l'/j(t)))t = wZ(VOiBai)(VOjBaj) . (sin(wt + ¢;) sin(wt +

1, j))t =—((Vi(t))(l7j(t)))t up to the terms which are proportional with a;a;.

2.3. Analogous Maxwell's equations for the compressible fluid case

According to the paper [1], the Fluid Maxwell equations for compressible fluid with vortex

are:
V-H,=0, (23)
V. B, = 4np,, (24)
VxE, +22=0, (25)
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g = - 4 N
u*(V x Hy) = 0,Eq = Jo =~ Ju (26)
where the vectors of the field have the following definitions
= U - — -
EaE_E_Vh’ H,=w=VXx1. (27)

In Egs. (23-27): uis the velocity of sound in the fluid in a uniform state at rest, p, the

. . ? 4 N 4 > . . .
acoustic charge density and J, = (f) Ja = (f) pqV the acoustic current density, defined according

to the acoustic field variables U and h = pﬂ. The charge density and the current density vector are
0

like the scalar potential ¢ and to the vector potential A from electrodynamics. These later

parameters may be defined as:

ATtp, = —%Vtm—ﬁh, (28)
=4 41T 0%y 0h -
]aEjnfa:_3_;2}""7(5)"'“2(‘7)((‘7)(”))' (29)

These equations are correct for phenomena in the fluid when the flow velocity is much
lower than the mechanical wave propagation velocity in that fluid and this is much lower than the
electromagnetic wave velocity in the fluid: v <<wu << ¢y. For high flow rates, v < u < ¢y,
pressures and temperatures for which the fluid is relativistic, the equations of relativistic fluid
dynamics are valid [19, Ch. 15]. In the papers “Gauge Symmetries in Physical Fields (Review) and
Fluid Gauge Theory”, Kambe derives Maxwell's equations for the relativistic fluid [33]. According
to Fluid Gauge Theory, the Maxwell equations that describe the interactions between specific liquid
systems (for example water, at pressure p = 10°Nm2, is liquid when the temperature is in the
interval T € [273 — 373]K) and phenomena (the motions of the centers of mass of specific
systems: vortices, bubbles, drops, corpuscles, etc.) must be invariant only with respect to the wave

velocity in the liquid uand so in the relativistic Maxwell equations for the liquid we make the

substitutions: ¢ > u, f = Cl - Br = % (v 1s the flow velocity or the velocity of the mass centers of
f

the specific systems).

In the paper “Analogy between vortex waves and EM waves” [2], Jamati decomposes the
quantities that characterize the fluid: U, p, p, into quantities at the equilibrium state: ¥y, po, po, and
quantities that represent the deviation from the equilibrium state, U4, pg, pg, according to the
relations:

U =1y +Ua, P=Po+Pa P=Po+Pa (30)

Using the decomposition one obtains equations which are similar to Maxwell equations for

those variables which correspond to deviation from equilibrium, U4, pg, pg4:
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VoEqg=(V dg) =", (31
d
VxEd+%=(Vx&d+%>=o, (33)
= dE, >3 g
(7% Ba) = 22 = (7 % fa) — 22) =] = uaia (34)
where the vectors of the field, [Ed] dls [Bd] are defined as
=g - 6” 74 = = -
Ed=ad5—%—%, deﬁdEVXUd. (35)

In Egs. (31-35): uis the velocity of sound in the fluid in a uniform state at rest, p,4 is the
acoustic charge density and J; = p,qUq is the acoustic current density (a current vector in [1]) for

the deviation from the equilibrium state:

a2 v? A(UoV
Paa _ 9°Wa) _ V'pa + (W Pd)’ (36)
&d pou?dt? Po podt
7 _ - 62_> 2 V(ﬁo'vpd)
Jaa E taJa = 757~ VY o (37)

and they are defined by the help of field variables Uy,p; = pouvy, the density p; = £ ";d [19 - Sch.

63] and the constants: acoustic permittivity €;and acoustic permeability ,ud,; =u

vV Edla

2.4. Analogous Maxwell's equations in the vortex-free fluid

If the vortex is missing in fluid, 3y = 3 X7 =0, By = 4 = V X §; = 0, then the vector

U4 has only a radial component and therefore the Maxwell equations for fluid (31-35) become:

V-Ed=(\7~&d)=pg—‘;d, (38)
VxE,=(Vxdy) =0, (39)
aﬁd _ aad
~ %= (- 550) = hal (40)
Consequently, the vector Ed, Eq. (35), and the acoustic charge density p,4, Eq. (36), are:
F. o —a :_@_%__L%_V_ ms-2:
Eq=aq= po  pou ot [Ed]SI ’ (41)
9%pa v’pq Pad]| _ .2
[pouzatz ]' [ ]SI =5 (42)

It is noted that both the acoustic field 1ntensity, Eq. (41), and the charge density, Eq. (42),

contain a term that depends on the explicit time pressure variation.
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3. Inferring secondary Bjerknes force from analogous Maxwell equations
According to the analogous Maxwell equations when vortex is missing in fluid the acoustic
force is:

E a = qaﬁa (43)

with
a= fpa47'[r2dr, [qalsi = ke. (44)
One can find out the shape of the expression of the secondary Bjerknes force, tacking

account to the hydrodynamic Maxwell equations, if first we infer the expressions of the acoustic
charge of a bubble q,; = [ papi4mr?dr and of acoustic vector intensity F?b j- To do this, we assume

that in a fluid which has the density p, at equilibrium there is a bubble with radius R, which
oscillates due to the pressure of a plane wave with angular velocity w. This motion of the bubble
generates around it an acoustic field having the pressure p;,, according to Eq. (9),
v R2(R\* v
Pp(r,t) = pouvp = pPo |— = 7(;) ] = ZLW- (45)

When substitute the pressure from Eq. (45) in Eq. (41) it results the acoustic intensity of
the field being around the bubble

= 7 O0pp;j Vppij Vit Vit
Byj=—— 200 TPoj T 4 BT (46)

pou 0Jt Do 4mur — 4mr?

Similar, when substitute Eq. (45) in Eq. (42), it results the acoustic charge density around
the bubble which oscillates

i a%(Vy) V2 (V; Vi
o s~ (%) = s + Pon (47)

&4 4mrudt? 4w 4mTru?

In Eq. (47), popi 1s the acoustic charge density of the bubble which oscillates, for r < R;. It

is introduced to be like the case of the electric charge distributed into a sphere with finite radius R.

This constant pyp,; was introduced because (:—7;) 2 (%) = (%) [(%2) (%) <r2 ((%) (%)))l =

(;—Z‘) [(%2) (aa(:))] = —0 and then the charge density is equal to the dimensional constant pgp;

([popils; = s72) forr < R;. For r > R; the charge density is Grra?) Vuz)

According to Eq. (44), the charge of the oscillating bubble is:

= frpbi47rr2dr = edf ( + Pom) Amridr =

€a f ‘popidmridr + &4 [ (

4mru?
V; EdR v; £d1"
—_— 4 — -
2u 2u

) 4mr2dr = Vieapop — (48)
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We set the limit of the integration to be r > R; because the absorption and the scatter due
to the inductive wave occur in the inner gas bubble of radius R;, according to the section 2.2.

Substituting Eq. (46) and (48) in Eq. (43) one can find out the shape of temporal vector force:

> = eqViR? | eqVir?\ [Vt vt
bl]( ’ ) Api bj daViPobi 212 2u2 47772 ATTUT

€apopiViVit 3 €apPopiViViT B eViRFViP  eqViRFVF

Anr? 4mur 8mu?r? 8rudr
EdViVj‘f‘ . SdViVjT“f‘

(49)

8mu? gmu3
When average the temporal force during a period T = %n, the force becomes independent

of time:

> > £apopiViV it gapopiViV it
Fon (1) = (P, ) = [F232522) - (S22 -

<£d17iRl-2V'jf> <£dV1RLZVJf> <£dl7;l7jf>_<edll}ﬁ'/}rf>

IR

8mru?r? 8rudr 8mu? 8mu3
2P (17, 7) — SA(VR2V;) + S (Vi), (50)
because (Vir/}-)t = 0, VLRLZVJ =0 and(i};i}»t = 0 up to the terms which are proportional with a;a; << 1.
This force has physical dimensions [Fbi 1]51 = kgms™2.

When compare Eq. (50) with Eq. (10) we can assume that the first term in Eq. (50) to be
Bjerknes force if:

Po Po
gd = — = —2‘
Pobi w

i.e. the permittivity &4 is the acoustic permittivity (17). Substituting Eqgs. (51) in Eq. (50) we obtain

[Povilst = 72, popi = W2, qui = Vigapopi = Vipo, (51)

the expression of the force between two pulsating bubbles (bubbles in an oscillating fluid!),

according to the hydrodynamic Maxwell equations

- ~ p 7 .o p I . p 7 e
Fpij(r) = 5 (Vi) = = (ViREV) + 2= (ViV)). (52)
Finally, if we substitute in Eq. (52) the secondary Bjerknes force (10), it results:
Fpij(r) = Fpi;(r) — _8nu,020a7;2r_2 (ViRZV;) + Sniozrwz am (53)

This force which acts between two oscillate bubbles comprise a first term which is the
Bjerknes force, the second term which represents a force which depends inversely proportional to
the square of the distance between bubbles and proportional to the square of the radius of the i
bubble RZand the third term which does not depend on the distance between the two bubbles. The

(p0<f/m]-R}2~Vi>tf)

second term of the force is asymmetric, ﬁbzij(r) ;tﬁbzﬁ(r) = Gmrat)

regarding the
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dependence of the radii of those two bubbles and break the law of action and reaction. The third

(81120271)2)] ([/}Vl) These force terms was not

term of the force is symmetric, 1?},3” (r) = ﬁb3ji(r) = [
yet depicted theoretically and highlight experimentally when one study the interactions between
oscillate bubbles. As we showed in this paper the hydrodynamic Maxwell equations s, for parameters
which are addressed to the deviations from the equilibrium, U4, pg, pg, have led to the existence of
an asymmetric force and a force independent of distance. This fact maybe requires a deeper study
regarding the way of how the approximations were made when inferring these equations.

Using the same procedure as in section 2.2, one can express those two forces as function of

acoustic charge defined by Eq. (13) and Eq. (19). With the definitions mentioned above the factors

AN IZR-ZV- and (V;V;) can be approximated as:
(Vi¥}),. (ViREV;), j

(ViV;), = —w*(8V;8V}) = —0*(qaida;), (ViRFV}) = —w°RE{8V;6V;) =

—wORE(qaiqaj) (ViVi) = —w®(8Vi8V;) = —0®(qaiqa;)- (54)
With these expressions, the force, Eq. (52), becomes:

Byi(r) = ~0*daida))7 | RGi©"(daia))? _ @*daida))? _
bij 4mpor? 8mpou2r? 8mwpou?
_“)2<Qai‘1aj>f' Rgiwz 0‘)4<qaifh1j>7g
41T P12 T 2wz ) smpou? (55)
0 PolU
or, with Eq. (19), one obtains
O _ _<eaieaj>f' R§ w? w2<eaieaj>7g
Foug(r) = =252 (1 - i) — =0eelt (56)
From the expression of the natural angular velocity, w3; = (je}’; ! y [11, 12], result R3; =
0%oi
2. 02 2 2 2
Peff  and 20 — <w—2) ( Pef] ) It follows that for the case w < wy; the term ~2%%- << 1 and
(a’oipo) (2u?) w5;) \2pou? (2u?)

therefore the asymmetric component of the force of interaction of the two bubbles is much smaller
than the secondary Bjerknes force. The term independent of the distance between the two bubbles

represents a force constant equal to the secondary Bjerknes force at a distance proportional to the

wavelength of the inductive oscillating field r = V2 (%) = ﬁ

4. Conclusions
As we expected to take place, the Maxwell equations for fluids can be used to infer the
force of interactions between oscillate bubbles. Similarly, to the electric forces inferred from

Maxwell equations one can infer the expression of the secondary Bjerknes force from Maxwell

equations for compressible fluids. What is different is that we derived an expression which is
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asymmetric regarding the dependence of the radii of the bubbles ﬁbi i(r) # ﬁb ji(r) = %.
There is also a force that does not depend on the distance between the two bubbles. These additional
terms probably appear as a result of the approximations performed to infer Maxwell equations for
parameters which measure the deviations from the equilibrium U4, pg, pg and from the fact that
bubble is an approach of acoustic charge without internal angular momentum.

Both in classic theory [28] and quantum mechanics [29], the electron is a particle with
internal angular momentum. We consider that only the study of a bubble trapped by a vortex can be
a more complete model of an acoustic charge with angular moment. The approach of the electron as
a vortex [30] can argue for our assumption.

The compatibility of the Maxwell equations for fluids with the properties of the

interactions of systems specific to a fluid, i.e., oscillating/ pulsating bubbles and vortices, can be

strong support for the assumption of the theoretic and experimental analogy between AW and EW.
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