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1. Introduction

angular momentum. We study the dynamics of this system within the
framework of fluid physics and with the help of Maxwell's
hydrodynamic equations. Since we will adopt an approach of a fluid
without viscosity and without gravity, then the fluid is in steady state
if also we will neglect the acoustic radiation. When we expressed the
energy (the kinetic and potential energy) of the vortex-bubble system
we found out that the state of bubble which is captured in the core of
the vortex is more stable than it is out of the core. For the above
allegations we consider that this system, namely a vortex-bubble
system, is a good approach for an acoustic particle with charge and
spin angular momentum. This system owns to the Acoustic World.

Keywords: Acoustic World, vortex, bubble, hydrodynamic
Maxwell equations, angular momentum.

In this paper we study the system consisting of two components specific to the Acoustic

World (AW), the pulsating bubble and the core vortex [1-5]. The need to study this system was due

Bulletin of the Polytechnic Institute of lasi, vol. 70(74), no. 3-4, 35-52, 2024



36

SIMACIU ION, DUMITRESCU GHEORGHE, BORSOS ZOLTAN, DRAFTA VIOREL, BACIU ANCA, NAN GEORGETA
VORTEX-BUBBLE SYSTEM AS A SPIN ACOUSTIC PARTICLE MODEL

to the fact that the two components of AW have complementary properties specific to a charged
acoustic particle model and having internal angular momentum. The pulsating bubble has the
properties of an acoustic monopole, characterized by the acoustic charge [1, 2]. Two pulsating
bubbles interact through secondary Bjerknes forces analogous to electrostatic forces [1, 2]. The
vortex is the specific AW component that has the properties of an acoustic dipole. The forces

between two vortices are proportional to 1/r®,r>D [3-5]. Studying the bubble-vortex system is

necessary by analogy with the classical and quantum electron models [6-8]. These models attempt
to reproduce the experimental properties of the electron as an elementary particle. The electron is a
particle charged with an electric charge, and which also has a magnetic momentum and therefore an
internal angular momentum. Experiments prove that the electric charge is dispersed in a volume of

the order r,, =10*m [9]. Experiments also highlight the possibility of separating the three physical

exp
properties: electric charge, orbital angular momentum and spin angular momentum into: holon,
orbiton and spinon [10-12]. When electron is not reduced to a point then the center of mass (CM)
does not coincide with the center of the charge (CC), charge being a point, and then CC has an
orbital motion around the center of mass. The radius of this motion is of the order of the Compton
length, 4. =h/(m,c)=10"m [6-8, 13].

In recent papers [14], the vortex structure of the electron as an extended particle is
highlighted or the vortex properties of electron beams are highlighted [15, 16].

In the second part of the paper, we study the dynamics of the vortex-bubble system in
order to find out the connection between the system parameters under conditions where the system
is stable, i.e. it has circular orbits. We find the acceleration of the bubble in the vortex field and the
acceleration of the vortex in the bubble field using the results of the paper "On the motion of small
spherical bubbles in two-dimensional vortical flows”, in Cartesian coordinates and polar
coordinates [17]. In the third part of the paper, we study the dynamics of the system using
Maxwell's hydrodynamic equations. In the fourth part of the paper, we calculate the total kinetic
momentum of the system and the total energy. The fifth part consists of discussions and conclusions

based on the results obtained.

2. Dynamic modeling of the vortex—bubble system

2.1. Dynamics of the pulsating bubble in the vortex field
In the specialized scientific literature, the interaction between a vortex and a rigid spherical

body or a bubble was studied [17-19]. Let’s consider a pulsating bubble moving under the action of
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a vortex. The axis of the vortex passes through the center of the reference frame, Oxyz . The center
of the bubble is placed in the plane perpendicular to the vortex axis and has the position vector
r=r,, relative to the vortex axis. Considering a Rankin-type vortex [20] in a fluid of density o and

viscosity coefficient zero, =0, with the core with radius D, the velocity vector of the vortex is: a)
for the core of the vortex (the rigid-body vortex with the angular velocity, Q)

U, =—Qy, 0, =QX, 8, =Qrf, r<D 1)

vyi

and b) for the outside of the vortex core (the irrotational vortex)

—QD?y QD2x , QD%
, U = WO, 0 = ]
rz vye r2 ve r

We study the movement of the two interacting systems considering them independent: the

>D. (2)

UUXE

movement of the pulsating bubble in the field of the vortex and the movement of the vortex in the
field of the pulsating bubble. According to Eq. (4) from the paper [17], the equations of the

dynamics of the bubble having the volume V and density p,, written on the components, in the
presence of a vortex in a non-viscous fluid and in the absence of the gravitational interaction (g =0

), are:

L 2p (D d jﬁ
U= —+—|U,
2p, +p\ Dt 2dt

DX 2p (DUX duxjioy 2,0 ( y YJ'

:2pb+p Dt 2dt :2,0b+p Dt 2dt
with T=%, v=u,, U=y, and the derivative following a fluid element and derivative along the

particle path:

D o ..\ d 8 ..
a—a‘i‘(“' ), a—dt‘l‘(l) V) (4)

In living Egs. (4) in Egs. (3), by components, results:

2p [3au, ( Dy, j au, [ Dy J au,
= —X+|u, + + U+ | :
2p,+p| 2 ot 2 ) ox 2 ) oy
O = 2’0 Ea&_’_ u _|_be 8&4_ u +ﬁ a&
Y 2p,+p|2 Ot 2 ) ox 2oy

If we substitute the vortex-driven components of the fluid velocities (1) and (2) into Egs.

be

=L
Il
=2l

()

(5): a) in the vortex core,u, =-Qy,u,=0xand b) outside the vortex core u, =-QD?y/r?,

u, =QD?x/r? with du, /ot =0, du, /ot =0, we obtain: a)
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Ui = —2pQ2 (Qxb +ﬂj’ Dbyi = —2p<2 (be _Mj, rL<D (6)
2p,+p 2 2p,+p 2
or
L =2pQ - ~ (Ubyi)A(_beiy)
Uy = QXX+ Y, ¥)+——— |=
2p, +p 2 -
Ui X — Uy ¥
- AQ Q(xb>“<+yb§/)+M A= 2p , L <D
2 2p,+p
and b)
. - 2 (QD? Upe | . - 2 (QD?2
Ve = 2p0D 2( 2Xb+ el j Oy = 2pQD 2[ zyb—%],rka (8)
(2p, + p)K; I 2 (2p, + p)K; I 2
or
5 __-2p0D7 | QD (%%+ yb9)+(ubyef(—ubxe9) )
’ (20, + P)1} ry 2
9)

—AQD? QDZ(Xb)’i-f‘yby)+(Ubye)2_ubxe§/) r>D
(20, + P)R2 r; 2 o

In order to find the expressions of the accelerations of the bubble (more generally, of the
spherical body with density p,) in the vortex field, we make the hypothesis that the speed of the
bubble is proportional to the speed of the vortex, the proportionality constant being a positive real

number, B >0: a) in the core of the vortex

Vs =—BQy, v, =BQX, 0, = BQro,r<D (10)
and b) outside the vortex core
_ 2 _ 2 29
- BQD y’ - BQD X,“e:BQDe,r>D. (11)
v r2 o r2 v r

Substituting these velocity expressions into Eqgs. (7) and (9), it results: a) in the core of the
vortex
: BQ(x X y
g, :—AQ{Q(xbeyb§/)+w}=—A(l+gJQzﬁ,, r <D (12)
and b) in the outer core vortex

B, = —A(l+%jQZD4r—i, £ > D. (13)

b
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We find the constant B > 0from the condition that the centripetal acceleration of the bubble

Uy

=a, has the same modulus as the centrifugal acceleration a, =52/r, i.e. the circular trajectory

condition (the condition of the bubble's stable orbit in the vortex field)

. 2
By =, =ay =—>. (14)
r.b
Substituting into equality (14) the expressions given by Egs. (10-13), it follows: a)
AQ?r, [ng = B2Q0?r, sau B2 —%— A=0, r,<D (15)
and b)
AnY 2024
AQSD (1+EJ=BQ D sau BZ—E—Azo, r,>D, (16)
I 2 re 2

that is, the same equation with the unknown the constant B > 0. The solutions of Egs. (15, 16) are

B, =§(1¢ /1+%j. (17)

The real positive solution is B:(A/4)(1+1/1+16/A). Substituted into the bubble velocity

and acceleration expressions, Egs. (10-13), we obtain the expressions: a), r, <D,

_ (1+3/1+16p, /(9p) )06
A[1+ /1+%J9b ( o/ )) "

0. =— 6= , 18
Ty ! 2(1+2p,/p) (18)
. 202 1+3,/1+16p, /(9p
U,; =—AQ? 1+A{1+,/1+EJ L= 242 1+( o/ )) r =—-CQw, (19)
8 A (1+2p,/p) 4(1+2p,/p)
with the constant (A/4)’(L+I+16/A) =C, and b), r,>D,
A 16) -
. 4(1+\/1+AJQD29 (1+3/1+16p,/(9p))2D?6 0
Uy = = ,
’ r, 2(1+2p,/p)r,
. —AQD'[, A ). —2p0ept | (1+32+160,/(%0)) |
By =1+ 2 1 1422 || = {1+ -
I, 8 A (20, + p)1; 4(1+2p,/p)
(21)

—CQZD4F, 2 1 (1"‘3«/1"'16%/(9:0))

I (1+2pb/p) T 4(1+2pb/,0)
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The solutions of the velocities given by Egs. (18, 20) differs from the expression of the

speed of a spherical body driven into motion by the moving fluid (5, =3p5,/(2p, +p), r<D;
e =3p0,./(2p, + p)r, r>D); deduced in the book [21 - Sch. 11].

As a check of the correctness of the expressions (18-21), in the situation when the density of the
bubble is equal to the density of the fluid, p, = p, the speed and acceleration of the spherical body

should be equal to the speed and acceleration of the vortex, at the same radius r,, because the
constant is A=2/3. Substituting the condition of equality of densities into Egs. (18-21), it follows:

a)

Bbi ZBui ZQrbé’ ’jbi zl_}ui :_QZF;J, <D (a) (22)
and b)
20 . . —_O2P47
Dbe :5ue :w’ abe :Due :Q—E)rb’ rb > D (b) (23)
r-b b
For the situation when p, << p,i.e. A= 2, expressions (18-21), can be approximated: (a)
5, :A(n /1"'@}9%@;%; 2010, r, <D; (24)
4 A (2p, +p)
. 2
U, =—-AQ? 1+A 1+,/1+E = 2pQ r=—40%, r,<D (25)
8 A 2p, +p
and (b)

20 20 20
5. AQD?0 _ 2pQD%0 - 20D 6” [ >D. (26)
fy (Zpb +P)rb Iy

L 2147 2D4Y 2D
52 2AQD, [ 2p \20°D'n, | AOPDYW (27)
! 2p,+p

' r
According to the expressions of the accelerations given by Egs. (19, 21) and the stability

12

e

condition (14), the bubble performs a circular motion on orbits of radius r,, if we neglect the radial

movement of the vortex center under the action of the acoustic field generated by the bubble
pulsation.

We get the same result using polar coordinates (r,8). According to Appendix D from the
work Elementary Fluid Mechanics [4], the convection term (i - V)i in polar coordinates, U = urf+ugé

can be write as,

2 ~
(0-V)i=| o, By Lo D o p [y Mo Uy Oy g (28)
or r o0 r or r 06

and the term (- V)0 is
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(6-V)i=| o, Loy Lo Qe _Lllo e [, Mo, 00 O (29)
or r o0 r or r 06

Substituting Egs. (28, 29) in the derivative following a fluid element and derivative along

the particle path, results:

N — 2
%za—u+(ﬁ-v)ﬁ=(aur+u Uy | Yy Oy ugjf+(%+u Ny, Yp Oy }9, (30)

Dt dt ot "or r 00 r ot  "or r 06
d—u:a—u+(5-V)U:[6ur +0, ou, +U—9%——Ugu€jf+(au vp Yo U O jé (32)
dt dt ot o r 06 r ot "or r 06

With these expressions, the acceleration of the vortex-entrained bubble is

5, (DU du | 30U, v, \ou, (u, v,\ou (ui o,u,
O, =|—+—|=1T1A +| U, +— +| —+== - =+== +
Dt 2dt 20t 2 )or ro2rjog \r 2r )|,

(32)
6A 3, (ur+&J%+(u—"+ jau A= 2p :
20t 2)or \r 2r)o0 |, 2p, +p
The components of bubble acceleration are:
A 3du, ofu L U %_‘_ u_g_'_ubg ou, u; +l)b9U€ ,
20t 2 )or ro2r)eo Lr 2r ).,
- (33)

_A 3ou, ur+Ub“ ou, Oy  (Yy . Uy |y ou,
20t 2 )or roo2r)o0
Substituting the core fluid velocity components ur=r‘=0, u, =0r=Qrinto Eq. (33), it

follows:

—_AO [“MJ —A(“bfj (34)

The minus sign for the radial acceleration of the bubble means that it is a centripetal

acceleration. From the condition that the motion of the bubble is circular (that isr, =const. or v, =0)

and Eqgs. (34), it follows:

By, =0, U,, = BQR, B>0; |Dbr| = AQ?%, [14— 2?;9"
b

j: AQ? (u%}. (35)

For the dynamic stability of the bubble, it is necessary that the centripetal acceleration is equal to
the centrifugal acceleration (|v,,|=a,, =a, =v?/t, ), according to Eq. (14),

AQ?r, (ng = B2Qr,. (36)

This relation is identical to Eg. (15) which represents the equation by which the constant B

is expressed as a function of the material constant A. From Eqg. (36) yields the same solution given
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by Eqg. (17) and therefore also in polar coordinates we find the same expressions of tangential
velocity and radial acceleration given by Egs. (18-21).

2.2. Vortex dynamics in the pulsating bubble field

Through a similar procedure, we also study the dynamics of the vortex, in the radial
direction, under the action of the acoustic field generated by the pulsation of the bubble. According
to Eq. (4) from the paper [17], the dynamics equations of the vortex having the volume V , in the
presence of a pulsating bubble in a non-viscous fluid of density p (in Eq. (5) p, & p) and in the
absence of gravitational interaction (g =0), are:

5 2(D d).
U, Zg(a'i'ajub. (37)

Substituting Egs. (3) in Eq. (37), it follows:

3 a_'b Uurx 8ubx UUW aubx
—+|| U, + 2 | —=+| U, +— |—
2 ot 2 ) ox Y2 ) oy

ux_;_ﬂ au_by_{_ u +Uury 6uby 9 )
2 ) ox Y2 oy .

The bubble, with the equilibrium radius R, , the pulsation @, the dimensionless amplitude of

~

X+

P,

(38)

the pulsating motion a<<1and the initial phase of the pulsation ¢, [1], pulsates according to the
relations:

R(t) =R, [1+acos(at+¢,) ], R(t) =—waR, sin(at + ¢, ). (39)

We find the components of the fluid velocity generated by the pulsation of the bubble

using the expression of the velocity potential [22]:

_RR()Z 8(Db| _R'ROZX a(Db| —RROZy
' u x = = 1u = = . (40)
[(X_X2)2+(y_y2)2+22i|]/2 ' ax |z:0 (X2+y2)3/2 by ay

z=0 (X2 + y2 )3/2
Using the relations given by Eq. (40), we also find the time variation of these velocities:

—RR2 au —RR2
aubx — 0)(3/2 , by — 0 y3/2 ) (41)
ot (X2+y2) ot (X2+y2)
Substituting into Eq. (38) the expressions of the velocity components, we obtain:
. SR27 N2R4AP dR2;
D’m — RRO ru _ 4R RO ru _ 2RROUur , (42)

3 6 5
rs 3r; 3r;

with &, =u,T /r, . For r, >>R,and R>>R?, Eq. (42) is approximated by:
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SR2 2 2
dv, (RRE_REOR do, R" 0 gR. (43)
dt rz r? dt

The solution of Eq. (43) is:

12

1Y)

or

_R —(R-R(t=0)). (44)

U

Substituting the expression R(t) given by Eq. (39) in Eq. (44), it follows:

. Riawr , . . 2 __o
Upr :_OT(S'”(WPF%)—S'W%)* fo =T (45)

v

If we consider the vortex axis fixed, the velocity given by Egs. (44, 45) is the radial
velocity of the bubble relative to the vortex. According to Egs. (18, 20, 45), considering the center
of the fixed vortex, the center of the bubble simultaneously executes a rotational movement in the
same direction as the vortex and an oscillatory radial movement in the direction of the vector

r =-t, . With the help of Eq. (43) and the definition of the radial velocity of the vortex, v, =dr, /dt

, we can find the time variation of the vector modulus T, (t) from the equation:

2
dr, _Ro dR or r2dr, =RZdR, (46)
dt r2 dt
which becomes integrated
3R3 3 R3
r)=r, 1+—3°(C05(a)t+¢)b)—003(/)b) =r, 1+—3°(cos(a)t+(pb)—c03¢b) , (47)
ruO ruO

with r (t=0)=r,. The result obtained, Eq. (47), highlights the relative oscillatory motion of the

vortex-bubble system in the radial direction. In this study of the motion of the vortex—bubble
system we have neglected the motion of the vortex under the action of the plane wave that
maintains the pulsating motion of the bubble.

3. Modeling of the vortex-bubble system with the hydrodynamic Maxwell equations
The modeling of the vortex-bubble system can also be solved with the help of
hydrodynamic Maxwell equations [2, 23]. According to the paper [2], the pulsating bubble has the
properties of an acoustic monopole which is characterized by the acoustic charge:
G =Vp (48)
and through the acoustic intensity of the field being around the bubble
E =T
4rr?

(49)
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According to the paper [3], the vortex has the properties of an acoustic dipole which is

characterized by the acoustic field vectors: a) inside the core, Q%r, =F, /(Vp) ,

—

E, =(-Qr)f, H,=20=207 (50)

vl

and b) outside the core, Q2D*/r*=F_/(V p),

ve
= Q?p4
.= r.

With these physical quantities, the force exerted by the vortex on the bubble is: a) inside

(51)

the core
P = 0| B (G xHL ) | = V| (-025) P+ (Qr0x202) | = pv @71, (<F +2F) = v Q257 (52)

and b) outside the core

o o 2N4
F —qE ={&jf. (53)

ve — Ybve rb3
The radial accelerations corresponding to these forces are: a) Q2r, =F,, /(Vp) , inside the

core and b) Q?D*/r® = lfue/(vp) , outside the core. They differ from the accelerations obtained in the

second section by the constant that depends on the densities of the fluid and the spherical body
(bubble) and by the sign (they are centrifugal, i.e. oriented in the direction of the vector 1). This
difference between the two methods highlights a mistake in the hydrodynamic Maxwell equations
corresponding to the two systems specific to the acoustic world.

The forces exerted by the bubble, with the intensity of the acoustic field given by Eqg. (49),

on the vortex that has the charge per unit length [3]

q, =6, =(—QZD2)—£2 =-D?p (54)
itis
F, = Vi Vp Vi = (-Vp)VF
v—q E =(-D? = F =~"7 =, 55
| 95 ( '0)47ZI‘U2 | 4rr? b Arr? vob (55)

for both situations i.e. the vortex inside and the vortex outside the core.
The acceleration of the vortex under the action of the acoustic field of the bubble is an
oscillatory acceleration —Vi/(4zr?)= R /(V0)=—RR2f/r2 like the acceleration given by Eq. (43),

minus the sign.
According to the results obtained in sections 2 and 3, it follows that the vortex-bubble

system is a stable system, the bubble performing simultaneously a circular motion (the radius of the
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orbitisr (t)=r,(t)) and a small-amplitude oscillating radial motion of the order of R¢/r? , according
to Eqg. (47). The formed system simultaneously has a monopolar acoustic charge determined by the
charge of the oscillating bubble, an acoustic charge determined by the vortex, and an intrinsic
kinetic momentum determined by the sum of the kinetic momentum of the vortex and the orbital

momentum of the bubble.

4. Specific properties of the vortex-bubble system

4.1. Angular momentum of the system
The angular momentum of the vortex-bubble system is obtained between the angular

momentum of the vortex and the orbital momentum of the bubble, because, as vectors, they have

the same orientation given by the angular velocity vector Q=03 :
Ly, =S, + Lo (56)
The angular momentum of the vortex was calculated in the paper Vortexes as systems
specific to the AW [4]. This angular momentum depends on the radius R, of the enclosure in
which the bubble-vortex system exists, on the height of the vortex | in the direction perpendicular

to the plane Oxy and is given, according to Eq. 41 of [4] of the expression

2
en

2
S, = IORE"deUUr = J.ORE"(Zﬁprldr)UUr =7rpID2R§nQ(l— D ] (57)

The orbital kinetic momentum of the bubble with virtual mass, m, =2zR%p/3 [1], which is
driven by the vortex, is given by the expression

3
27zp3R r, 0, .
Substituting the bubble velocity expressions given by Egs. (18, 20), in Eq. (58), we obtain:

(58)

Lyo = My, Ty =

a) for the core of the vortex

(1+3/1+16p,/(90) )(moR02)
Looi = ' (59)
3(1+2p,/p)

i.e. an angular momentum that depends on the radius of the bubble orbit and b) for the outer vortex

(1+3/1+16p,/(9p) |(nRoD2Q)

Lboe = 3(1+ 2pb/p) ) (60)

that is an angular momentum that does not depend on the radius of the bubble's orbit.

Since the radius of the bubble and the radius of the orbit depend periodically on time: a)

the orbital momentum inside the vortex L, has an average value given by the relation:

boi
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i (1+3/1+16n,/(90) ) (7o) (R®), (2), i (1+3/1+16n,/(90) )(moR3R:02) o
) = 31 20,/7) : 3120, ) - @

with the orbit radius given by Eq. (47), r,(t=0)=r,=r,,and b) the orbital momentum outside the

vortex
(1+ 3, /l+l6pb/(9p))(ﬂpDZQ)<R3>t (1+3, /1+16pb/(9p))(7szgDzQ) -
L oe [t — = !
Lo 3(1+2p,/p) 3(1+2p,/p)
Substituting the expressions given by Egs. (59, 61) in Eq. (56), results: a) for the core of
the vortex
1+3,1+16p, /(9p 32
(Lya) =S, + (Lo ) ;szDZRan[l— Dzz J+( (7)) mpRirio (63)
2Ren (1+2pb/p) 3
and b) outside of the core
D2 ) (1+3(1+16p,/(9p)|(7oR3D?Q)
(Lie), =S, + (Lo ), = 70ID?RZQY| 1— + : (64)
t ‘ 2R?, 3(1+2p,/p)

In the conditions p >> p, andR,, >> D, the expressions of the total angular momentum is

approximated by:

L) = 2oID?R20 + 2 moRirz @ = mp| ID2RE, + ARoTe |
<bUi>t:ﬂp en +37Tp olbotd = 7P en T 3 :
(65)

47pRID2Q) 4R?
(Lye), = ﬂpIDZRan+7rp+ - zpDZ(len = jQ,

that is, the total angular momentum of the vortex-bubble system connects enclosure parameters

R... o with vortex and bubble parameters D,Q,I,R,. 1, .

4.2. The energy of the vortex-bubble system
The kinetic energy of the system is obtained by summing of the kinetic energy of the

vortex E, , the orbital kinetic energy of the bubble E,, , the energy of radial oscillation

(considering the vortex axis fixed) E,,, and the pulsation kinetic energy of the bubble E,,

Evoo = Exo + Exoo + Exour + Evp- (66)

We calculate the kinetic energy of the vortex according to the relation

rodmo? o R ap? Y
Eku=fo T:-[O (ﬂprldr)(Qr)erjD (ﬂprldl’)( j = -

7plDAQY? l+ In &)
4 D
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The kinetic energy of the bubble in orbital motion is, using the bubble velocity expressions
given by Egs. (18, 20): a) in the core of the vortex

muz mCQ2  zpR3CQ 2
Evooi = bzb: b2 2 3 b,rbSD (68)

and b) in the outer vortex

E

_moi mCD'Q? _ zpR3CD*Q?
kboe 2 2rb2 - 3rbz '

The kinetic energy of the bubble in radial motion is, using the expression for the radial

r, >D. (69)

velocity of the vortex (we consider the vortex axis fixed) given by Eqgs. (44, 45):

moz  woRRE(R-R(t=0))

Eour = 2 3rb4 o = he (70)
The kinetic energy of the pulsating bubble is
2dmv2 s dzr?pdr (RRZ ) . pedr  27pR?R! -
Evo :jR > P :jR 5 r2° :27sz2joR r—Z:TozznpRgRZ. (71)

The time-averaged orbital kinetic energies are: a) in the core of the vortex

mpCQ* (R°EY) zpCORIZ  my, CO212
<Ekb0i>t: 3< b>tE P . 0o _ Mho : 0 p <D (72)

and b) outside of the core

.t >D. (73)

(E,.), = PCD'D [Re) _ pRICD'Q" _ m, CD'0Y
kboe /¢ 3 r2 3r2 2r2

The average kinetic energy of the bubble in pulsating motion is
<Ekbp >t =<27z,oF'Q2RO3>t = 27pRya’w?. (74)
The averaged kinetic energy of the bubble in radial motion, according to averaging Eg.
(70), is
3 (5 . 2 .
(Ew) _mpRy [ R (R—R(t=0)) _ mpRIw*a’sin? g,
it 3 s N 3r4

t

and is much smaller than the energy given by Eqg. (71) of the bubble in pulsating motion.

, To=To>R,. (75)

The average total kinetic energy of the system is: a) in the core of the vortex

kooi /¢ = Ekoi T\ Exvoi ¢ T\ Bwoor /¢ T Bwop ), =
(Eoi ), = Es *(Ei ), +(Evr ), +(Eun),

R 0O2R3r2 R%w2a2sin?
mplD*Q? l+|n£ +7T,0 0 'bo +7T,0 yw-assin‘ g,
© P 3 31

R R3Q2 2
7plD*Q? (% +In ﬁj L PR ho 27pRia’w?

+ 27pRSa2e? = (76)
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and b) outside of the core

<Ekbue >1 =E, + <Ekb0e >t + <Ekbvo >t + <Ekbp >t =

2R3p2 9 2.2 2
mplD*Q? l+|n& +7Z'pQ Rl +7T,0R060 a‘sin’ g,
$P 3 3

N mpR3D*Q)?
33

+27pRiaw? = (77)

1

R
plD*Q? [Z—i_ In ﬁj +27pR3a’w?.

Under the conditions p>> p,, R, >>D, and Rjam<<r,Q, the expressions of the total

Kinetic energy are approximated by:

PR3O 2

R R R312
Eroi ), = 20ID* IN—2Q7 + =7p| ID* In—2 + 20132,
< kbul>t /Y D p[ 5 3 j

78
(Eygpe ), = mpID* In%QZ +%?0492=7rpD4(| In%+3RT§JQZ. o

The potential energy of the system is the potential energy of the bubble (more generally, of

the spherical body with density p, ) in the vortex field. The forces between the bubble and the vortex
being attractive both in the core and outside the core, the potential energy is negative. We find the

modulus of the potential energy by calculating the mechanical work of the vortex-bubble forces

Eon = _Jj ﬁubdr = _[;b Fodly Epusi = LD Fopedr +I;<D Fondls Epee = J:VD Fopedr. (79)
We find the expressions for the internal and external forces using the radial accelerations
given by Egs. (19, 21) and neglecting the oscillations of the bubble (R® 2R3, m, =2zR¢p/3=m,,)

O?D*
R

Fubi = mbobi = mbCQ2 fy Fube = mebe = mbC (80)

Substituting, the force expressions given by Egs. (80) in the expressions of the potential

energy we obtain: a) in the core of the vortex (r, <D)

D r,<D D dr rL,<D
E b =L Fp.dr +fD Fudr=m, CQZD“I — +m, CQZID rdr =

= r
1 r2 D2 r2 (81)
(-m, CQ?D*)—+m, CQ?| 2 —— |=m CQ?| 2 -D? |<0
2D? 2 2 2
and b) outside the vortex core (r, >D )
fh> fh> - QZD4
Eppe = | Frdr =m,COD* | Pdr_-mCODT (82)

0 r 3 2 rb2

These averaged potential energies have the expression: a) in the core of the vortex (r, <D)

2 2
<Epubi >t = <mbCQ2 (%_ D2j> = mboCQZ [%_ DZ] (83)
t

and b) outside the vortex core (r, >D)
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-m,CQ?D* -m, ,CQ?D*
<Epube>t=< b2 - > = —bOC = (84)
I, . 215

The time-averaged kinetic energies of the bubble in orbital motion (E,,, ), are according to
Egs. (72, 73). The total energies averaged over time, neglecting the radial oscillation Kkinetic
energies of the system, are: a) in the core of the vortex

<Etbui >t = <Ekbui >t + <prui >t =B+ <Ekboi >t + <Ekbp >t + <prui >t

22 2
2D G+ In %} +W+ 3m, R2a%w? + m, CQ? (%— DZJ - (85)

11

mplD*Q? (% +1In RS” J—i— 3m,,RZa’w® +m,, CQ? (rbzo - DZ)
and b) outside the vortex core (r, >D)

<Etbue >t = <Ekbue >t + < prue >t = Ekue + < Ekboe >t + <Ekbpe >t + < prue >t =
m,,CQ2D* _

402
nplD*Q? l+ In& +mbocﬁ+3mb0R02aZa)2 - (86)
4 D 2r4 2r2
plD*Q2 1+ In Re +3m,,RZa’w?.
4 D b0 ‘0
We note that the total energy states (E,,; ), are more stable than the energy states (E,, ),
(Egs), = 70ID*Q2 (1+ in e | 4 3m, Reae? + my, CO2 (13 — D?) =
o 4 D (87)

<Etbue >t +m,, CQ? (rb20 - DZ) < <Etbue >t .

since, for r, <D, the energy m,, CQ? (2 — D?) is negative.

5. Comments, discussions and conclusions

We studied the vortex-bubble system with the intention of verifying whether it is a good
model for an acoustic particle with spin (internal kinetic momentum) and electric acoustic charge
(acoustic monopole).

The results obtained do not highlight, for this system, a magnetic acoustic field for the
outer vortex. According to the work “Vortexes as systems specific to the Acoustic World” [3], we
obtained that the inner vortex generates both an acoustic charge and an electric acoustic field as
well as a magnetic acoustic field Egs. (50, 51) and in the outer core vortex only an electric acoustic
field is generated analogously to the field of an electric dipole. Using the equations of motion of a
bubble in a vortex from the paper [17] we obtained the equations of motion of the bubble in the
vortex field (the expression of the acceleration of the bubble depending on the angular velocity, the
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radius and the velocity of the bubble). To solve the equations, we made the assumption that the
speed of the bubble is proportional to the speed of the vortex.

We found the proportionality constant, B, depending on the densities of the fluid and the
bubble by imposing the condition that the acceleration of the bubble is equal to the centrifugal
acceleration (that is, the condition of stability on the orbit of the bubble) expressed as a function of
the bubble's speed and radius. The obtained result can be interpreted as a change in the angular

speed of the bubble (v, =(BQ)r=Q,r) or a change in the radius of the bubble's orbit (
v, =(Br)Q=rQ). We could not solve the situation in which both the radius and the angular

velocity change. We calculated the total kinetic momentum of the system and the total energy for
the orbital steady states. The bubble-vortex system has a spin-angular momentum of the vortex and
an orbital-angular momentum of the bubble. We have not studied the rotational motion around the
bubble axis determined by the fluid velocity gradient in the vortex and hence the bubble spin-
angular momentum.

The total energy expression shows that the orbital states in the vortex core are more stable
than those outside the vortex due to the negative potential energy. A restrictive condition, such as
the quantification of the kinetic momentum, would lead to the highlighting of two states, one with a

lower total energy, for r, <D, and one with a higher and less stable energy, for r, > D, but with the

same electrical acoustic charge (situation analogous to the existence of the electron and the muon
[24] in the Electromagnetic World (EW)). For the vortex-bubble system, we did not study the
magnetic acoustic field generated by the acoustic charge of the bubble in orbital motion and the
emission of acoustic radiation that determines the instability of the circular trajectory. The study of
vortices highlights other vortex-bubble systems such as the vortex ring system [25] with an annular
bubble trapped inside [26]. The annular vortex has the property of being in translational motion
with velocity perpendicular to the plane of the ring and having zero angular momentum. One can
also imagine and study a vortex ring with zero angular momentum that also rotates around the
translational velocity axis. The counterpart of this acoustic particle would be the particle called
neutrino [24]. The purpose of the theoretical investigation of these phenomena in the AW is to
guide the study of a particle model with electric charge and internal angular momentum in the EW,
i.e. a "bubble™ captured by a vortex in a superfluid vacuum.

We can have a better understanding of the phenomena related to the vortex-bubble system
only after we study the dynamics of the system formed by vortex-bubble systems (clusters formed

by N vortex-bubble systems).
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According to the properties of the vortex-bubble system studied in this paper we can
conclude that this system is a good model for the acoustic particle with charge and internal angular

momentum.
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