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1. Introduction 

In this paper we study the system consisting of two components specific to the Acoustic 

World (AW), the pulsating bubble and the core vortex [1-5]. The need to study this system was due 
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Abstract. A vortices-bubble system may be depicted by some 
features which may lead to infer its acoustic charge and its spin- 
angular momentum. We study the dynamics of this system within the 
framework of fluid physics and with the help of Maxwell's 
hydrodynamic equations. Since we will adopt an approach of a fluid 
without viscosity and without gravity, then the fluid is in steady state 
if also we will neglect the acoustic radiation. When we expressed the 
energy (the kinetic and potential energy) of the vortex-bubble system 
we found out that the state of bubble which is captured in the core of 
the vortex is more stable than it is out of the core. For the above 
allegations we consider that this system, namely a vortex-bubble 
system, is a good approach for an acoustic particle with charge and 
spin angular momentum. This system owns to the Acoustic World. 

Keywords: Acoustic World, vortex, bubble, hydrodynamic 
Maxwell equations, angular momentum. 
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to the fact that the two components of AW have complementary properties specific to a charged 

acoustic particle model and having internal angular momentum. The pulsating bubble has the 

properties of an acoustic monopole, characterized by the acoustic charge [1, 2]. Two pulsating 

bubbles interact through secondary Bjerknes forces analogous to electrostatic forces [1, 2]. The 

vortex is the specific AW component that has the properties of an acoustic dipole. The forces 

between two vortices are proportional to 31 ,r r D>  [3-5]. Studying the bubble-vortex system is 

necessary by analogy with the classical and quantum electron models [6-8]. These models attempt 

to reproduce the experimental properties of the electron as an elementary particle. The electron is a 

particle charged with an electric charge, and which also has a magnetic momentum and therefore an 

internal angular momentum. Experiments prove that the electric charge is dispersed in a volume of 

the order 19
exp 10 mr −≅  [9]. Experiments also highlight the possibility of separating the three physical 

properties: electric charge, orbital angular momentum and spin angular momentum into: holon, 

orbiton and spinon [10-12]. When electron is not reduced to a point then the center of mass (CM) 

does not coincide with the center of the charge (CC), charge being a point, and then CC has an 

orbital motion around the center of mass. The radius of this motion is of the order of the Compton 

length, ( ) 1310 mC eh m c −= ≅λ  [6-8, 13]. 

In recent papers [14], the vortex structure of the electron as an extended particle is 

highlighted or the vortex properties of electron beams are highlighted [15, 16]. 

In the second part of the paper, we study the dynamics of the vortex-bubble system in 

order to find out the connection between the system parameters under conditions where the system 

is stable, i.e. it has circular orbits. We find the acceleration of the bubble in the vortex field and the 

acceleration of the vortex in the bubble field using the results of the paper "On the motion of small 

spherical bubbles in two-dimensional vortical flows", in Cartesian coordinates and polar 

coordinates [17]. In the third part of the paper, we study the dynamics of the system using 

Maxwell's hydrodynamic equations. In the fourth part of the paper, we calculate the total kinetic 

momentum of the system and the total energy. The fifth part consists of discussions and conclusions 

based on the results obtained. 

2. Dynamic modeling of the vortex–bubble system 

2.1. Dynamics of the pulsating bubble in the vortex field 

In the specialized scientific literature, the interaction between a vortex and a rigid spherical 

body or a bubble was studied [17-19]. Let’s consider a pulsating bubble moving under the action of 
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a vortex. The axis of the vortex passes through the center of the reference frame, Oxyz . The center 

of the bubble is placed in the plane perpendicular to the vortex axis and has the position vector 

br r=
  , relative to the vortex axis. Considering a Rankin-type vortex [20] in a fluid of density ρ  and 

viscosity coefficient zero, 0=µ , with the core with radius D , the velocity vector of the vortex is: a) 

for the core of the vortex (the rigid-body vortex with the angular velocity, Ω


) 

 ˆ, , ,xi yi iy x r r D= −Ω = Ω =Ω ≤υ υ υυ υ υ θ
  (1) 

and b) for the outside of the vortex core (the irrotational vortex) 

 
2 2 2

2 2

ˆ
, , , .xe ye e

D y D x D r r D
r r r

−Ω Ω Ω
= = = >υ υ υ

θυ υ υ
  (2) 

We study the movement of the two interacting systems considering them independent: the 

movement of the pulsating bubble in the field of the vortex and the movement of the vortex in the 

field of the pulsating bubble. According to Eq. (4) from the paper [17], the equations of the 

dynamics of the bubble having the volume V and density bρ , written on the components, in the 

presence of a vortex in a non-viscous fluid and in the absence of the gravitational interaction ( 0g =


), are: 

 

2 D ,
2 D 2

DD2 2, ,
2 D 2 2 D 2

b

y yx x
x y

b b

d u
t dt

u duu du
t dt t dt

 = + +  

  = + = +  + +   

ρυ
ρ ρ

ρ ρυ υ
ρ ρ ρ ρ

 



 

 (3) 

with br r=
  , b=υ υ

  , u = υυ
  and the derivative following a fluid element and derivative along the 

particle path: 

 ( ) ( )D , .
D

du
t dt dt dt

∂ ∂
= + ⋅∇ = + ⋅∇υ

  (4) 

In living Eqs. (4) in Eqs. (3), by components, results: 

 

2 3 ,
2 2 2 2

2 3 .
2 2 2 2

b

b

byx bx x x
bx x y

b r r

y y by ybx
by x y

b r r

u u uu u
t x y

u u u
u u

t x y

=

=

  ∂ ∂ ∂ = + + + +   + ∂ ∂ ∂    

 ∂ ∂ ∂  = + + + +   + ∂ ∂ ∂    

υυρυ
ρ ρ

υυρυ
ρ ρ

 

 





 (5) 

If we substitute the vortex-driven components of the fluid velocities (1) and (2) into Eqs. 

(5): a) in the vortex core, ,xi yiu y u x= −Ω = Ω and b) outside the vortex core 2 2 ,xeu D y r= −Ω  

2 2
yeu D x r= Ω with 0, 0,x yu t u t∂ ∂ = ∂ ∂ = we obtain: a) 
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 2 2, ,
2 2 2 2

byi bxi
bxi b byi b b

b b

x y r D
 − Ω − Ω  = Ω + = Ω − ≤   + +   

υ υρ ρυ υ
ρ ρ ρ ρ

   (6) 

or 

 

( ) ( )

( ) ( )

ˆ ˆ2 ˆ ˆ
2 2

ˆ ˆ 2ˆ ˆ , ,
2 2

byi bxi
bi b b

b

byi bxi
b b b

b

x y
x x y y

x y
A x x y y A r D

 −− Ω
 = Ω + + =

+   
 −
 − Ω Ω + + = ≤

+  

υ υρυ
ρ ρ

υ υ ρ
ρ ρ





 (7) 

and b) 

 
( ) ( )

2 22 2

2 2 2 2

2 2, ,
2 2 2 2

byeb b bxe
bxe bye b

b b b b b b

D x D yD D r D
r r r r
   Ω Ω− Ω − Ω

= + = − >   + +   

υ υρ ρυ υ
ρ ρ ρ ρ

   (8) 

or 

 
( )

( ) ( )

( )
( ) ( )

22

2 2

22

2 2

ˆ ˆˆ ˆ2
2 2

ˆ ˆˆ ˆ
, .

2 2

bye bxeb b
be

b b b

bye bxeb b
b

b b b

x yD x x y yD
r r

x yD x x y yA D r D
r r

 −Ω +− Ω
 = + =

+   
 −Ω +− Ω
 + >

+   

υ υρυ
ρ ρ

υ υ

ρ ρ





 (9) 

In order to find the expressions of the accelerations of the bubble (more generally, of the 

spherical body with density bρ ) in the vortex field, we make the hypothesis that the speed of the 

bubble is proportional to the speed of the vortex, the proportionality constant being a positive real 

number, 0B > : a) in the core of the vortex 

 ˆ, , ,xi yi iB y B x B r r D= − Ω = Ω = Ω ≤υ υ υυ υ υ θ
  (10) 

and b) outside the vortex core 

 
2 2 2

2 2

ˆ
, , , .xe ye e

B D y B D x B D r D
r r r

− Ω − Ω Ω
= = = >υ υ υ

θυ υ υ
  (11) 

Substituting these velocity expressions into Eqs. (7) and (9), it results: a) in the core of the 

vortex 

 ( ) ( ) 2
ˆ ˆ

ˆ ˆ 1 ,
2 2

b b
bi b b b b

B x x y y BA x x y y A r r D
 Ω +   = − Ω Ω + + = − + Ω ≤   

  
υ
 

  (12) 

and b) in the outer core vortex 

 2 4
4

1 , .
2

b
be b

b

rBA D r D
r

 = − + Ω > 
 

υ




  (13) 



   39 
SIMACIU ION, DUMITRESCU GHEORGHE, BORSOS ZOLTAN, DRAFTA VIOREL, BACIU ANCA, NAN GEORGETA 

VORTEX-BUBBLE SYSTEM AS A SPIN ACOUSTIC PARTICLE MODEL 
 

 

 

Bulletin of the Polytechnic Institute of Iași, vol. 70(74), no. 3-4, 35-52, 2024 
 

We find the constant 0B > from the condition that the centripetal acceleration of the bubble 

b cpa=υ


  has the same modulus as the centrifugal acceleration 2
cf ba r=υ

  i.e. the circular trajectory 

condition (the condition of the bubble's stable orbit in the vortex field) 

 
2

.b
b cp cf

b

a a
r

= = =
υ

υ




  (14) 

Substituting into equality (14) the expressions given by Eqs. (10-13), it follows: a) 

 2 2 2 21 sau 0,
2 2b b b
B ABA r B r B A r D Ω + = Ω − − = ≤ 

 
 (15) 

and b)  

 
2 4 2 2 4

2
3 3

1 sau 0, ,
2 2 b

b b

A D B B D ABB A r D
r r
Ω Ω + = − − = > 

 
 (16) 

that is, the same equation with the unknown the constant 0B > . The solutions of Eqs. (15, 16) are 

 1,2
161 1 .

4
AB

A
 

= ± +  
 

 (17) 

The real positive solution is ( )( )4 1 1 16B A A= + + . Substituted into the bubble velocity 

and acceleration expressions, Eqs. (10-13), we obtain the expressions: a), br D≤ , 

 
( )( )

( )

ˆ1 3 1 16 916 ˆ1 1 ,
4 2 1 2

b b

bi b
b

rA r
A

+ + Ω 
= + + Ω =   + 

ρ ρ θ
υ θ

ρ ρ
  (18) 

 
( )

( )( )
( )

2
2 2

1 3 1 16 916 21 1 1 1 ,
8 1 2 4 1 2

b

bi b b b
b b

AA r r C r
A

 + +   − Ω  = − Ω + + + = + = − Ω     + +      

ρ ρ
υ

ρ ρ ρ ρ
   

  (19) 

with the constant ( ) ( )224 1 1 16A A C+ + = , and b), br D> , 

 
( )( )

( )

2
2

16 ˆ1 1 ˆ1 3 1 16 94
,

2 1 2
b

be
b b b

A D DA
r r

 
+ + Ω  + + Ω = =

+

θ ρ ρ θ
υ

ρ ρ
  (20) 

 
( )

( )( )
( )

( )
( )( )

( )

2 4 2 4

4 4

2 4

4

1 3 1 16 916 21 1 1 1
8 2 4 1 2

1 3 1 16 92, 1 .
1 2 4 1 2

b

be b b
b b b b

b

b
b b b

A D A Dr r
r A r

C D r C
r

 + +  − Ω − Ω  = + + + = + =     + +      
 + +− Ω  = = + + +
  

ρ ρρυ
ρ ρ ρ ρ

ρ ρ

ρ ρ ρ ρ

  





 (21) 
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The solutions of the velocities given by Eqs. (18, 20) differs from the expression of the 

speed of a spherical body driven into motion by the moving fluid ( ( )3 2 ,bi i b r D= + ≤υυ ρυ ρ ρ
  ; 

( )3 2 ,be e b r r D= + >υυ ρυ ρ ρ
  ); deduced in the book [21 - Sch. 11]. 

As a check of the correctness of the expressions (18-21), in the situation when the density of the 
bubble is equal to the density of the fluid, b =ρ ρ , the speed and acceleration of the spherical body 
should be equal to the speed and acceleration of the vortex, at the same radius br , because the 
constant is 2 3A = . Substituting the condition of equality of densities into Eqs. (18-21), it follows: 
a) 

 2ˆ, ,bi i b bi i b br r r D= = Ω = = −Ω ≤υ υυ υ θ υ υ
    

   (a) (22) 
and b) 

 
2 42

4

ˆ
, , .b

be e be e b
b b

D rD r D
r r

−ΩΩ
= = = = >υ υ

θυ υ υ υ


   

   (b)  (23) 

For the situation when b <<ρ ρ , i.e. 2A ≅ , expressions (18-21), can be approximated: (a) 

 
( )

ˆ216 ˆ ˆ1 1 2 , ;
4 2

b
bi b b b

b

rA r r r D
A

  Ω
= + + Ω ≅ ≅ Ω ≤   + 

ρ θ
υ θ θ

ρ ρ
  (24) 

 
2

2 216 21 1 1 4 ,
8 2i b b b b

b

AA r r r r D
A

    Ω
= − Ω + + + ≅ − = − Ω ≤      +     

ρυ
ρ ρ

   

  (25) 

and (b)  

 
( )

2 2 2ˆ ˆ ˆ2 2 , .
2e b

b b b b

A D D D r D
r r r

Ω Ω Ω
≅ = ≅ >

+υ
θ ρ θ θυ

ρ ρ
  (26) 

 
2 4 2 4 2 4

4 4 4

2 2 42 , .
2

b b b
e b

b b b b

A D r D r D r r D
r r r

 − Ω Ω Ω
≅ = − ≅ − > + 

ρυ
ρ ρ

  



  (27) 

According to the expressions of the accelerations given by Eqs. (19, 21) and the stability 

condition (14), the bubble performs a circular motion on orbits of radius br , if we neglect the radial 

movement of the vortex center under the action of the acoustic field generated by the bubble 

pulsation. 

We get the same result using polar coordinates ( ,r θ ). According to Appendix D from the 

work Elementary Fluid Mechanics [4], the convection term ( )u u⋅∇
  in polar coordinates, ˆˆru u r u= + θθ

  

can be write as, 

 ( )
2

ˆˆr r
r r

u u u u uu uu u u r u
r r r r r

∂ ∂∂ ∂   ⋅∇ = + − + +  ∂ ∂ ∂ ∂  
θ θ θ θ θ θ

θ θ
   (28) 

and the term ( )u⋅∇υ
   is 
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 ( ) ˆˆr r
r r

u u uu uu r
r r r r r

∂ ∂∂ ∂   ⋅∇ = + − + +   ∂ ∂ ∂ ∂   
θ θ θ θ θ θυ υ υ

υ υ υ θ
θ θ

   (29) 

Substituting Eqs. (28, 29) in the derivative following a fluid element and derivative along 

the particle path, results: 

 ( )
2D ˆˆ ,

D
r r r

r r
u u u u u uu u uu u u u u r u

t dt t r r r t r r
∂ ∂ ∂∂ ∂ ∂∂    = + ⋅∇ = + + − + + +  ∂ ∂ ∂ ∂ ∂ ∂  

θ θ θ θ θ θ θ
θ θ

 

   (30) 

 ( ) ˆˆ .r r r
r r

u u u uu u udu u u r
dt dt t r r r t r r

∂ ∂ ∂∂ ∂ ∂∂    = + ⋅∇ = + + − + + +   ∂ ∂ ∂ ∂ ∂ ∂   
θ θ θ θ θ θ θυ υ υ

υ υ υ θ
θ θ

 

   (31) 

With these expressions, the acceleration of the vortex-entrained bubble is 

 

23D ˆ
D 2 2 2 2 2

3 2ˆ , .
2 2 2 2

b

b

r r r r
b r

r r

r
r

br r

u u uu u uu du rA u
t dt t r r r r r

u u u uA u A
t r r r

=

=

  ∂ ∂ ∂       = + = + + + + − + +        ∂ ∂ ∂       
 ∂ ∂ ∂   + + + + =    ∂ ∂ ∂ +     

θ θ θ θ θ

θ θ θ θ θ

υ υυυ
θ

υυ ρθ
θ ρ ρ

 

 

 





 (32) 

The components of bubble acceleration are: 

 

23 ,
2 2 2 2

3 .
2 2 2

b

b

br b br r r
br r

r r

br b
b r

r r

u u uu u uA u
t r r r r r

u u u uA u
t r r r

=

=

 ∂ ∂ ∂     = + + + + − +      ∂ ∂ ∂      

 ∂ ∂ ∂   = + + + +    ∂ ∂ ∂    

θ θ θ θ θ

θ θ θ θ θ
θ

υ υ υ
υ

θ

υ υ
υ

θ

 

 





 (33) 

Substituting the core fluid velocity components 0,ru r u r r= = = = Ωθ θ into Eq. (33), it 

follows: 

 2 1 , .
2 2

b br
br b b

b

A r A
r

  Ω = − Ω + =   Ω   
θ

θ
υ υ

υ υ   (34) 

The minus sign for the radial acceleration of the bubble means that it is a centripetal 

acceleration. From the condition that the motion of the bubble is circular (that is .br const=  or 0br =υ ) 

and Eqs. (34), it follows: 

 2 20, , 0; 1 1 .
2 2

b
b b b br b b

b

BB r B A r A r
r

   = = Ω > = Ω + = Ω +   Ω   
θ

θ θ
υ

υ υ υ   (35) 

For the dynamic stability of the bubble, it is necessary that the centripetal acceleration is equal to 
the centrifugal acceleration ( 2

br cp cf b ba a r≡ = ≡ θυ υ ), according to Eq. (14), 

 2 2 21 .
2b b
BA r B r Ω + = Ω 

 
 (36) 

This relation is identical to Eq. (15) which represents the equation by which the constant B

is expressed as a function of the material constant A . From Eq. (36) yields the same solution given 
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by Eq. (17) and therefore also in polar coordinates we find the same expressions of tangential 

velocity and radial acceleration given by Eqs. (18-21). 

2.2. Vortex dynamics in the pulsating bubble field 

Through a similar procedure, we also study the dynamics of the vortex, in the radial 

direction, under the action of the acoustic field generated by the pulsation of the bubble. According 

to Eq. (4) from the paper [17], the dynamics equations of the vortex having the volume V , in the 

presence of a pulsating bubble in a non-viscous fluid of density ρ  (in Eq. (5) b →ρ ρ ) and in the 

absence of gravitational interaction ( 0g =
 ), are: 

 2 D .
3 Dr b

d u
t dt

 = + 
 

υυ
 

  (37) 

Substituting Eqs. (3) in Eq. (37), it follows: 

 

2 3 ˆ
3 2 2 2

ˆ .
2 2

ryb rx bx bx
r x y

r r

by ry byrx
x y

r r

u u uu u x
t x y

u u
u u y

x y

=

=

   ∂ ∂ ∂ = + + + + +     ∂ ∂ ∂    
 ∂ ∂   + + +     ∂ ∂     

υ

υ

υυ
υ

υυ

υυ
υ

υυ

 

 







 (38) 

The bubble, with the equilibrium radius 0R , the pulsationω , the dimensionless amplitude of 

the pulsating motion 1a << and the initial phase of the pulsation bϕ  [1], pulsates according to the 

relations: 

 ( ) ( )0 0( ) 1 cos , ( ) sin .b bR t R a t R t aR t=  + +  = − + ω ϕ ω ω ϕ  (39) 

We find the components of the fluid velocity generated by the pulsation of the bubble 

using the expression of the velocity potential [22]: 

 
( ) ( ) ( ) ( )

2 2 2
0 0 0

1 2 3 2 3 22 2 2 2 2 22 0 02 2

, , .b b
b bx by

z z

RR RR x RR yu u
x yx y x yx x y y z = =

− ∂Φ − ∂Φ −
Φ = = = = =

∂ ∂+ + − + − + 

  

 (40) 

Using the relations given by Eq. (40), we also find the time variation of these velocities: 

 ( ) ( )
2 2
0 0

3 2 3 22 2 2 2
, .bybx uu RR x RR y

t tx y x y

∂∂ − −
= =

∂ ∂+ +

 

 (41) 

Substituting into Eq. (38) the expressions of the velocity components, we obtain: 

 
2 2 4 2
0 0 0
3 6 5

4 2 ,
3 3

r
r

RR r R R r RR
r r r

= − −υ υ υ
υ

υ υ υ

υ
υ

 

  



  (42) 

with r r r=υ υ υ υυ υ
  . For 0r R>>υ and 2R R>>  , Eq. (42) is approximated by: 



   43 
SIMACIU ION, DUMITRESCU GHEORGHE, BORSOS ZOLTAN, DRAFTA VIOREL, BACIU ANCA, NAN GEORGETA 

VORTEX-BUBBLE SYSTEM AS A SPIN ACOUSTIC PARTICLE MODEL 
 

 

 

Bulletin of the Polytechnic Institute of Iași, vol. 70(74), no. 3-4, 35-52, 2024 
 

 
2 2
0 0

2 2

d RR R dR
dt r r dt

≅ =υ

υ υ

υ  

 or 
2
0
2

.Rd dR
r

=υ
υ

υ   (43) 

The solution of Eq. (43) is: 

 ( )
2
0
2

( 0) .r
R R R t
r

= − =υ
υ

υ    (44) 

Substituting the expression ( )R t  given by Eq. (39) in Eq. (44), it follows: 

 ( )
3
0

3
sin( ) sin , .r b b b

R a r t r r
r

= − + − = −υ
υ υ

υ

ω
υ ω ϕ ϕ



    (45) 

If we consider the vortex axis fixed, the velocity given by Eqs. (44, 45) is the radial 

velocity of the bubble relative to the vortex. According to Eqs. (18, 20, 45), considering the center 

of the fixed vortex, the center of the bubble simultaneously executes a rotational movement in the 

same direction as the vortex and an oscillatory radial movement in the direction of the vector

br r= −υ
  . With the help of Eq. (43) and the definition of the radial velocity of the vortex, r dr dt=υ υυ

, we can find the time variation of the vector modulus ( )r tυ
 from the equation: 

 
2
0
2

dr R dR
dt r dt

=υ

υ

 or 2 2
0r dr R dR=υ υ , (46) 

which becomes integrated 

 ( )( ) ( )( )
1

3 33
0 0

0 03 3
0 0

3( ) 1 cos cos 1 cos cos ,b b b b
R Rr t r t r t
r r

   
= + + − ≅ + + −   

   
υ υ υ

υ υ

ω ϕ ϕ ω ϕ ϕ  (47) 

with 0( 0)r t r= =υ υ . The result obtained, Eq. (47), highlights the relative oscillatory motion of the 

vortex-bubble system in the radial direction. In this study of the motion of the vortex–bubble 

system we have neglected the motion of the vortex under the action of the plane wave that 

maintains the pulsating motion of the bubble. 

3. Modeling of the vortex-bubble system with the hydrodynamic Maxwell equations  

The modeling of the vortex-bubble system can also be solved with the help of 

hydrodynamic Maxwell equations [2, 23]. According to the paper [2], the pulsating bubble has the 

properties of an acoustic monopole which is characterized by the acoustic charge: 

 bq V= ρ  (48) 
and through the acoustic intensity of the field being around the bubble 

 
2

ˆ
.

4b
VrE

r
≅

π




 (49) 
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According to the paper [3], the vortex has the properties of an acoustic dipole which is 

characterized by the acoustic field vectors: a) inside the core, ( )2
b ir F VΩ = υ ρ



, 

 ( )2 ˆ ˆ, 2 2i iE r r H z= −Ω = Ω = Ωυ υ

  

 (50) 

and b) outside the core, ( )2 4 3
eD r F VΩ = υ ρ


, 

 
2 4

4
.e

DE r
r

Ω
=υ



  (51) 

With these physical quantities, the force exerted by the vortex on the bubble is: a) inside 

the core 

 ( ) ( ) ( ) ( )2 2 2ˆˆ ˆ ˆ ˆˆ2 2i b i bi i b b b bF q E H V r r r z V r r r V r r   ≡ + × = −Ω + Ω × Ω = Ω − + = Ω  υ υ υυ ρ θ ρ ρ
  

  (52) 

and b) outside the core 

 
2 4

3
ˆ.e b e

b

V DF q E r
r

 Ω
≡ =  

 
υ υ

ρ 

 (53) 

The radial accelerations corresponding to these forces are: a) ( )2
b ir F VΩ = υ ρ



, inside the 

core and b) ( )2 4 3
eD r F VΩ = υ ρ


, outside the core. They differ from the accelerations obtained in the 

second section by the constant that depends on the densities of the fluid and the spherical body 

(bubble) and by the sign (they are centrifugal, i.e. oriented in the direction of the vector br
 ). This 

difference between the two methods highlights a mistake in the hydrodynamic Maxwell equations 

corresponding to the two systems specific to the acoustic world. 

The forces exerted by the bubble, with the intensity of the acoustic field given by Eq. (49), 

on the vortex that has the charge per unit length [3] 

 ( )2 2 2
2

q e D D= = −Ω = −
Ωυ υ υ
ρε ρ  (54) 

it is 

 ( ) ( )2
2 2 2

ˆˆ ˆ
, , ,

4 4 4
b

b b b

V VrF Vr V Vrq E D F r r
l r l r r

−−
≡ = − = = =υ

υ υ υ
υ υ υ

ρρρ
π π π





 
 

 (55) 

for both situations i.e. the vortex inside and the vortex outside the core. 

The acceleration of the vortex under the action of the acoustic field of the bubble is an 

oscillatory acceleration ( ) ( )2 2 2
0ˆ ˆ4 bVr r F V RR r r− ≡ = −υ υ υπ ρ



   like the acceleration given by Eq. (43), 

minus the sign. 

According to the results obtained in sections 2 and 3, it follows that the vortex-bubble 

system is a stable system, the bubble performing simultaneously a circular motion (the radius of the 
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orbit is ( ) ( )br t r t=υ ) and a small-amplitude oscillating radial motion of the order of 3 2
0 0R rυ , according 

to Eq. (47). The formed system simultaneously has a monopolar acoustic charge determined by the 

charge of the oscillating bubble, an acoustic charge determined by the vortex, and an intrinsic 

kinetic momentum determined by the sum of the kinetic momentum of the vortex and the orbital 

momentum of the bubble. 

4. Specific properties of the vortex-bubble system  

4.1. Angular momentum of the system 

The angular momentum of the vortex-bubble system is obtained between the angular 

momentum of the vortex and the orbital momentum of the bubble, because, as vectors, they have 

the same orientation given by the angular velocity vector ẑΩ =Ω


: 

 ,b boL S L= +υ υ  (56) 
The angular momentum of the vortex was calculated in the paper Vortexes as systems 

specific to the AW [4]. This angular momentum depends on the radius enR  of the enclosure in 

which the bubble-vortex system exists, on the height of the vortex l  in the direction perpendicular 

to the plane Oxy and is given, according to Eq. 41 of [4] of the expression 

 ( )
2

2 2
20 0

2 1 .
2

en enR R

en
en

DS dm r rldr r lD R
R

 
= = = Ω − 

 
∫ ∫υ υ υ υυ πρ υ πρ  (57) 

The orbital kinetic momentum of the bubble with virtual mass, 32 3bm R= π ρ  [1], which is 

driven by the vortex, is given by the expression 

 
32 .

3
b

bo b b b b
R rL m r= =υ υ

πρ
υ υ  (58) 

Substituting the bubble velocity expressions given by Eqs. (18, 20), in Eq. (58), we obtain: 

a) for the core of the vortex 

 
( )( )( )

( )

3 21 3 1 16 9
,

3 1 2
b b

boi
b

R r
L

+ + Ω
=

+

ρ ρ πρ

ρ ρ
 (59) 

i.e. an angular momentum that depends on the radius of the bubble orbit and b) for the outer vortex 

 
( )( )( )

( )

3 21 3 1 16 9
,

3 1 2
b

boe
b

R D
L

+ + Ω
=

+

ρ ρ πρ

ρ ρ
 (60) 

that is an angular momentum that does not depend on the radius of the bubble's orbit. 

Since the radius of the bubble and the radius of the orbit depend periodically on time: a) 

the orbital momentum inside the vortex boiL has an average value given by the relation: 
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( )( )( )
( )

( )( )( )
( )

3 2 3 2
0 01 3 1 16 9 1 3 1 16 9

,
3 1 2 3 1 2
b b b bt t

boi t
b b

R r R r
L

+ + Ω + + Ω
= ≅

+ +

ρ ρ πρ ρ ρ πρ

ρ ρ ρ ρ
 (61) 

with the orbit radius given by Eq. (47), 0 0( 0) br t r r= = =υ υ and b) the orbital momentum outside the 

vortex 

 
( )( )( )

( )
( )( )( )

( )

2 3 3 2
01 3 1 16 9 1 3 1 16 9

,
3 1 2 3 1 2

b bt
boe t

b b

D R R D
L

+ + Ω + + Ω
= ≅

+ +

ρ ρ πρ ρ ρ πρ

ρ ρ ρ ρ
 (62) 

Substituting the expressions given by Eqs. (59, 61) in Eq. (56), results: a) for the core of 

the vortex 

 
( )( )

( )
3 22
0 02 2

2

1 3 1 16 9
1

2 1 2 3
b b

bvi boi ent t
en b

R rDL S L lD R
R

+ +  Ω
= + ≅ Ω − +  + 

υ

ρ ρ πρ
πρ

ρ ρ
 (63) 

and b) outside of the core 

 
( )( )( )

( )

3 2
2 0

2 2
2

1 3 1 16 9
1 .

2 3 1 2
b

bve boe ent t
en b

R DDL S L lD R
R

+ + Ω 
= + ≅ Ω − +  + 

υ

ρ ρ πρ
πρ

ρ ρ
 (64) 

In the conditions b>>ρ ρ  and enR D>> , the expressions of the total angular momentum is 

approximated by: 

 

3 2
0 02 2 3 2 2 2

0 0

3 2 3
0 02 2 2 2

44 ,
3 3
4 4 ,

3 3

b
b i en b ent

b e en ent

R rL lD R R r lD R

R D RL lD R D lR

 ≅ Ω + Ω = + Ω 
 

Ω  ≅ Ω + = + Ω 
 

υ

υ

πρ πρ πρ

πρ
πρ πρ

 (65) 

that is, the total angular momentum of the vortex-bubble system connects enclosure parameters 

,enR ρ  with vortex and bubble parameters 0 0, , , , bD l R rΩ . 

4.2. The energy of the vortex-bubble system  

The kinetic energy of the system is obtained by summing of the kinetic energy of the 

vortex kE υ , the orbital kinetic energy of the bubble kboE , the energy of radial oscillation 

(considering the vortex axis fixed) kb rE υ  and the pulsation kinetic energy of the bubble kbpE , 

 .kb k kbo kb r kbpE E E E E= + + +υ υ υ  (66) 

We calculate the kinetic energy of the vortex according to the relation 

 
( )( ) ( )

22 2
2

0 0

4 2

2
1 ln .
4

en enR D R

k D

en

dm DE rldr r rldr
r

RlD
D

Ω = = Ω + = 
 

 Ω + 
 

∫ ∫ ∫υ υ
υ

υ
πρ πρ

πρ
 (67) 



   47 
SIMACIU ION, DUMITRESCU GHEORGHE, BORSOS ZOLTAN, DRAFTA VIOREL, BACIU ANCA, NAN GEORGETA 

VORTEX-BUBBLE SYSTEM AS A SPIN ACOUSTIC PARTICLE MODEL 
 

 

 

Bulletin of the Polytechnic Institute of Iași, vol. 70(74), no. 3-4, 35-52, 2024 
 

The kinetic energy of the bubble in orbital motion is, using the bubble velocity expressions 

given by Eqs. (18, 20): a) in the core of the vortex 

 
2 2 2 3 2 2

,
2 2 3
b bi b b b

kboi b
m m C r R C rE r DΩ Ω

= = = ≤
υ πρ  (68) 

and b) in the outer vortex 

 
2 4 2 3 4 2

2 2
, .

2 2 3
b be b

kboe b
b b

m m CD R CDE r D
r r
Ω Ω

= = ≅ >
υ πρ  (69) 

The kinetic energy of the bubble in radial motion is, using the expression for the radial 

velocity of the vortex (we consider the vortex axis fixed) given by Eqs. (44, 45): 

 
( )2

3 42 0

4

( 0)
, .

2 3
b r

kb r b
b

R R R R tmE r r
r

− =
= = =υ

υ υ

πρυ  

 (70) 

The kinetic energy of the pulsating bubble is 

 
22 2 2 42

0 02 4 3 2
0 02 2

24 2 2 .
2 2

p
kbp R R R

dm RR R Rr dr drE R R R R
r r R

∞ ∞ ∞ 
= = = = ≅ 

 
∫ ∫ ∫υυ πρπ ρ πρ πρ

 

   (71) 

The time-averaged orbital kinetic energies are: a) in the core of the vortex 

 
2 3 2 2 3 2 2 2

0 0 0 0 ,
3 3 2

b t b b b
kboi bt

C R r C R r m C rE r D
Ω Ω Ω

= ≅ = ≤
πρ πρ  (72) 

and b) outside of the core 

 
3 4 2 4 24 2 3
0 0

2 2 2
0 0

, .
3 3 2

b
kboe bt

b b bt

R CD m CDCD RE r D
r r r

Ω ΩΩ
= ≅ = >

πρπρ  (73) 

The average kinetic energy of the bubble in pulsating motion is 

 2 3 5 2 2
0 02 2 .kbp t t

E R R R a= ≅πρ πρ ω  (74) 

The averaged kinetic energy of the bubble in radial motion, according to averaging Eq. 

(70), is 

 
( )2

34 9 2 2 2
0 0

0 0 04 4
0

( 0) sin , .
3 3

b
kb r bt

b b
t

R R R tR R aE r r R
r r

− =
= ≅ = >υ υ
πρ πρ ω ϕ 

 (75) 

and is much smaller than the energy given by Eq. (71) of the bubble in pulsating motion. 

The average total kinetic energy of the system is: a) in the core of the vortex 

 
2 3 2 9 2 2 2

0 0 04 2 5 2 2
04

0

3 2 2
0 04 2 5 2 2

0

sin1 ln 2
4 3 3

1 ln 2
4 3

kb i k i kboi kb r kbpt t t t

en b b

b

en b

E E E E E

R R r R alD R a
D r

R R rlD R a
D

= + + + ≅

Ω Ω + + + + ≅ 
 

Ω Ω + + + 
 

υ υ υ

πρ πρ ω ϕ
πρ πρ ω

πρ
πρ πρ ω

 (76) 
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and b) outside of the core 

 
2 3 2 9 2 2 2

0 0 04 2 5 2 2
04

0

3 4 2
04 2 5 2 2

02
0

sin1 ln 2
4 3 3
1 ln 2 .
4 3

kb e k kboe kb o kbpt t t t

en b b

b

en

b

E E E E E

R R r R alD R a
D r
R R DlD R a
D r

= + + + ≅

Ω Ω + + + + ≅ 
 

Ω Ω + + + 
 

υ υ υ

πρ πρ ω ϕ
πρ πρ ω

πρ
πρ πρ ω

 (77) 

Under the conditions b>>ρ ρ , enR D>> , and 0 0bR a r<< Ωω , the expressions of the total 

kinetic energy are approximated by: 

 

3 2 2 3 2
0 0 0 04 2 4 2

3 4 2 3
0 04 2 4 2

2 2
0 0

ln ln ,
3 3

ln ln .
3 3

en b en b
kb i t

en en
kb e t

b b

R R r R R rE lD lD
D D

R R D R RE lD D l
D r D r

Ω  ≅ Ω + = + Ω 
 

 Ω
≅ Ω + = + Ω 

 

υ

υ

πρ
πρ πρ

πρ
πρ πρ

 (78) 

The potential energy of the system is the potential energy of the bubble (more generally, of 

the spherical body with density bρ ) in the vortex field. The forces between the bubble and the vortex 

being attractive both in the core and outside the core, the potential energy is negative. We find the 

modulus of the potential energy by calculating the mechanical work of the vortex-bubble forces 

 , , .b b b br r D r D r D

p b b b p bi be bi p be beD
E F dr F dr E F dr F dr E F dr

< >

∞ ∞ ∞ ∞
= − = = + =∫ ∫ ∫ ∫ ∫υ υ υ υ υ υ υ υ



  (79) 

We find the expressions for the internal and external forces using the radial accelerations 

given by Eqs. (19, 21) and neglecting the oscillations of the bubble ( 3 3
0 ,R R≅ 3

0 02 3b bm R m≅ =π ρ ) 

 
2 4

2
3

, .bi b bi b b be b be b
b

DF m m C r F m m C
r

Ω
= = Ω = =υ υυ υ   (80) 

Substituting, the force expressions given by Eqs. (80) in the expressions of the potential 

energy we obtain: a) in the core of the vortex ( br D< ) 

 
( )

2 4 2
3

2 22
2 4 2 2 2

2

1 0
2 2 2 2

b bD r D D r D

p bi be bi b bD D

b b
b b b

drE F dr F dr m C D m C rdr
r

r rDm C D m C m C D
D

< <

∞ ∞
= + = Ω + Ω =

   − Ω + Ω − = Ω − <   
   

∫ ∫ ∫ ∫υ υ υ

 (81) 

and b) outside the vortex core ( br D>  ) 

 
2 4

2 4
3 2

0.
2

b br D r D b
p be be b

b

m C DdrE F dr m C D
r r

> >

∞ ∞

− Ω
= = Ω = <∫ ∫υ υ  (82) 

These averaged potential energies have the expression: a) in the core of the vortex ( br D< ) 

 
2 2

02 2 2 2
02 2

b b
p bi b bt

t

r rE m C D m C D   = Ω − ≅ Ω −   
   

υ  (83) 

and b) outside the vortex core ( br D> ) 
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The time-averaged kinetic energies of the bubble in orbital motion tb i t
E υ are according to 

Eqs. (72, 73). The total energies averaged over time, neglecting the radial oscillation kinetic 

energies of the system, are: a) in the core of the vortex 
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and b) outside the vortex core ( br D> ) 
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We note that the total energy states tb i t
E υ are more stable than the energy states tb e t

E υ  
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 (87) 

since, for br D< , the energy ( )2 2 2
0 0b bm C r DΩ −  is negative. 

5. Comments, discussions and conclusions 

We studied the vortex-bubble system with the intention of verifying whether it is a good 

model for an acoustic particle with spin (internal kinetic momentum) and electric acoustic charge 

(acoustic monopole). 

The results obtained do not highlight, for this system, a magnetic acoustic field for the 

outer vortex. According to the work “Vortexes as systems specific to the Acoustic World” [3], we 

obtained that the inner vortex generates both an acoustic charge and an electric acoustic field as 

well as a magnetic acoustic field Eqs. (50, 51) and in the outer core vortex only an electric acoustic 

field is generated analogously to the field of an electric dipole. Using the equations of motion of a 

bubble in a vortex from the paper [17] we obtained the equations of motion of the bubble in the 

vortex field (the expression of the acceleration of the bubble depending on the angular velocity, the 
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radius and the velocity of the bubble). To solve the equations, we made the assumption that the 

speed of the bubble is proportional to the speed of the vortex. 

We found the proportionality constant, B , depending on the densities of the fluid and the 

bubble by imposing the condition that the acceleration of the bubble is equal to the centrifugal 

acceleration (that is, the condition of stability on the orbit of the bubble) expressed as a function of 

the bubble's speed and radius. The obtained result can be interpreted as a change in the angular 

speed of the bubble ( ( )i bB r r= Ω = Ωυυ ) or a change in the radius of the bubble's orbit (

( )i bBr r= Ω = Ωυυ ). We could not solve the situation in which both the radius and the angular 

velocity change. We calculated the total kinetic momentum of the system and the total energy for 

the orbital steady states. The bubble-vortex system has a spin-angular momentum of the vortex and 

an orbital-angular momentum of the bubble. We have not studied the rotational motion around the 

bubble axis determined by the fluid velocity gradient in the vortex and hence the bubble spin-

angular momentum. 

The total energy expression shows that the orbital states in the vortex core are more stable 

than those outside the vortex due to the negative potential energy. A restrictive condition, such as 

the quantification of the kinetic momentum, would lead to the highlighting of two states, one with a 

lower total energy, for br D< , and one with a higher and less stable energy, for br D> , but with the 

same electrical acoustic charge (situation analogous to the existence of the electron and the muon 

[24] in the Electromagnetic World (EW)). For the vortex-bubble system, we did not study the 

magnetic acoustic field generated by the acoustic charge of the bubble in orbital motion and the 

emission of acoustic radiation that determines the instability of the circular trajectory. The study of 

vortices highlights other vortex-bubble systems such as the vortex ring system [25] with an annular 

bubble trapped inside [26]. The annular vortex has the property of being in translational motion 

with velocity perpendicular to the plane of the ring and having zero angular momentum. One can 

also imagine and study a vortex ring with zero angular momentum that also rotates around the 

translational velocity axis. The counterpart of this acoustic particle would be the particle called 

neutrino [24]. The purpose of the theoretical investigation of these phenomena in the AW is to 

guide the study of a particle model with electric charge and internal angular momentum in the EW, 

i.e. a "bubble" captured by a vortex in a superfluid vacuum. 

We can have a better understanding of the phenomena related to the vortex-bubble system 

only after we study the dynamics of the system formed by vortex-bubble systems (clusters formed 

by N  vortex-bubble systems). 
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According to the properties of the vortex-bubble system studied in this paper we can 

conclude that this system is a good model for the acoustic particle with charge and internal angular 

momentum. 
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