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1. Introduction

between the bubbles in the cluster and an outer bubble, the gravito-
acoustic forces between the bubbles in the cluster and between the
cluster and an outer bubble, the temperature corresponding to the
translational motion of the bubbles in the cluster (acoustic
temperature) and the average acoustic radiation pressure. The most
important result is the demonstration of the fact that the modulus of
the average pressure of the acoustic radiation around a bubble is
equal to the energy density of the electro-acoustic field, Eq. (10).
These densities are the oscillation energy densities of the liquid
around the bubble that are involved in the interaction phenomenon
between two oscillating/pulsating bubbles. We have also
demonstrated that the gravito - acoustic forces, at resonance, between
the bubbles in the cluster, generated by the absorption of energy in
the bubbles, are proportional to the square of the virtual masses of the
bubbles, Egs. (29) and (30).

Keywords: acoustic world, bubbles cluster, acoustic
temperature, average pressure of the acoustic radiation, energy
density of the electro - acoustic field.

In the scientific literature, several systems and phenomena have been studied theoretically
and experimentally, which prove the analogy between the systems and phenomena of the acoustic

world and the electromagnetic world. The phenomena were studied: the interaction of two
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oscillating bubbles and the translational motion [1-5, 23, 30-34], the dynamics of a system of
several bubbles (filament and spherical cluster) and the coupling of oscillations [6-8], the acoustic
Casimir effect [9-12], the interaction between vortices and bubbles [13-15], the formation and
properties of antibubbles [16, 17], the acoustic lens effect for an oscillating bubble and a cluster
[18-20], the interaction between droplets, particles solids and bubbles [24], various other
interactions involving bubbles [35, 36], the sonoluminescence phenomenon [37], etc. The purpose
of this paper is to study other phenomena specific to a multi-bubble system. In the second part, we
complete the study of the electro-acoustic interaction of bubbles in a cluster, demonstrating a
Gaussian law for this interaction, and highlight the hydromechanical significance of the intensity of
the electro-acoustic field. In the third sections we study the gravito - acoustic force between the
bubbles in the cluster. In the fourth section we study the electro-acoustic and gravito - acoustic
forces between an outer bubble and a cluster. In the fifth section we study the phenomenon of

cluster compression and thermal effects and the corresponding cluster dumb hole.

2. Cluster electro-acoustic force: interpretation and significance

2.1. Electro-acoustic force and Gauss's law

We analyzed the electro-acoustic force between two bubbles in the cluster in the paper
Mach's Principle in the Acoustic World [8]. According to the paper Interaction of a bubble and a
bubble cluster in an acoustic field [7] the electro - acoustic force between two bubbles inside the

cluster is,

ﬁz(é) =P <(V2 )2>?1 (1)
T
that is Eq. (10) corrected, from paper [7]. The expressions of this force are given in Egs. (27-29)

from paper [8]. This summed force for the bubbles in the sphere of radius r,gives the force with

which these bubbles act on a single bubble on the surface of the sphere, Eq. (11) from paper [7].
This expression is analogous to the electrostatic force with which charged particles in a sphere of

radius ryact on a particle on the surface of the sphere, if we consider the quantity p<V2\72>/(47r) =el.

to be the electro - acoustic charge on the inner bubbles, i.e.

T

- N L —N 2 .
(2 _ Py <V2V2>er0 — €eain’o g8 (2)

2B 3 3 ro-
4” rclust rclust

The electrostatic force being a force proportional to the square of the distance,

F, =—q°F /(47e,r*), the particles in the radius sphere r,, N, =(4713/3)(3N/47R?)=Nr2/R? , acts on
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a particle/charge on the surface of the sphere, according to Gauss's law [21, Ch. 4] as if it were a

single-value  charge  q, =adN,=Ngr/R® placed in the center of the sphere,
Fo, = =00y, T, /(47,13 ) = =Ng?T, /(475,R3) = —Ne?T, /R with  e? =q?/(4zz,)the  square of the
electrostatic charge in vacuum. Except for the sign (the forces between identical electric charges are
repulsive) this electrostatic relation is analogous to Eq. (2). Also, according to Gauss's law, the
force exerted by charged particles between the sphere of radius r, and the sphere of radius R, on a
particle on the sphere of radius r, or less, r<r,, is zero. The Newtonian gravitational field and the

gravito - acoustic field have the same properties. We will use this property to calculate the average

potential energy of the bubbles in the cluster.

2.2. Electro - acoustic field intensity, mechanical significance
To solve the problem of the interaction force between two bubbles we used only the term
proportional to the radial acceleration, R, from the expression of the pressure induced by the bubble

oscillation [1]

NV pR2(RY pR?2R 2pRR? pR?2(RY pRZR
p__p_(jzp L2 _p(jp 3)

47”‘2? r r 2?=r

’ pb(r’t) =

to keep only the terms in the first order in the dimensionless amplitude of the oscillations a <> & [2, 4].

The average induced pressure determined by the bubble oscillations is

p<R2ﬁ> N 2p<RR2> _p<R2R4>.
r 2r?

<pb(r’t)>= (4)

Since
R(t) =R, (1+x(t)) =R, [1+acos(at+ )] ©)
result: R = R x = —R,wasin(at + ) =-Rwasina, R=R%=-Rw*acosa . With these, the expression

of the averaged pressure (4) becomes:

ERE(3)+200)+(x%) +2(¢7) + 2(k7) ] - (6)

DR (x2) -4k )+ 6(x%7) 4 6050 + (x4 |
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With (X) =—aw?(cosa)=0, (xX) =—a’w? (cos? ) = —a’w?[2=—(X?),
(xx?)=a’w? (cosasin?a) =0, (x*X?)=a‘w?(cos’asin’a)=a‘w?/8, (X2X)=-a’w?(cos’a)=0,
Xx?)= a‘w?(cos*asin?a)=0 and (x*x?)=a’w’(cos*asin’?«a)=a’w?/16, substituting into (6), it

d / bstituting into (6), i

follows

 AR642,,2 2 a4\ _ R642/2
<pb(r,t)>=pb(r):—pROa(0 ( w.e ]z PRI @

1+ —4+— =L 2 —~ <0 @)
4r 2 8 4r

This pressure is the effect of the wave scattered by the oscillating bubble or, equivalently,
the waves emitted by the oscillating bubble. The interpretation of this result is obtained if we take
into account that the total pressure averaged in time outside the bubble is the sum of the hydrostatic

pressure p,and the induced pressure averaged in time determined by the oscillations of the bubbles,

pR¢a?w?
LR <, ®

that is, the time-averaged total pressure around the oscillating bubble is less than the hydrostatic

Py =P t pb(r)= P —

pressure p,.

The total energy corresponding to this time-averaged scattered radiation pressure is

R, © o dr 1
(E,)= j (W, )4zrdr = IRO p, (r)4zr2dr = zpR%aZ w? IRO e rpRéa2 w? [R_j =zpRaiw® =E,, 9)

Ry o
with w, =—p,(r) [21, 22] and is the kinetic energy of oscillation, of the liquid around the bubble,

averaged over time.
The average oscillation energy density is equal to the energy density [21, 22] of the
electro-acoustic field of a cluster bubble written in the CGS Gaussian units system

E2. el |Fa| pRS@Zw?
Wo Y=W_. = eain _ _“eain __ — ,

(W) =Wosn == = G ore = Gmrz — dre (10)
with e2. the square of the acoustic charge for the bubbles in the cluster, according to relation (2) in
this paper:

—2mpw*REad —270° A*R} —-e2,
FBNSS( )_ 2 = 2 = ezam !
r prz[(a)ch —a)g) +4,852a)2J r
_ 2 A2R2
eezain = Zﬂpa)z Rgar%l = ame A2 RO ’
p[(a)ch - w}) +4ﬂs2a)2} (11)
—2mpw*REal, —2mA?puRINZ  —e2.
FBNssr(r): 2 = P = 2| f
r I P r
, 27 A?puRIN?

eainr

2
peff
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The total energy of the electro - acoustic field around a bubble, taking into account the

energy density expression (10), is

E,.. = [: W, 47r2dr = ZpRsa2 w? = E,;, = . (12)

Relation (12) highlights the significance of the electro - acoustic field energy as the
average oscillation energy of the liquid around the oscillating bubble. This energy is interpreted by
an outside observer as the rest energy of the oscillating bubble system, analogous to how the
electrostatic field energy of a charged particle without spin is interpreted as the rest energy of the

particle.

3. Cluster gravito-acoustic force

To derive the expression of the gravito-acoustic force between two bubbles in a cluster we
use the expression of the absorption — scattering force between two bubbles (i.e. of the gravito-

acoustic force), Eq. (12), from the paper [5] written under the conditions: A— A, @, > ®, and
B— By

~167R20" A2 B, B,
0 ':\NﬂNﬂN = (13)
rzp[(a)z—a)ﬁ) +4 SZNa)Z}

I:BNsa (r) =

Replacing parameters A, = A/(1+N,), @, =,/ 1+ N, and g, = #/(1+N,) given by the
expressions (16) from the paper [8], results
~167R20" A28, B,
FBNsa(r) = 4 2 2 2 =
rip(L+ N, )| (o8 —f (L N,)) +4[ B2 /(14 N, ) o2 |
-167R;* A2 B, B,

rzp[(a)2 (1+N,)—a? )2 +4520? T

(14)

With g, =»®R,/(2u), Eq. (14) gets

-167R20* A* B, B,
FBNsa(r): 0 ﬂ;ﬂ 2 =
rzp[(a)z(1+ NC)—wg) +4,852a)2J
—87R3w® A,

r’pu [(a)z (1+N,)— )2 + Roza)e/uz}2

(15)

Substituted in Eq. (15), the damping coefficient of the oscillations
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_ _ 24 2p, () 16
ﬁa_ﬁv_’_ﬁlh_pRg—i_ pRg 1 ( )

two types of gravito - acoustic forces result: the gravito - acoustic force determined by the

absorption of acoustic energy in the liquid

—87R3w® A? -167R,w° A?
I:BNsa,u (r) = g Zﬂu 2 = : zlu 2 (17)
r?pu [(a)2 (1+ NC)—a)g) + Roza)G/UZJ rzp2u [(a)z (1+N.)—?) + Roza)ﬁ/uzJ

and the gravito - acoustic force due to the absorption of acoustic energy in the vapor and/or gas in
the bubbles

—87R3w® A, () _ —-167R,w° A? 1, ()
r?pu [(a)z (1+N,)—? )2 + Rga)e/uzJ2 rZpu [(a)2 (1+N,)-? )2 + Rga)ﬁ/uzJ

FBNsath (r) = (18)

7"

At resonance, o=, , the force expression (17) becomes
Fov, (1) S28TAIE ~167(1+ N, )’ Apu®
PRy PRIy

~167(1+N, )’ (A%pu?) ( Réuu
e )

(19)

With the virtual mass of the bubble m, =27zR$p/3 [2], the force expression (19) becomes

~24(1+ N, ) m AP —24(1+ N, )" m A%ty
P (1) = rpg ) rpg

and therefore it is proportional to the virtual mass m, or to the equivalent virtual mass (determined

(20)

by the coupling of oscillations), according to Eq. (12) from the paper [8], m, =(1+N,)m,.
Next we analyze the gravito-acoustic force determined by the absorption of acoustic
energy in the vapor and/or gas in the bubbles. An analytical expression of the thermal damping

constant /3, (@) =2, ()/(pR?) is given in the work Acoustic radiation forces: Classical theory and
recent advances [24]

3(y —1)[ X; (sinh X, +sin X;)—2(cosh X; —cos X, ) |2

P = 2X,[ X (cosh X; —cos X, ) +3(y —1)(sinh X, —sin X;) |’

(21)

with X =R,(20/7)", » the ratio of specific heats, y=K/(p,c.)=p,/(p,7)=D,/r the thermal

diffusivity of gas/vapor in bubbles, K the thermal conductivity, 4, the dynamic viscosity of gas
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95

Ivapour and D, =1,v, /3 the diffusion coefficient (1, the mean free path and v, is the mean thermal

speed in gas/vapor).

In the paper Acoustic force of the gravitational type [25], relation (21) is approximated: a)

for the case when X =R, (2w/z)"* <<1 (@ << z/(2RZ)=D, /(2yR?))

y 20X _(r-DRia
"o 60y 30yy

and b) for the case when X =R, (2w/z)"* >>1 (@>> z/(2R?)=D, /(2yR?))

5 = 3(r-1)ag 3(r-1)wgx*
"7 2Xe  22wJeR,

Substituting Egs. (22) and (23) into Eq. (18), it results:

—4(y —1) TR w2 ew® A?

FBNsath(r): 2 2 » O << l/(ZRg)
15yyr?pu [(a)2 (1+ NC)—a)g) + ngG/uzJ
and
—63/2(y 1) 7R20* o} 72 A?
FBNsath(r): ( ) ° ) - 7 0>> Z/(ZRg)
rz,ou[(a)2 (1+ NC)—a)g) + ngﬁ/uﬂ
At resonance, o=, , the forces have the expressions:
_BTUAB, () -8m(1+N,) U AB, (@)
I:BNsathr (r) - rzR pa)e - rzR ,06()6 -
0 N 0 0
87 (1+N, )’ RS p2UP A3, (y)
r* P
(1) ~4(y-1) 7R AW —4r(y-1)(1+N,)’ R,A®
T 1512 part -
4 (y-1)(1+ N, Repu( A )
AR — ,(0<<;(/(2R02).
15yyr? Pes
and
- (02—&Eo~nm%ZWmN:;ﬁﬁhouna+Nj“zwmA{:
BNsathr2 rzRgpa),Z \/a rzRgpa)g\/a)io
2 2 v 72 120 13/2
| -6v27(r-1)(2+ Nc)lf’/“}[pi} [/;u ] R] picz L 0>> z/(2R?)
eff eff

(22)

(23)

(24)

(25)

(26)

(27)

(28)

At resonance, the variable X(w,)<<l ( X(ay)=R,(2m, /;()J/Z:RO(Z}/a)O/(DgNg/Z))M

12 .
:(6;/R0 pgﬁz/(pl/zlgugNé/z)) <<1) for any value of the bubble radius R, becausel, >>R;, N, >>1

Bulletin of the Polytechnic Institute of lasi, vol. 70(74), no. 1-2, 89-108, 2024


https://en.wikipedia.org/wiki/Mean_free_path

96

ION SIMACIU, ZOLTAN BORSOS, VIOREL DRAFTA, GHEORGHE DUMITRESCU
PHENOMENA IN BUBBLES CLUSTER

and p,, /(pug2)<1. It follows that, at resonance, only expression (27) of the force is valid. With the

virtual mass of the bubble m, =27zR3p/3, the expression (27) becomes,

FBNsaumr(r):(—mgjr,(y—l)(u NC)3u3A2}. (29

r’ S5mrpRo Pl
If we substitute in this expression the equivalent virtual mass of the bubble in the cluster,

my, , [8], it results

FBNsatm(r){_mﬁ jr(y—l)(u Nc)u3A2:|. (30)

re 5772pR, P
Both force expressions, at resonance, are proportional to the square of the virtual mass
analogous to the gravitational force in the electromagnetic world.
In the expression (30) of the gravito-acoustic force we identify the gravitational acoustic
constant
3(y —1)udA?
5772PR, P
where the factor G, is the acoustic gravitational constant corresponding to the gravito-acoustic

GaNthr :(1+ Nc) =(1+ NC)GOath’ (31)

interaction of two free bubbles, according to relation (20a) from the paper [5], with £,, = 8, (®,) .
With this constant, the gravito-acoustic force in the cluster, at resonance, becomes

-G, -M?

l:BNsalthr (r) = %' (32)

According to the paper Acoustic gravitational interaction revised [5], we can introduce the

physical quantity the acoustic length of the resonant thermal damping R,,, starting from the ratio

between the gravito-acoustic force, Eq. (13), and the electro-acoustic force in the cluster, Eq. (27),

from the paper Mach's Principle in the Acoustic World [8]

—87R3w*A?,
2 2
Faa(F) r2pu| (@ (L+N,) - @) +4p707 | ) IR, | -
FBNss(r) —2zRj 0’ A’ [(wz (1+ NC)—a)O2 )2 +4ﬂ§a)2Ju

rzp[(a)2 (1+N,) - ¢ )2 +4ﬂ52a)2J

At resonance, o=, , Eq. (33) becomes

lim =

O—>wy

[FBNsa(r)] — 4Roa),‘ju,8a(a)N) — 4uﬂa(wN) 4(1+ Nc)uﬂa(wN) _

2 6 2 2
Fanss ( I’) Ry oy Ry Rya@q

(34)
A4(1+ N, )Ropufs, (@) _ 4(1+N,)pu? RS, (@)

peff peff u
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If the ratio limit is R,/R,,, , we can define the acoustic length of the resonant absorption

damping Ry,

u Pest
Ryao :(ﬂa(a)N)j(Af(l‘*‘ NC),DUZJ (35)

For thermal absorption, we can define the acoustic length of the resonant thermal damping
Ryino » With . (@) = Buno

_ u peff
Rutno _[ﬂNthoj[4(1+ Nc),DUZJ (36)

According to Eq. (22), the thermal damping coefficient does not depend on the pulsation
and therefore g, = B, - Substituting into Eq. (36), it follows

et ol e
N0 = g 4(1+N,) pu? (y —1)R2? )\ 2(1+N,) pu? (37)

15 (ﬁ)_ Su,l,
214N (-l u ) 2(1+N)(¥-u

From Egs. (31) and (37), results an expression of the acoustic gravitational constant, in the

cluster, as a function of R, (the acoustic length of the resonant thermal damping)

LY U j{sAz]z(RRsuz ](emNCWJ, )

15y 27pR, Pl ainoMy )\ P& neho M P
This relation is analogous to Eq. (25) from paper [5].

4. Electro - acoustic and gravito - acoustic forces outside the cluster

To infer the expression of the electro - acoustic forces between a bubble in the cluster and

a bubble outside the cluster (for identical bubbles, R, =R, =R,), we use the expression of the
Bjerknes secondary force [2, 4]

27p?R3R3
FBlZ(“@):_walaz COS(% _(/’1)’ (39)

and cos(¢p, —¢,) given by Eq. (3) from paper [5]

(@ — af )(@? — @} )+ 4, B,0°
(a)2 -} )2 +4 5% 0? \/(a)2 - w? )2 +4p50°

S

(40)

cos(p, — ) =
I

In these expressions, according to the results in paper [7], subscript 1 refers to the
parameters of the outer bubble and subscript 2 to the parameters of the cluster bubble. Taking into

account the results of papers [5, 8], the dimensionless amplitude a, has the expression
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a = A , (41)

pRZ [(a)2 -} )2 +420? T/Z

and the dimensionless amplitude a, has the expression
A

PR2 [(a)z (1+N,)-@2) +4/5’52a)2J

a, >a, = (42)

vz

Eq. (40) gets

(a)2 —a)g)(a)2 -] )+4,BﬂNa)2

(@ - )2 +45%w? \/(a)2 -} )2 +4 82,0 .

(43)

COS((Dz _¢1) =
y

Substituting into Eq. (43) the expressions w? =a?/(1+N,) and B, = B8/(1+N,), according
to Eq. (16) from paper [8], it follows

(& ) (& ~ ) + 45707
(02 -2 ) +4p20 (0 (LN, ) - 05 ) +4pi0?
Substituting into Eq. (39), Egs. (41), (42) and (44), with g=p. + f,, results

cos(¢, —¢,) = (44)
J

o 2mr R (o e —ek) +A(A 4 A ]
e (1) = rzp[(wz ~a2 +4ﬁ3w2][(w2 (1+ Nc)—wg)z +4ﬂ§w1_
27 REA[ (0 ) (@ — o} ) + 40" |
rp| (02— a}) + 4207 | (@2 (L4 N,) =@} ) + 4207 | (45)
1670 RIS, B,
r2p| (0 - w2 ) + 4870 || (w2 (14N, ) - 02 ) + 4520 |

8w RIAL? )
sz_(a)2 - w? )2 +4ﬁsza)2_ (a)2 (1+ NC)—a)g )2 +45%0?

In Eq. (45), the first relation is the expression of the electro-acoustic force
—27w*RZ A? [(wz - f )(a)2 -} ) + 4ﬂ52a)2]
rzp[(a)2 — )2 + 4,852602}[((02 (1+ N, ) -t )2 + 4,852(02}

and the second relation is the expression of the gravito-acoustic force, between a bubble in the

Foness ( I’) = (46)

cluster and an identical bubble outside the cluster,
~1670*R2A23, 3,
rzp[(a)2 — )2 + 4ﬁ52a)1[(a)2 (1+N,) -t )2 + 4ﬁsza)2}

Substituting into Eq. (47), Eqg. (16) we obtain the expressions of the two types of gravito-

FBNesa ( r) = (47)

acoustic forces:
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—1670*REA’ B, (B, + Ba)
FBNesa(r): 2 2 -
rz,o[(a)2 - a}) +4,852a)2J[(a)2 (1+ Nc)—a)g) +4ﬂ52a)2}
-327w* A? yp,
2 2 +
rip? [ (oF — 0§ ) +4p20? || (07 (L4 N,) - 0§ )+ 4p207 | (48)
-1670*RZA? B, B,
rz,o[(a)2 — W? )2 +4ﬂsza)2}[(a)2 (1+ NC)—a)O2 )2 + 4,8320)2}
FBNesay (r) + FBNesath (r)'
with Fy.., (r) the gravito - acoustic force generated by energy absorption in the liquid and

Favesan (1) the gravito - acoustic force generated by energy absorption in the gas/vapor of the
bubble.
If the pulsation of the exciting wave is the eigenpulsation/natural pulsation of the bubble

outside the cluster, o= a,, the expressions of the three forces, with g, = »*R;/(2u), become:

FBNessO(r): 2 2 —27rR§a)§/20\22 —-
r p[(a)o (1+N,) - ) +4ﬂsoa)oJ
—27RZA? _ —27R}A? - (49)
r2paf (N2 +R3af [u?)  r2py (N2 + py /(pu?))
—27RyA?
2Py N
FBNesayO(r): _ -167A%uu _ -167R3A’upu -

r’p?Rywf (N2 +R2ag /u?)  r2p2, (NC2 + pZ /(puz)) (50)

—-167R3 A’upu

repi N
P (1) o e R = it NE>> Bl (), 1)

If the pulsation of the exciting wave is the eigenfrequency of the bubble inside the cluster,

o= w, , the three forces become:

—27wf RZA? 3 —27w R A?
rzp[(a)f, -} )2 +R2awf /uz] - r’pw} [(1—(05/0),%‘ )2 +R2w? /uz]
27 (1+ N, )R2A? _27RIA?
r2 pay? [Nf + ngg/(uch)] r2paiN,
—27R}A?
r* Py Ne

I:BNessN (r) =

N

(52)

. N2>>R2w¢/(uN,), N, >>1;
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. - ~167A2up ~ ~16(1+ N, )" 7A%uu .
BNesa”N(r)_ 2 o 2 P R oI N2 + R2@? 2(1+ N =
rep Ro[(a)N_a)o) +4 stN:| rp 00)0[ ¢t Owo/[u ( + c)ﬂ
(53)
-167R3A%
#ﬁ“, N2 >>R2ag /(u?N,);
. (r)= —47w? RZALB, ~4(1+ N, ) (7 —1) 70? REA? N
BNesathN er[(a),fl —a)o) +4 SNa)N}IB 15;/r2;(pa)g[NC2+R§a)§/(u2(l+ Nc)ﬂﬁs B (54)

—4(y —1)zR5 A%
150277 Peg
According to relations (53) and (54), the expressions of the gravito - acoustic forces

N2 >>R2? [(u?N,).

between a cluster bubble and an outer bubble no longer depend on the acoustic Mach number.
The forces between the cluster and the outer bubble are obtained, according to Eq. (7) from

paper [3], amplifying with the number of bubbles, N, the force expressions given by Eqgs. (46 - 54).

5. Cluster compression, thermal effects

5.1. Average pressure determined by bubble oscillations

To find the average pressure in the cluster determined by the bubble oscillations, we will
use the expression for the pressure around a bubble. The pressure around the bubble, due to bubble
volume oscillations [1, 2, 8], for the bubbles in the cluster, is
y= P ﬂ(R_NI _PRIRy  2pR\RE  pRE (&T_

dxr 2 r r r 2 r
The pressure generated by the N bubbles in the cluster is

Poy (11 (55)

R2 R4

—py N’+2 py a5 Rty (56)

j#i j=#i ] j#i
Substituting R(t) given by Eq. (5), R and R, the pressure expression (56) becomes:
R3(1+x X R3(1+xy ) X3 RS (1+x ) X2

.=y ropy BB oy B0 X

jii |J J¢I |J jil |J

PRE (L% )" %y %+2PR§(1+XN)X§Z&_IJR (L+xy) Z

=i b =i b j#i IJ

(57)

The average pressure, ( p, ), generated by the coupling of bubble oscillations, is
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R, PRE((1+x) %) e .

(p,)=pRE((1+, ) m;%upreg <(1+xN)X§,>;Tj . JZ?‘
pRSZ&[<XN>+ 2(Xy Xy )+ (X2 %y )+ 2(X2 )+ 2(x X2 ) |- (58)

=it
'O_ROZ R_g V2 4 v2 6( X2 X2 4(x8 %2 4 g2
> Z o [<XN>+ (X X2 )+6(x2X%)+ <xNxN>+<xNxN>].

j=i

With the results obtained in estimating the averaged pressure expression for a free bubble,

Eq. (6), the pressure expression (58) becomes
—-pRZaj w? 3af ay )_-pRiajo’ <R
)= 1+ += |z > —. 59
(P) 4 2 8 4 ,Z,“ r (59)

ij

N
For a uniform distribution of bubbles, the sum »(R¢/r#) can be approached through

j#i

integral calculation, according to the procedure used in the paper [8],

4 4 3
Z& _)RSJ-RC ndv RSIRC 4n,dr ~ 4zRyn. _ 3NR; -
n R r? R, R?

j#i i

The lower limit of the integral is the radius R, of the bubble because the waves scattered by

<1. (60)

Ry r4

the bubble depart from the surface of the bubble.
With this relation, the pressure expression (59) becomes

-3N pR%a2 w? -3NR,A%w?
(ps) = 4R03 N 0 - . (61)
: 4pR§[(a)2(l+ N,)-a2) +R§a)6/u1
At resonance, w=uw, , the pressure (61) becomes
(P )= —3NA2u?  —3NNZR3A?pu?  —27N°RSA?pu? 62)
o 4pR,Ria} 4R pg 16R? p&

The interpretation of this result is obtained if we take into account that the average total

pressure outside the bubbles in the cluster is the sum of the hydrostatic pressure p, and the average

pressure determined by the oscillations of the bubbles

4/3

3N )" R2A2@w?
P = Po +(Pis) = Po = " BN & ; < Pos (63)
4(47)" pRE| (@ (14N, )~ @ )| + R /u?
that is, the average total pressure in the cluster is less than the hydrostatic pressure p, .
The total energy corresponding to this time-averaged scattered radiation pressure is
3 2,42
(E.) = (0, )V, ==(p,) 2 = N (pRsai) = N et . (64)

p[(a)2 (1+N,) - )2 + nge/uz}
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with w, =—p,, if we consider that stress—energy tensors of the field and electro-acoustic radiation

are analogous to those of the field and electromagnetic radiation [21 - Sch.31.8, 22 - Ch.8.]. Also,
we will further prove that the energy corresponding to the averaged pressure for a bubble in the
cluster is precisely the term in the brace. By averaging relation (55) over time, it follows
P<R2§N> 2P<RNR§> P<R§Rﬁ> pRSa w?
<pr (r,t)) = + - s 4 (65)
r r 2r 4r

The energy density corresponding to this pressure is(w,,) =—(p,y ) = pRSaZ@? /(4r*). If we

put this relation in the form (w,, )=[ Rs(pRZaZw?/4)]/r* = R¢ (W, )/r* in which we highlighted an
average density of Kkinetic energy of oscillation, w,, = pR2a2®?/4= p<(RN )2>/2, the average

energy of oscillation of the fluid around the bubble is

R R dr 1 1
Eyin = IRO (W, ) 47zr2dr = 7pRSaZ w? IRO == mpR8a2 w? (R— - R—] = 7pR%a2 w? = E,;,. (66)

0 C

The average oscillation energy density is equal to the energy density of the electro-acoustic
field [21 — Ch. 28, ], written in the CGS-Gaussian system of units, of a cluster bubble

Eezain — eezain — |FBN| — pRSa,i a)z ’ (67)
87 8nr* 8rr? 4rt

the square of the acoustic load for the bubbles in the cluster, according to relation (11).

<Wbin> = Weain =
with e2,,

The total energy of the electro-acoustic field around a bubble, taking into account the
energy density expression (67), is

E,.. = L:, W, 47r2dr = ZpRsa2 w? =, = Eyy.. (68)

The relation (68) highlights the significance of the energy of the electro - acoustic field as
the average oscillation energy of the liquid around the oscillating bubble. This energy is interpreted
by an outside observer as the rest energy of the oscillating bubble system, analogous to how the
electrostatic field energy of a charged particle without spin is interpreted as the rest energy of the
particle.

The field energy of the N bubbles in the cluster is E,, =NE;, =N (zpR5aje?), i.e.

precisely the expression of the averaged total energy of the radiation, (E;), Eq. (64). It follows, as

expected, according to the oscillating bubble interaction model, that bubble-scattered radiation is

involved (has an effect) in the coupled oscillators interaction phenomenon [23, 26].
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5.2. Acoustic temperature

To calculate the temperature in the cluster (the acoustic temperature, T,, different from the
substrate/liquide temperature, T, i.e. the temperature of the liquid which is close to the boiling
temperature) we use the virial theorem to estimate the translational kinetic energy of a bubble in the
cluster. According to the virial theorem [27, Sch.10], if the bubbles, in translational motion, do not
radiate, the translational kinetic energy of a bubble in the cluster is equal to half the module of the
potential energy of the bubble in acoustic interaction with the other bubbles in the cluster

|E2bp| | Zb[:N | . (69)

To calculate the potential energy of the electro-acoustic interaction of the bubbles in the

Ebk

cluster with radius R, containing N uniformly distributed bubbles (N =(4zR?/3)n,), we use the

gravitational potential energy expression (Eq. 60.11) from the paper [28, p. 87]) written for the

electro - acoustic interaction

ealn) (eamN(r)) (47[) nceezam c -3€ €eain 47[R3 i 3Nzeezaun
""“_I 3 Jo rtdr= 5R. ( 3 j 5R (70)

Substituting the electro - acoustic charges, Eq. (11), in the expression of the total potential

C

energy (70), it follows:

—3N2e2,. —67N2A?RZw?
Epr= 5R :5 R|:( ZN 2)2 4ﬂ2 2:||
c PR |(@°N, —ay ) +4)iw
° (71)
—3N%2, ~ —67N2NZR?pu?A?
Eprr = = 2 '
5Rc 5Rc peff
The average translational kinetic energy of a bubble in the cluster is
3KT,
By == (72)
Substituting Egs. (71) and (72) in Eq. (69), with N, =3NR, /(2R;) [8], results
_ Neli, _ 2N.ehi _ 4rN_w? AR,
* 5kR.  15KR 15kp[(a)2NC — w2 +4,852a)2J, 73

_2NeZ. 47ZNC3A2pu2R§ m,u? ) N3A? _ 27R3p
¥ 15kR, 15kpZ, °

k S peff 3

or
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_ NeZ, 27N w? A’R?

eain

BkR, kR p[(BNROa)Z J(2R)-a2) + 4ﬂjw2} '

T _[mus ) 27NR3A% )
“\ k )| 40R*pz

If the energy emitted by acoustic radiation is also considered, part of the potential energy

(74)

variation is transformed into a thermal background of acoustic radiation. At thermal equilibrium,
the temperature of this thermal acoustic radiation is equal to the temperature of the "gas" of bubbles
in the cluster. In this case, each bubble in the cluster oscillates under the action of a thermal
background having a Planck distribution and not a monochromatic background of mean pressure,

(p), generated by the coupling of bubble oscillations. Thermalization of acoustic radiation is done

by the Doppler effect [29, Sch. 67] generated by the translational motion of the bubbles. We will

study the phenomenon of thermalization of acoustic radiation in the cluster in another paper.

5.3. Dumb Hole corresponding to a collapsed cluster

In the paper Acoustic Black Hole Generated by a Cluster of Oscillating Bubbles [20], we
studied the conditions under which the liquid around a cluster becomes an acoustic lens. Also in this
paper we hypothesized that a collapsing cluster can become a dumb hole.

In the case of a cluster of identical bubbles, the collapse is done under the action of electro
- acoustic forces. Because by collapsing the "gas" of bubbles heats up, generating a thermal
pressure, the collapse takes place until a balance is reached between the thermal pressure and the

pressure of the electro - acoustic forces, p(T,)=p,, -
We can calculate the pressure caused by the electro - acoustic forces, in the case of the
uniform distribution of the bubbles, n, =(3N/4zR?), starting from the pressure determined by the

electro - acoustic force between the bubbles in the sphere of radius r and the bubbles in the

spherical shell of radius r and thickness dr

(47rr Ne€eain ) (477N 8, dr) 1 _ Arn2e?. r 75)
3r? 4rr? 3
Integrating Eq. (75) and substituting the bubble density yields
2 2 2n2
4ﬂ-nc eeam J. d — 4ﬂ-nc eeam Rc — 3N eealn . (76)

87zR}
Also substituting the expression for the modulus of the total potential energy (70), it results
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Peac = 3N zeezain _ 5|EPbN|

87R:  8zR®
The thermal pressure, p(T,), is determined by the translational energy and is equal to one

(77)

third of the kinetic energy density

p(T,) W _ Nye B _ NE,, _ N|Ebp| _ |EbPN|' (78)
3 3 47R3  87zR3  8zR?

Substituting the expressions of the potential energies (71) into the expression (78), it

results:
|Epr | 3N?RZA*w?
p(T,) = 87R? - 20pR* [(a)ZN _wg)Z +4,320)2J’
C C S (79)
o )_IEprr C3NZNZRIAZpUZ 2TNAREAZpU?
T erRE 20R!pg 80R? %

Comparing these pressures, it turns out that the thermal pressure of the translational
moving bubbles is less than the pressure of the electro - acoustic forces by the factor of 5 that
appears from how we calculated the potential energy.

Comparing the bubble thermal pressure relations, Eg. (9), with the cluster averaged

internal radiation pressure expressions, Egs. (61) and (62), it follows, except for a factor of 1/5, that
the thermal pressure (76) is N times higher than this. The factor1/5 arises from the different ways

in which we calculated the averages of the internal radiation pressure and potential energy, and for
N >>1, it is insignificant for the difference between the two quantities. The mean internal radiation
pressure is the result of the oscillating/pulsating motion of the bubbles. The translational movement
of the bubbles corresponds to a translational thermal radiation with a much higher intensity. The
energy density of this translational radiation is of the order of the translational Kkinetic energy
density (bubbles and translational radiation are at equilibrium) and so, correspondingly, the
translational radiation pressure is of the order of the translational kinetic energy density. At the level
of our knowledge of the phenomena in the cluster, at this moment, we can state that it is possible for
a cluster to collapse and become a dumb hole, that is, the radius of the collapsed cluster to be
smaller than the acoustic radius.

Another problem that arises when studying thermal equilibrium is that of relativistic effects
determined by the fact that systems and phenomena in the acoustic world interact and correlate
through acoustic waves. If the translational speed of the bubbles approaches the speed of sound in

the liquid, relativistic effects occur, and energy and momentum are calculated in relativistic case.
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The same relativistic limitation appears for the bubble oscillation/pulsating energy when the
excitation wave amplitude is large. We will address these issues in a future paper.

6. Conclusions, discussions

Through the results of this paper, namely the deduction of: the expression of the electro-
acoustic force between the bubbles in the cluster and an outer bubble, the gravito-acoustic forces in
the cluster and the cluster with an outer bubble, the acoustic temperature corresponding to the
translational motion of the bubbles in the cluster and the of the average acoustic radiation pressure,
we have demonstrated a better similarity between the acoustic world and the electromagnetic world.
The most important result is the demonstration that the modulus of the average acoustic radiation
pressure around a bubble is equal to the energy density of the electrostatic field, Eq. (10). These
densities are the oscillation energy densities of the liquid around the bubble that are involved in the
interaction phenomenon between two oscillating bubbles. This property supports the hypothesis that
the electro - acoustic charge property and the corresponding interaction measure the ability of
bubbles to oscillate radially and to absorb and scatter acoustic waves [23, 26]. By analogy,
electrostatic charge measures the ability of charged particles to absorb and scatter electromagnetic
radiation and is therefore characterized by an internal oscillatory motion [38]. It follows that
elementary particles must be nonpoints. The model of a non-point particle, as an
oscillating/pulsating bubble in the electromagnetic vacuum, must be completed with an internal
orbital motion (bubble captured by a vortex) for the particle to have a nonzero spin. We will address

this model, for bubbles in liquid, in a future paper.
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