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SUMMARY

This study presents several results concerning the determination of chemical balance
weighing designs that satisfy the criterion of D-optimality. The designs are examined
under the assumption that all measurements exhibit equal positive correlation and
identical variances. We introduce a method for augmenting a regular D-optimal chemical
balance weighing design with additional measurements in order to obtain a highly D-
efficient chemical balance weighing design.
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1. Introduction

Let us consider the linear model y = Xw + e, where y isan n X 1 random vector
of observations, the matrix of a chemical balance weighing design
X € ®,,,{—1,0,1}, where ®,,,{—1,0,1} denotes the class of n x p matrices
X= (xl-]-), i=12,..,nj=12,..,p, of known elements equal to -1, 0 or 1.
Moreover, w isap x 1 vector of unknown measurements of objects, eisann x 1
random vector of errors with E(e)=0,, and Var(e)=c2G, where 0,, is the n x 1
vector with zero elements everywhere, o2 is a constant, and G is a known n X n
positive definite matrix of the form

G=1-pl,+p1,1;,, 0<p<1. (1.1
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Such a form of the matrix G is used when the measurement errors are equally
positively correlated. In order to estimate w we use the normal equations
X'G™1Xw = X'G™1y, and if the matrix X is of full column rank then the
generalized least squares estimator of w is given by w = (X'G™1X)"1X'G™ 1y
and Var(w) = 62(X’G™1X)~1. Many theoretical studies offer insights that
inform the choice of optimal designs (see, for example, Ceranka and Graczyk
2017, 2018). However, for various combinations of a number of objects and a
number of measurements, existing construction techniques described in the
literature—such as those of Ceranka and Graczyk (2014, 2015)—do not allow us
to obtain a regular D-optimal design. Here, we introduce a new construction
method to address this limitation. Assuming that the matrix G conforms to the
structure outlined in equation (1.1), Ceranka and Graczyk (2014) provide criteria
for establishing a regular D-optimal chemical balance weighing design. They also
present examples illustrating how these criteria are applied, utilizing the
incidence matrices of balanced incomplete block designs. In Graczyk and
Ceranka (2023) some issues regarding the optimality of chemical balance
weighing designs are presented for another form of the matrix o2G. In the present
paper, we study D-optimal designs; the design X, is D-optimal in the class of all
possible design matrices X € ®,,,,,{—1,0, 1} if

det(XpG™1X; ) = max {det(M-l): X € @,,,{—1,0, 1}}, (1.2)

where M = X'G™1X. Next, we present the definition and theorem regarding
regular D-optimal designs given in the above paper for this case. Let m =
max{my,m,, ....,m,}, where m;, j=1.2,..,p, represents the number of
elements equal to —1 or 1 in the j" column of X € ®,,,{—1,0,1}

It should be noted that according to the definition given in Ceranka and
Graczyk (2014), any chemical balance weighing design X € ®,,,,,{—1,0, 1} with
the variance matrix of errors o2G, where G is of the form (1.1), is regular
D-optimal if and only if det(M) = (%)p. Let us note that a regular D-optimal

design is D-optimal, whereas the converse statement may not be true. Moreover,
any chemical balance weighing design X € ®,,,,{—1,0,1} with the variance
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matrix of errors o2G, where G is of the form (1.1), is regular D-optimal if and
only if X’X =ml,andX'1,, =0, if0 <p < 1.

The condition X'1, =0, indicates that in each column of
X € ®,,,{—1,0,1} the numbers of ones and negative ones in each column are
the same. It is not possible to determine a regular D-optimal design for an
arbitrary combination of numbers of measurements n and objects p. Proposed
solutions of this problem and some methods of constructing D-optimal chemical
balance weighing designs are given in the literature; see Ceranka and Graczyk
(2014, 2015, 2017, 2018). In this work, we examine classes of design matrices
that have not been previously addressed, and propose a new method for
constructing D-optimal designs. The idea is to expand the design matrix of a
regular D-optimal chemical balance weighing design and add s =1,2,3
measurements in order to obtain the design matrix of a D-optimal chemical
balance weighing design in the class ®,,,,,{—1,0,1}, a class in which a regular
D-optimal chemical balance weighing design does not exist.

An important issue here is the efficiency of a chemical balance weighing
design with s = 1,2,3 additional measurements. Following the definition of
Bulutoglu and Ryan (2009), the D-efficiency of a design X € ®,,,,{—1,0,1} is

det(x’ 67X ) 1/p
o= (T8 o

det(X) 61X, )

where Xp, is a regular D-optimal design. Some results relating to the efficiency
of weighing designs were given by Smaga (2014).

2. The main result

Let us consider the design X € ®,,,,,{—1,0, 1} in the form

xl
X = [x;‘ (2.1)
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(1 X5 € ®@(;_g)xp{—1,0,1} is the design matrix of a regular D-optimal
chemical balance weighing design,

(i) the variance matrix of errors ¢2G is of the form

G 0,_
G= [ OZL-S 7115 S], where Gg = (1 — p)L,_s + p1,_41,,_,0< p < 1,(2.2)

__ , ,
(“l) (;_1 = L In_s 1+p(71—$—1) 1Tl—S n-—s On_SOS
e OSO;l—S (1 — p)]s

(iv) xp, areany p x 1 vectors of elements equal to —1,0 or 1, x;, x;, = tp,
XpXp! = Xp/Xp = Upp!,

v) s=123 hh =12,..,5, h#=h' 1<t, <p,

? 1 ! ! ! !
Vi) M= (XX + (15 @ 2l (L — 1oy 1215) [1, ® x3]).

Let us recall a theorem given by Harville (1997), which will be used later in the
paper.

Lemma 2.1. (Theorem 18.1.1 in Harville, 1997) Let R represent an n X n matrix,
S ann X m matrix, T an m X m matrix, and U an m X m matrix. If Rand T are
nonsingular, then

IR + STU| = |R||T||T~! + UR™'S|.

Theorem 2.1. Let s = 1. For any chemical balance weighing design in the form

X
21X = [xf] € ®,,,{—1,0,1} with the variance matrix of errors o*G, where
1
G is of the form (2.2),
m \P P
det(M) < (E) (1+2-a-p) (2.3)
Proof. For the variance matrix of errors given in the form (2.2) we have
1ot |1 oo In-1ln On—l].
1p n-1 1-p
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For s =1, the design matrix X is regular D-optimal and X¢Xs = ml,.
Since Xj1,_;=0, then M= ﬁ(x’lxl + (1 —-p)x;x3) and hence
1 \P : ,
det(M) = (E) det(XLX; + (1 — p)x,xy).
According to Theorem 18.1.1 in Harville (1997) we have

det (X;XS+1+Z§Z i;xlxl) (1+(1 nfi)tl)

1 ..
Consequently det(M) = (%) (1 + 4Pt Tz)tl) We maximize det(M) under a
given matrix G. Because det(M) is a function of t;, det(M) is maximal if and
only if t; = p. Hence the theorem.
Theorem 2.2. Lets = 1. Any chemical balance weighing design of the form (2.1)

X . . . .
X= [xf] € ®,,,{—1,0, 1} with the variance matrix of errors oG, where G is of
1

the form (2.2), is D-optimal if
(i) XX =ml,
(i) Xslpo1 = 0,
(i)  xix, =p.
Proof. It is easy to see that det(M) as given by (2.3) attains its upper bound if
conditions (i)—(iii) are fulfilled.
X
The D-efficiency of a design of the form (L2) X = [xf] €
1
®,,,,{—1,0,1} with the variance matrix of errors a2G, where G is of the form

(2.2), equals Dege(X) = — + —-(1—p).

Theorem 2.3. Let s = 2. For any chemical balance weighing design in the form
X

(21X =|xi|€ ®,,,»,{—1,0,1} with the variance matrix of errors o%G, where
X3

G is of the form (2.2),
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(1 +& n’l))p) for even p
(1 + (1_’?’?7_1)) (1 + (1—p3r(lp+1)) for odd p .

Proof. For the design matrix X € ®,,,,,{—1,0, 1} of the form (2.4) and with the
variance matrix of errors a2G, where G is of the form (2.2), we have

det(M) < (2 p)p (2.4)

p
det(M) = () det(XiX; + (1 = p) Doy XaXh).

According to Theorem 18.1.1 in Harville (1997) we obtain

det(M) = (ﬁ)p mP (1 — p)?det (ﬁ I, + % [x1  Xx2] [le])

X2
From the assumptions xpxp, = ty, XX, = XXy, = Uy, it follows that
M (b)) (w2
det(M) (1-p)p-s <(1—p + m) (1—p + m) (m ) >

The maximum of det(M) is attained if and only if the maximum of

T + 2 h=1,2,..,s isattained and simultaneously the minimum of ( nf) is

attalned. det(M) as a function of ¢, attains a maximal value if and only if t;, = p

2 2
and consequently det(M) = (1—72;—5 ((ﬁ+%) — (%) ) Let us note that

Uy, is the scalar product of two rows of the matrix having elements
—land1; u;, =0 if and only if p is even. In this case det(M) <

(%) (1422 P)”) If p is odd, the condition wu;, = 0 is never fulfilled.

Therefore, in such a case the maximum of det(M) is attained if and only if
_ m \P (1-p)(p-1) (1-p)(p+1)

Uy, = £1. Then det(M) < (E) (1 + T) (1 +T)' Hence

the theorem.

Theorem 2.4. Lets = 2. Any chemical balance weighing design of the form (2.1)
Xs

X=|xi]|€ ®,,,,{—1,0,1} with the variance matrix of errors %G, where G is
x;

of the form (2.2), is D-optimal if

(i) X\X;=ml,
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(i) Xgln—s = Op
(i)  xpxp=p,h=12

. (0 for even p
(v)  w, = {—1 foroddp

Proof. It is easy to see that det(M) as given by (2.4) attains its upper bound if
XX = ml,, Xi1,_5 = 0, and x;x, = p. Moreover, for an even number of
objects if x,x};, = p and for an odd number of objects if x,/x;, = +1,h, h' =
1,2,..,s, h#h'.
The D-efficiency of a design X € @,,,{-1,0,1} of the form (2.1)
X
X=|xi]|€ ®,,,,{—1,0,1} with the variance matrix of errors 02G, where G is
x;
of the form (2.2), equals

RN
( ’ (1+%) ifp =0 (mod 2)

m

m+s _ _ _ '
i'j(uw)(uw;w) ifp+ 1= 0 (mod 2)

m

Degr(X) =

Theorem 2.5. Let s = 3. For any chemical balance weighing design in the form

X,
@1) X = [xll]

[ x5 |
lx’3
G is of the form (2.2),
; _ m \P a-pp)3
(i) Ifp =0 (mod 4) then det(M) < (E) (1+528)

€ ®@,,,{—1,0,1} with the variance matrix of errors %G, where

(i) If p+ 2 = 0 (mod 4)then

det(M) < (%)p (1 + (1—p)p) (1 N (1—p:r(lp—2)) (1 n (1—p)(p+2))

m m

(iii) If p+1 = 0 (mod 4)then

dern = (25 (152" 2 (5 -3 52 (1 4522

(iv) If p + 3 = 0 (mod 4)then
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der = () (14522 2 (52) 35 (1452

Proof. Let s = 3. For the design matrix X € ®,,,,,{—1,0, 1} of the form (2.4) and

with the variance matrix of errors ¢2G, where G is of the form (2.2), we have

P
det(M) = (ﬁ) det(X;Xs + (1 — p) X3 =1 xpxy). According to Theorem

18.1.1 in Harville (1997) we obtain
1 \P 1 1 %
det(M) = (E) mP(1 — p)3det EI3 +—[X1 X X3 x:z
X3
From the assumptions x,x;, = t,, XX, = X1 X}, = Uy, it follows that

det(M) = (17;%(7/1)/2)/3 + 2% - (@)2 — v, (u 3)2 v, (ﬂ)2>,

m m
b 1t 1 s . :
T T m Vz—l_p+m,y3—1_p+m. We are interested in

determining the maximum of det(M) in the class ®,,,,,{—1,0, 1}. It is clear that

where y; =

t, =p,h =1,2,..,s. Consequently,
_mP (1 PV uasuisuzy (1 p)\ufptulstuls
det(M) < 2o ((1_p +2) 42 - (£ +2)

m3 1-p m m2
and the equality holds if and only if t;, = p,h = 1,2, ..., s. Let us note that each
of uy,,uq3,uy3 is the scalar product of two rows of the matrix having elements
—land1,and uy, = uy3 = u23 = 0 if and only if p = 0 (nod 4). In this case
det(M) < (1T_np) (1 + &= p)p) If p + 2 = 0 (mod 4) then the maximum of

det(M) is attained if and only if u,;, = +2 or 0 with 0 occurring twice and +2
occurring once. Then

det(M) < (%)p (1 + (1—75)10) (1 n (1—p3r5p—2)) (1 n (1—p)(p+2)).

m

If p+1 =0 (mod 4) then the maximum of det(M) is attained if and only if
Upp' = —1oruy, = +2 or 0 with +1 occurring twice and —1 occurring once.

Then det(M) < (%)p ((1 + %)3 ) (1-_0)3 —312(14 (1—:1)11)))_

m

If p+ 3 = 0 (mod 4) then the maximum of det(M) is attained if and only if
Upp' = +1oruy, = +2 or 0 with —1 occurring twice and +1 occurring once.
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e < (2 (1+922)" 2 (52) - 32122,
Hence the theorem.

Theorem 2.6. Let s = 3. Any chemical balance weighing design of the form (2.1)

[XS]
xl
X=1

x5 |
lx’3J

of the form (2.2), is D-optimal if

S <l>nxp{—1,0, 1} with the variance matrix of errors o?G, where G is

(i) XX, = ml,
(i) X1, =0,
(i)  xpxp=p,h=12
and
a. Ifp =0 (mod4)then uy, =0,
b. If p+2=0(mod4)then uy, = +2or0 with 0 occurring
twice and +2 occurring once,
c. Ifp+1=0(mod4)then uy, = —1oruy, = 2 or0with
+1 occurring twice and —1 occurring once,
d. Ifp+3 =0 (mod4)then uy, = +1 oruy, = +2 or 0 with
—1 occurring twice and +1 occurring once.

Proof. It is easy to see that det(M) as given by (2.4) attains its upper bound if the
above conditions are satisfied. The D-efficiency of a design X € ®,,,,,{—1,0,1}

[ x
lx’3J

a2G, where G is of the form (2.2) for s = 3, equals

[XS]

x; . . .

of the form (2.1) X = L | € d)nxp{—l,o, 1} with the variance matrix of errors
2
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Degr(X) =
’ (1+%)3, p =0 (mod 4)
m_J ”\/(1_}_%)(14_%)(14_%&)’ p+ 2 =0(mod 4)
m+s 17\/(1+w)3—2(1__p)3—31__p(1+(1_p)p)) p+1=0(mod4)
m m m?2 m !
L”\/(1+%)3+2(1‘7")3—:%ifj—ﬁ’(u%), p+3 =0 (mod 4)

3. Discussion

This paper has identified several classes of chemical balance weighing designs
that achieve D-optimality or exhibit high D-efficiency. However, for certain
combinations of a number of objects and a number of measurements, it is not
possible to derive a design possessing the properties described here. Nonetheless,
additional avenues for constructing such designs should be explored, particularly
those that build on existing block design matrices. It is worth noting that
numerous applications of weighing designs exist; see for example the work of
Banerjee (1975), which discusses their use in fields such as medicine, economics,
and operational research, and papers by Sloane and Harwit (1976) and
Koukouvinos and Seberry (1997) concerning the planning of experiments in
optics. The possibility of using the weighing design matrix as an experimental
plan in plant protection research is discussed by Graczyk (2013). In turn, Graczyk
(2014) describes an experimental plan used in a comparison of the impact of NPK
and various types of organic matter applied under the fore crop on the health of
the stem base of the successor plant, spring barley. Additional applications of the
designs examined here may arise in any context where the experimental scheme
is derived from a factorial design.
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