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SUMMARY 

In this paper we consider issues related to the determination of chemical balance weighing 

designs satisfying the criterion of D-optimality. This problem is considered under the 

assumption that the measurements are equally positively correlated and they have the 

same variances. We answer the question of how to add four runs to a regular D-optimal 

chemical balance weighing design in order to obtain a highly D-efficient design. The 

problem formulated in this way leads to an extension of results contained in a previous 

paper in Biometrical Letters. 
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1. Introduction 

The first stage of conducting an experiment is the preparation of its plan. This 

should ensure that estimators of unknown objects are obtained that satisfy the 

specified optimality criteria and that, at the same time, the proposed 

measurements are feasible. The planning of experiments plays an important role 

in the field of mathematical statistics. Among various factors that determine the 

most effective and best experimental plan, it is essential to define the criterion for 

optimality. Optimality criteria are functions of the information matrix for the 

design, so that the criterion determines the properties of the estimators. In this 

paper we formulate conditions for determining the experimental plan of chemical 

balance weighing designs, which can be used in fields such as agricultural 

research, economics, and optics.  
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We consider the design matrix 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1}, where 𝚽𝑛×𝑝{−1,0, 1} 

denotes the class of 𝑛 × 𝑝 matrices 𝐗 = (𝑥𝑖𝑗), 𝑖 = 1,2, … , 𝑛, 𝑗 = 1,2,… , 𝑝, of 

known elements equal to –1, 0 or 1. Such a matrix is called the matrix of a 

chemical balance weighing design. The results of 𝑛 measurement operations of 𝑝 

objects will fit the linear model 𝐲 = 𝚾𝐰+ 𝐞, where 𝐲 is an 𝑛 × 1 random vector 

of observations, w is a 𝑝 × 1 vector of uknown measurements of objects, and e is 

an 𝑛 × 1 random vector of errors with E(e)=𝟎𝑛 and Var(e)=𝜎2𝐆, where 𝟎𝑛 is the 

𝑛 × 1 vector with zero elements everywhere, 𝜎2 is a constant, and 𝐆 is a known 

𝑝 × 𝑝 positive definite matrix of the form 

𝐆 = (1 − 𝜌)𝐈𝑛 + 𝜌𝟏𝑛𝟏𝑛
′ , 0 < 𝜌 < 1.            (1) 

Assuming just such a form of the variance matrix 𝐆, we indicate that the 

measurement errors are equally positively correlated. For estimation of 𝐰 we use 

the normal equations 𝐗′𝐆−1𝐗𝐰 = 𝐗′𝐆−1𝒚. If the matrix 𝐗 is of full column rank 

then the generalized least squares estimator of 𝐰 is given by 𝐰̂ =

(𝐗′𝐆−1𝐗)−1𝐗′𝐆−1𝒚 and Var(𝐰)̂ = 𝜎2(𝐗′𝐆−1𝐗)−1. The matrix 𝐌 = 𝐗′𝐆−1𝐗 is 

called the information matrix of the design 𝐗. 

Several optimality criteria minimizing selected functions of the matrix 𝐌 are 

considered in the literature. One of them is D-optimality. We say that the design 

𝐗D is D-optimal in the class of all possible design matrices 𝚽𝑛×𝑝{−1,0, 1} if 

det(𝐗D
′ 𝐆−1𝐗D ) = 𝑚𝑎𝑥 {det(𝐌

−1): 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1}}. 

Assuming that the matrix G conforms to the structure outlined in equation 

(1), Ceranka and Graczyk (2014) provide criteria for establishing a regular D-

optimal chemical balance weighing design. They also present examples 

illustrating how these criteria are applied, utilizing the incidence matrices of 

balanced incomplete block designs. We mention here the definition and theorem 

concerning a regular D-optimal design given in the above paper for this particular 

case. Let 𝑚 = 𝑚𝑎𝑥{𝑚1,𝑚2, … . ,𝑚𝑝}, where 𝑚𝑗, 𝑗 = 1,2,… , 𝑝, represents the 

number of elements equal to –1 or 1 in the 𝑗th column of 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1}.  
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Definition 1.1. Any chemical balance weighing design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} 

with the variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), is regular 

D-optimal if and only if det(𝐌) = (
𝑚

1−𝜌
)
𝑝

.  

Let us note that a regular D-optimal design is D-optimal, but the inverse may 

not hold.  

 

Theorem 1.1. Any chemical balance weighing design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} with 

the variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), is regular D-optimal 

if and only if 𝐗′𝐗 = 𝑚𝐈𝑝 and 𝐗′𝟏𝑛 = 𝟎𝑝 if 0 < 𝜌 < 1.  

 

The condition 𝐗′𝟏𝑛 = 𝟎𝑝 states that in each column of 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} 

the numbers of elements equal to −1 and 1 should be the same. Despite the 

abundance of theoretical literature offering insights into a wide range of optimal 

designs, we cannot identify a regular D-optimal design for an arbitrary 

combination of measurements and objects. Selected issues related to the solution 

of the problem and some construction methods for D-optimal chemical balance 

weighing designs appear in the literature; see Ceranka and Graczyk (2014, 2017, 

2018), Sathe and Shenoy (1990), and Smaga (2014). Here, we study classes of 

design matrices that have not previously been considered, and give a new 

construction method for D-optimal designs.  

Our idea is to expand the design matrix of a regular D-optimal chemical 

balance weighing design and to add ℎ = 1,2,3,4 measurements in order to obtain 

the design matrix of a D-optimal chemical balance weighing design in the class 

𝚽𝑛×𝑝{−1,0, 1}, a class in which a regular D-optimal chemical balance weighing 

design does not exist. Topics related to the addition of 1, 2 and 3 measurements 

were presented in Graczyk and Ceranka (2023 a, b). Adding a further 

measurement will enable us to extend the set of design classes in which we can 

determine the optimal design. 

An important issue here is the efficiency of a chemical balance weighing 

design with an additional ℎ = 1,2,3,4 measurements. Following the 

definition of Bulutoglu and Ryan (2009), the D-efficiency of a design  
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𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} is Deff(𝐗) = (
det(𝐗′ 𝐆−1𝐗 )

det(𝐗D
′ 𝐆−1𝐗D )

)

1 𝑝⁄

, where 𝐗D is a regular  

D-optimal design.  

2. The main result 

Following the notation of Graczyk and Ceranka (2023 a, b), let 𝐗𝛾 ∈

𝚽(𝑛−𝛾)×𝑝{−1,0, 1} be the design matrix of a regular D-optimal chemical balance 

weighing design with the variance matrix of errors 𝜎2𝐆𝜸, where for ℎ = 4, 𝐆𝛾 =

𝑔[(1 − 𝜌)𝐈𝑛−𝛾 + 𝜌𝟏𝑛−𝛾𝟏𝑛−𝛾
′ ], i.e. 𝐗𝛾

′ 𝐗𝛾 = 𝑚𝐈𝑝 and 𝐗𝛾
′ 𝟏𝑛−𝛾 = 𝟎𝑝. The 

problem is how to add the fourth measurement to the optimal design to obtain a 

design that fulfils the proposed criteria. With reference to Graczyk and Ceranka 

(2023 a,b), in order to examine the addition of four measurements, ℎ = 4, we 

consider the design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} in the form  

𝐗 =

[
 
 
 
 
 
𝐗𝛾
𝒙1
′

𝒙2
′

𝒙3
′

𝒙4
′ ]
 
 
 
 
 

, 𝛾 = 4                (2) 

where the 𝒙ℎ are any 𝑝 × 1 vectors of elements equal to −1, 0 or 1, 𝒙ℎ
′ 𝒙ℎ = 𝑡ℎ ,

𝒙ℎ
′ 𝒙ℎ′ = 𝑢ℎℎ′ , 1 ≤ 𝑡ℎ ≤ 𝑝, ℎ, ℎ

′ = 1,2,3,4, ℎ ≠ ℎ′. 𝐗𝛾 ∈ 𝚽(𝑛−4)×𝑝{−1,0, 1} is 

the design matrix of a regular D-optimal chemical balance weighing design, i.e.  

𝐗𝛾
′ 𝐗𝛾 = 𝑚𝐈𝑝 and 𝐗𝛾

′ 𝟏𝑛−4 = 𝟎𝑝. 

 

Theorem 2.1. For any chemical balance weighing design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} in 

the form (2) with the variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), 

• If 𝑝 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) ≤ (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝

𝑚
)
3
(1 + 𝛽

𝑝

𝑚
)  

• If 𝑝 + 1 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) ≤ (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝+1

𝑚
)
3
(1 + 𝛽

𝑝−3

𝑚
)  
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• If 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) ≤ 𝛽 (
𝑚

1−𝜌
)
𝑝
[(1 +

𝜌

𝛿
+

𝑝

𝑚
)
4
+

8(
𝜌

𝛿
)
2
(1 +

𝜌

𝛿
+

𝑝

𝑚
) (

𝜌

𝛿
−

2

𝑚
) + (

𝜌

𝛿
−

2

𝑚
)
4
− 2(1 +

𝜌

𝛿
+

𝑝

𝑚
)
2
] [2 (

𝜌

𝛿
)
2
(
𝜌

𝛿
−

2

𝑚
)
2
] − 4 (

𝜌

𝛿
)
2
(
𝜌

𝛿
−

2

𝑚
)
2
  

• If 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) ≤ (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝−1

𝑚
)
3
(1 + 𝛽

𝑝+3

𝑚
)  

where 𝛿 = 1 + 𝜌(𝑛 − 5), 𝛽 =
𝛿

1+𝜌(𝑛−1)
. 

 

Proof. For 𝐆 of the form (1) and 𝐗1
′𝟏𝑛−4 = 𝟎𝑝 we have  

𝐌 =
1

1−𝜌

(

 𝐗4
′ 𝐗4 + [𝒙1  𝒙2  𝒙3  𝒙4] (𝐈4 −

𝜌

1+𝜌(𝑛−1)
𝟏4𝟏4

′ )

[
 
 
 
𝒙1
′

𝒙2
′

𝒙3
′

𝒙4
′ ]
 
 
 

)

 . According to 

Theorem 18.1.1 of Harville (1997) we have det(𝐌) = det(𝐗4
′ 𝐗4)det (𝐈4 −

𝜌

1+𝜌(𝑛−1)
𝟏4𝟏4

′ )det (𝐈4 −
𝜌

1+𝜌(𝑛−1)
𝟏4𝟏4

′ )
−1
+

[
 
 
 
𝒙1
′

𝒙2
′

𝒙3
′

𝒙4
′ ]
 
 
 

(𝐗4
′ 𝐗4)

−1[𝒙1  𝒙2  𝒙3  𝒙4]. 

Since det (𝐈4 −
𝜌

1+𝜌(𝑛−1)
𝟏4𝟏4

′ ) = 𝛽 we have det(𝐌) = β(
𝑚

1−𝜌
)
𝑝
det(𝜃), 

where 𝜃 = 𝐈4 +
𝜌

𝛿
𝟏4𝟏4

′ +
1

𝑚

[
 
 
 
𝒙1
′

𝒙2
′

𝒙3
′

𝒙4
′ ]
 
 
 

[𝒙1  𝒙2  𝒙3  𝒙4].  From the assumption 

𝒙ℎ
′ 𝒙ℎ = 𝑡ℎ , 𝒙ℎ

′ 𝒙ℎ′ = 𝑢ℎℎ′ , ℎ, ℎ
′ = 1,2,3,4, ℎ ≠ ℎ′ it follows that  

det(𝜃) = A + 2B + C − D − 2E, where  

A = ∏ (1 +
𝜌

𝛿
+
𝑡ℎ

𝑚
)4

ℎ=1 ,  

B = ∑ (1 +
𝜌

𝛿
+
𝑡𝑠

𝑚
)∏ (1 +

𝜌

𝛿
+
𝑢
ℎℎ′

𝑚
)  ℎ,ℎ′𝑠 ,   ℎ, ℎ′ = 1,2,3,4, ℎ ≠ ℎ′ ≠ 𝑠, 

C = ∑ (
𝜌

𝛿
+
𝑢1ℎ

𝑚
)
2
(
𝜌

𝛿
+
𝑢𝑞𝜛

𝑚
)
2

ℎ,𝑞,𝜛 ,   ℎ, 𝑞,𝜛 = 2,3,4, ℎ ≠ 𝑞 ≠ 𝜛, 

D = ∑ ∏ (1 +
𝜌

𝛿
+
𝑡ℎ

𝑚
)  ℎ,ℎ′,𝑠,𝑡𝑠 (1 +

𝜌

𝛿
+
𝑡
ℎ′

𝑚
) (

𝜌

𝜆
+
𝑢𝑠𝑡

𝑚
)
2

,  ℎ, ℎ′, 𝑞, 𝜛 =

1,2,3,4, ℎ < ℎ′ ≠ 𝑞 ≠ 𝜛, 

E = ∑ ∏ (
𝜌

𝛿
+
𝑢1ℎ

𝑚
) (

𝜌

𝛿
+
𝑢
1ℎ′

𝑚
)  ℎ,ℎ′,𝜛𝑞 (

𝜌

𝛿
+
𝑢2𝑞

𝑚
) (

𝜌

𝛿
+
𝑢𝜛4

𝑚
) , ℎ = 2, ℎ′ = 3, 𝑞 =

4,𝜛 = 3 or ℎ = 2, ℎ′ = 4, 𝑞 = 𝜛 = 3 or ℎ = 3, ℎ′ = 4, 𝑞 = 3,𝜛 = 2.  
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The maximum of det(𝐌) is attained if and only if 𝑡ℎ = 𝑝, ℎ = 1,2,3,4, and 

consequently det(𝐌) ≤ 𝛽 (
𝑚

𝑔(1−𝜌)
)
𝑝
[(1 +

𝜌

𝛿
+

𝑝

𝑚
)
4
+ 2H + C − D − 2E],  

H = (1 +
𝜌

𝛿
+

𝑝

𝑚
)∑ (

𝜌

𝛿
+
𝑢
ℎℎ′

𝑚
)ℎ,ℎ′ ,   ℎ, ℎ′ = 1,2,3,4, ℎ ≠ ℎ′.  

Let us note that 𝑢ℎℎ′ , ℎ, ℎ
′ = 1,2,3,4, ℎ ≠ ℎ′ are the scalar products of two 

rows of the matrix having elements −1, 1,0 and 𝑢ℎℎ′ = 0 if and only if 𝑝 ≡

0(𝑚𝑜𝑑4). In this case det(𝐌) ≤ (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝

𝑚
)
4
(1 + 𝛽

𝑝

𝑚
).  

If 𝑝 + 1 ≡ 0(𝑚𝑜𝑑4) then the maximum of det(𝐌) is attained if and only if 

𝑢ℎℎ′ = −1, ℎ, ℎ′ = 1,2,3,4, ℎ ≠ ℎ′, then 

det(𝐌) ≤ 𝛽 (
𝑚

1−𝜌
)
𝑝
[(1 +

𝜌

𝛿
+

𝑝

𝑚
)
4
+ 8(1 +

𝜌

𝛿
+

𝑝

𝑚
) (

𝜌

𝛿
−

1

𝑚
)
3
− 6(1 +

𝜌

𝛿
+

𝑝

𝑚
)
2
(
𝜌

𝛿
−

1

𝑚
)
2
− 3(

𝜌

𝛿
−

1

𝑚
)
4
] = (

𝑚

1−𝜌
)
𝑝
(1 + 𝛽

𝑝−3

𝑚
) (1 +

𝑝+1

𝑚
)
3

.  

If 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4) then the maximum of det(𝐌) is attained if and only if 

𝑢ℎℎ′ = −2 or 0 with 0 occurring four times and −2  occurring twice, ℎ, ℎ′ =

1,2,3,4, ℎ ≠ ℎ′. Then 

det(𝐌) ≤ 𝛽 (
𝑚

1−𝜌
)
𝑝
{(1 +

𝜌

𝛿
+

𝑝

𝑚
)
4
+ 8(1 +

𝜌

𝛿
+

𝑝

𝑚
) (

𝜌

𝛿
−

2

𝑚
) (

𝜌

𝛿
)
2
+ (

𝜌

𝜆
−

2

𝑚
)
4
− 2(1 +

𝜌

𝛿
+

𝑝

𝑚
)
2
[2 (

𝜌

𝛿
)
2
+ (

𝜌

𝛿
−

2

𝑚
)
2
] − 4 (

𝜌

𝛿
)
2
(
𝜌

𝛿
−

2

𝑚
)
2
}  

If 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4) then the maximum of det(𝐌) is attained if and only if 

𝑢ℎℎ′ = 1, ℎ, ℎ′ = 1,2,3,4, ℎ ≠ ℎ′. Then 

det(𝐌) ≤ 𝛽 (
𝑚

1−𝜌
)
𝑝
[(1 +

𝜌

𝛿
+

𝑝

𝑚
)
4
+ 8(1 +

𝜌

𝛿
+

𝑝

𝑚
) (

𝜌

𝛿
+

1

𝑚
)
3
− 6(1 +

𝜌

𝛿
+

𝑝

𝑚
)
2
(
𝜌

𝛿
+

1

𝑚
)
2
− 3(

𝜌

𝛿
−

2

𝑚
)
4
] = (

𝑚

1−𝜌
)
𝑝
(1 +

𝑝−1

𝑚
)
3
(1 + 𝛽

𝑝+3

𝑚
).  

This completes the proof of the theorem. 
 

Definition 2.1. Any chemical balance weighing design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} of the 

form (2) with the variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), is 

regular D-optimal if and only if  

• If 𝑝 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) = (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝

𝑚
)
3
(1 + 𝛽

𝑝

𝑚
)  

• If 𝑝 + 1 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) = (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝+1

𝑚
)
3
(1 + 𝛽

𝑝−3

𝑚
)  
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• If 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) = 𝛽 (
𝑚

1−𝜌
)
𝑝
{(1 +

𝜌

𝛿
+

𝑝

𝑚
)
4
+

8(
𝜌

𝛿
)
2
(1 +

𝜌

𝛿
+

𝑝

𝑚
) (

𝜌

𝛿
−

2

𝑚
) + (

𝜌

𝛿
−

2

𝑚
)
4
−  2 (1 +

𝜌

𝛿
+

𝑝

𝑚
)
2
[2 (

𝜌

𝛿
)
2
+ (

𝜌

𝛿
−

2

𝑚
)
2
] − 4 (

𝜌

𝛿
)
2
(
𝜌

𝛿
−

2

𝑚
)
2
}  

• If 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4) then det(𝐌) = (
𝑚

1−𝜌
)
𝑝
(1 +

𝑝−1

𝑚
)
3
𝛿 (1 + 𝛽

𝑝+3

𝑚
)  

 

Theorem 2.2. Any chemical balance weighing design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} of the 

form (2) with the variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), is  

D-optimal if 

• 𝒙ℎ
′ 𝒙ℎ = 𝑝, ℎ = 1,2,3,4  and 

•  𝑢ℎℎ′ =

{

0 if 𝑝 ≡ 0(𝑚𝑜𝑑4)        

−1   
−2 or 0, 0 occurs four times, −2 occurs twice

if 𝑝 + 1 ≡ 0(𝑚𝑜𝑑4)

if 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4)
1 if 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4)

.  

 

The D-efficiency of a design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} of the form (2) with the 

variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), equals  

Deff(𝐗) =
𝒎

𝒎+𝟒

{
 
 
 
 

 
 
 
 √(1 +

𝑝

𝑚
)
3
(1 + 𝛽

𝑝

𝑚
)

𝒑

  for 𝑝 ≡ 0(𝑚𝑜𝑑4)

√(1 +
𝑝+1

𝑚
)
3
(1 + 𝛽

𝑝−3

𝑚
)

𝒑

  for 𝑝 + 1 ≡ 0(𝑚𝑜𝑑4)

√(1 +
𝜌

𝛿
+

𝑝

𝑚
)
3
+ 𝜏

𝒑

              for 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4)

√(1 +
𝑝+1

𝑚
)
3
(1 + 𝛽

𝑝−3

𝑚
)

𝒑

   for 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4)

,  

where  

𝜏 = 8 (1 +
𝜌

𝛿
+

𝑝

𝑚
) (

𝜌

𝛿
−

2

𝑚
) (

𝜌

𝛿
)
2
+ (

𝜌

𝛿
−

2

𝑚
)
4
− 2(1 +

𝜌

𝛿
+

𝑝

𝑚
)
2
[2 (

𝜌

𝛿
)
2
+

(
𝜌

𝛿
−

2

𝑚
)
2
] − 4 (

𝜌

𝛿
)
2
(
𝜌

𝛿
−

2

𝑚
)
2

.   
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Theorem 2.3. For any chemical balance weighing design 𝐗 ∈ 𝚽𝑛×𝑝{−1,0, 1} of 

the form (2) with the variance matrix of errors 𝜎2𝐆, where 𝐆 is of the form (1), 

Deff(𝐗) is a decreasing function of the variable 𝜌. 
 

Proof. Let 𝑝 ≡ 0(𝑚𝑜𝑑4) and  𝜌1 < 𝜌2. We consider 

𝑚

𝑚+4
√(1 +

𝑝

𝑚
)
3
(1 + 𝛽1

𝑝

𝑚
)

𝑝

>
𝑚

𝑚+4
√(1 +

𝑝

𝑚
)
3
(1 + 𝛽2

𝑝

𝑚
)

𝑝

. Hence 1 +
𝛽1𝑝

𝑚
−

1 −
𝛽2𝑝

𝑚
=

3𝑝(𝜌2−𝜌1)

𝑚(1+𝜌1(𝑛−1))(1+𝜌2(𝑛−1))
> 0. The steps of the proof for the cases 

𝑝 + 1 ≡ 0(𝑚𝑜𝑑4), 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4), 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4) are analogous.  

3. Examples 

Example 3.1: 𝑝 ≡ 0(𝑚𝑜𝑑4) 

In order to construct 𝐗 ∈ 𝚽19×4{−1,0, 1}, according to the theory presented 

above, we consider the matrix 𝐗4 ∈ 𝚽15×4{−1,0, 1} of the D-optimal chemical 

balance weighing design  

𝐗4
′ = [

0 − − + 0
+ 0 − − −

− + − 0 +
0 − + − 0

− − + + +
+ − + + +

− + 0 − +
+ − + 0 −

− 0 − − −
+ − 0 + −

0 + + + +
− 0 + + +

], where 

“+” denotes “+1” and “−“ denotes “−1”. Hence 𝐗 =

[
 
 
 
 
+
+

𝐗4
+
+

+
−

−
+

+ − + +
− + + +]

 
 
 
 

∈

𝚽19×4{−1,0, 1} is a chemical balance weighing design with efficiency 

Deff(𝐗) = 0.9701 for 𝜌 = 0.1 and Deff(𝐗) = 0.9632 for 𝜌 = 0.2. 
 

Example 3.2: 𝑝 + 1 ≡ 0(𝑚𝑜𝑑4) 

To construct 𝐗 ∈ 𝚽16×5{−1,0, 1}, we consider the matrix 𝐗4 ∈

𝚽12×5{−1,0, 1} of the D-optimal chemical balance weighing design  

𝐗4
′ =

[
 
 
 
 
+ + − 0
+ + − −
+ + + −

0 + −
0 0 +
− 0 0

− + 0 − 0
0 − + 0 −
− 0 − + 0

+ + 0 + − − 0 0 − 0 − +
+ + 0 0 + − − + 0 − 0 −]

 
 
 
 

.  
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Hence 𝐗 =

[
 
 
 
 
+
+

+
+

𝐗4
+
−

−
+

+
+

+ − + + +
− + + + + ]

 
 
 
 

∈ 𝚽16×5{−1,0, 1} is a chemical balance 

weighing design with efficiency Deff(𝐗) = 0.9606 for 𝜌 = 0.1 and Deff(𝐗) =

0.9564 for 𝜌 = 0.2. 
 

Example 3.3: 𝑝 + 2 ≡ 0(𝑚𝑜𝑑4) 

In order to form 𝐗 ∈ 𝚽16×6{−1,0, 1}, we consider the matrix  

𝐗4 ∈ 𝚽12×6{−1,0, 1} of the D-optimal chemical balance weighing design  

𝐗4
′ =

[
 
 
 
 
 
+ − 0 −
0 + − 0

− 0
− −

− + 0 + + 0
0 − + 0 + +

− 0 + −
− − 0 +

0 −
− 0

+ 0 − + 0 +
+ + 0 − + 0

0 − − 0
− 0 − −

+ −
0 +

0 + + 0 − +
+ 0 + + 0 −]

 
 
 
 
 

.  

Hence 𝐗 =

[
 
 
 
 
+ +

𝐗4
+ − + +

+ + − + − +
+
−

−
+

+
+

+
+

+
−

−
− ]
 
 
 
 

∈ 𝚽16×6{−1,0, 1} is a chemical 

balance weighing design with efficiency Deff(𝐗) = 0.9572 for 𝜌 = 0.1 and 

Deff(𝐗) = 0.9459 for 𝜌 = 0.2. 
 

Example 3.4: 𝑝 + 3 ≡ 0(𝑚𝑜𝑑4) 

In order to form 𝐗 ∈ 𝚽18×7{−1,0, 1}, we consider the matrix  

𝐗4 ∈ 𝚽14×7{−1,0, 1} of the D-optimal chemical balance weighing design  

𝐗4
′ =

[
 
 
 
 
 
 
0 + + + 0
0 0 + − +
− 0 0 + +

− 0 +
0 + −
+ 0 0

0 − − − 0 0
+ − 0 0 − 0
0 + 0 − − −

0 + 0 0 −
+ 0 + 0 0

+ + 0
+ − 0

− − + 0 0 −
− 0 − + − 0

+ − 0 + 0
+ + − 0 +

0 + −
0 0 −

0 0 − 0 + −
− 0 0 − 0 + ]

 
 
 
 
 
 

. 
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Hence 𝐗 =

[
 
 
 
 + + +
+ + −

𝐗4
−
+

+ + +
+ − −

+ − + + − − +
− + + + − + − ]

 
 
 
 

∈ 𝚽18×7{−1,0, 1} is a chemical 

balance weighing design with efficiency Deff(𝐗) = 0.8666 for 𝜌 = 0.1 and 

Deff(𝐗) = 0.8644 for 𝜌 = 0.2. 

4. Discussion 

In this paper, we have established D-optimal designs within novel categories of 

chemical balance weighing designs. Since it is impractical to determine the 

optimal design within every combination of objects and measurements, the 

exploration of new construction methods remains pertinent and warrants further 

investigation. Notable among the numerous instances of utilization of such 

designs are the studies by Harwit and Sloane (1979) and by Katulska (1984). 

Graczyk (2013) demonstrated the use of weighing design matrices as 

experimental plans in research concerning plant protection. Potential future 

applications of these designs include experimental plans founded on factor 

designs. 
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