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Summary

Covariance matrices with a linear structure are widely used in multivari-
ate analysis. The choice of covariance structure can be made from a set
of possible linear structures. As a result, the most appropriate structure is
determined by minimizing the discrepancy function. This paper is a con-
tinuation of previous work on identifying linear structures with an entropy
loss function as a discrepancy function. We present extensive simulation
studies on the correctness of identification with the assumed pentagonal
banded Toeplitz structure.
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1. Introduction

In this paper we continue the research from Mieldzioc (2022) about structure
identification of a linearly structured covariance matrix under matrix normal
distribution. We present new results based on simulation studies, where the
covariance matrix Σ has a pentadiagonal banded Toeplitz structure.

The paper is organized as follows. In section 2 we introduce the main
definitions, the structures to be considered, the discrepancy function (en-
tropy loss function), the procedure for identification, and the algorithm for
minimizing the entropy loss function on a linear structure B. The results of
simulation studies are given in section 3, and conclusions in section 4.

2. Problem formulation

In this section we present the model, the structures being considered and
the method of identifying a covariance structure based on minimization of
the entropy loss function, together with a corresponding algorithm.
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2.1. Model with linearly structured covariance matrix

Assume that we observe n independent and identically distributed m-di-
mensional random vectors X1,X2, . . . ,Xn with a normal distribution given
by:

Xi ∼ Nm(µ,Σ),

where µ represents the expected value of Xi for i = 1, . . . , n and Σ is the
covariance matrix. All of these random vectors can be aggregated into an
observation matrix X as follows

X = (X1,X2, . . . ,Xn)⊤.

Thus, X has a matrix normal distribution:

X ∼ Nn,m(1nµ⊤, In,Σ),

where 1n is an n-dimensional vector of ones, and In is the n × n identity
matrix.

We focus on determining the appropriate linear structure of the covari-
ance matrixΣ. A linear structure is defined as follows (cf. Anderson (1973)).

Definition 1. The covariance matrix Σ has a linear structure if it can be
expressed as a linear combination of linearly independent, known symmetric
matrices Gi:

Σ =
ℓ∑
i=1

σiGi, (1)

where σi ∈ R are unknown parameters. Furthermore, there exists at least
one combination of σ1, . . . , σℓ such that Σ is a positive definite matrix.

The linear space generated by the basic matrices Gi, i = 1, . . . , ℓ, is
referred to as the structure space. This basis can be transformed into an
orthogonal basis P1,P2, . . . ,Pℓ using the Gram–Schmidt orthogonalization
method. Recall that a basis is considered orthogonal if tr(PiPj) = 0 for
every pair of matrices Pi and Pj (i ̸= j), where 1 ¬ i ¬ ℓ and 1 ¬ j ¬ ℓ.
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2.2. Identification of a covariance structure

The entropy loss function is defined in the following way:

f(A,B) = tr
(
A−1B

)
− ln det

(
A−1B

)
−m,

where A and B are positive definite matrices of dimension m×m.
To identify the linear structure of the covariance matrix Σ we consider

k structures Ci, i = 1, . . . , k. The set of positive definite matrices with
structure Ci we denote as ΨCi . For every ΨCi (i = 1, . . . , k) and B ∈ ΨCi
we calculate the minimum of f(Σ,B), denoted as:

ξCi = minB∈ΨCi
f(Σ,B).

The Ci for which the value of ξCi is smallest is indicated as the most appro-
priate structure.

Since the true Σ is unknown, we use the maximum likelihood estimator
of Σ instead, defined as follows:

S =
1
n
XQ1nX

⊤, (2)

with X being an observation matrix and Q1n = In −
1
n1n1

⊤
n .

2.3. Considered linear structures of the covariance matrix

We consider the following sets of linear structures: compound symmetry
(CS), banded Toeplitz structure (Tp), and a mixed structure of CS and
T1 denoted by CS_T1. All matrices from these sets of structures have the
following forms, respectively:

- ΨCS : α1Im + α2Jm, in the orthogonal basis, β1Jm + β2(Im − Jm),
where Jm = 1m1⊤m;

- ΨTp (p ¬ m − 1): α1Im +
∑p
i=1 αiDi, where Di is a symmetric ma-

trix with i-th superdiagonal and subdiagonal elements equal to 1 and all
other elements equal to 0; in this paper we assume the Toeplitz covariance
structure with p = 1 or p = 2;

- ΨCS_T1 : α1Im + α2Jm + α3D1 = β1Im + β2D1 + β3(Jm − Im −D1).

2.4. Algorithm

The algorithm for the determination of the minimum entropy loss function
of a linear structure B is given in Mieldzioc (2022) and is written as follows
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Algorithm 1 (Newton’s method). For a given starting point α and toler-
ance ϵ, repeat:

1. Compute the Newton step and decrement:
evaluate the gradient g = ∇f(α) and Hessian H =H(α) at
starting point α = (α1, α2, . . . , αℓ);
∆α := −H−1g; τ := g⊤Hg.

2. Stopping criterion:
quit if τ2/2 ¬ ϵ.

3. Backtracking line search: given parameters a ∈ (0, 0.5) and b ∈ (0, 1),
t:= 1;

while
ℓ∑
i=1
(αi −∆αi)Pi is not a positive definite matrix,

t := bt;
while f(α+ t∆α) > f(α) + atg⊤∆α,

t := bt.

4. Update: α := α+ t∆α.

3. Results

To test the correctness of the identification procedure based on the en-
tropy loss function, we performed simulations assuming that the covari-
ance matrix has the structure T2. In the simulation we use Σ = Im +
xD1 + 0.3D2 ∈ ΨT2 , where m ∈ {5, 10, 20} and, for respective m, x ∈
{−0.7,−0.65, . . . , 0.65, 0.7}, x ∈ {−0.65,−0.6, . . . , 0.6, 0.65} and x ∈ {−0.6,
−0.55, . . . , 0.55, 0.6}. This choice of x guarantees that for eachm considered
the covariance matrix Σ is positive definite and well-conditioned.

We can express the matrix Σ as a linear combination of orthogonal
matrices P1 = Im/

√
m, P2 = D1/

√
2(m− 1) and P3 = D2/

√
2(m− 2). In

this parameterization

Σ =
√
mP1 + x

√
2(m− 1)P2 + 0.3

√
2(m− 2)P3.

For sample size n ∈ {50, 100}, 1000 observation matricesX ∼ Nn,m(0, In,Σ)
were generated for every covariance matrix Σ. For each X, the estimate S
was computed. Moreover, for every S, we calculated ξCi , where Ci takes val-
ues from the set {CS, T1, T2, CS_T1}. The starting point was taken as the
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orthogonal projection of matrix S onto the space generated by the identity
matrix, that is:

α0 = (trS/m, 0, . . . , 0).

Since the entropy loss function has no upper bound, we used an adjusted
value of the discrepancy ζCi , that is

ηCi(S,B0) = 1−
1

1 + f(S,B0)
,

where B0 ∈ ΨCi is the argument that minimizes the value of the entropy
loss function for Ci ∈ {CS, T1, T2, CS_T1} and given S.

The outcomes are presented in Figures 1–6. The vertical axes show the
averaged values of the adjusted entropy loss function. The horizontal axes
show different covariance matrices Σ determined by x. The four structures
considered are marked with different colors.

Figure 1. Averaged values of the adjusted entropy loss function for
Σ = I5 + xD1 + 0.3D2, where x ∈ {−0.7,−0.65, . . . , 0.65, 0.7} and n = 50
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Figure 2. Averaged values of the adjusted entropy loss function for
Σ = I5 + xD1 + 0.3D2, where x ∈ {−0.7,−0.65, . . . , 0.65, 0.7} and n = 100

Figure 3. Averaged values of the adjusted entropy loss function for
Σ = I10 + xD1 + 0.3D2, where x ∈ {−0.65,−0.6, . . . , 0.6, 0.65} and n = 50
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Figure 4. Averaged values of the adjusted entropy loss function for
Σ = I10 + xD1 + 0.3D2, where x ∈ {−0.65,−0.6, . . . , 0.6, 0.65} and n = 100

Figure 5. Averaged values of the adjusted entropy loss function for
Σ = I20 + xD1 + 0.3D2, where x ∈ {−0.6,−0.55, . . . , 0.55, 0.6} and n = 50
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Figure 6. Averaged values of the adjusted entropy loss function for
Σ = I20 + xD1 + 0.3D2, where x ∈ {−0.6,−0.55, . . . , 0.55, 0.6} and n = 100

It can be seen, that since the true covariance matrix in all of the cases
has a structure from the set T2, as expected, the entropy loss function has
the smallest values for T2. Thus, we may conclude that it detects the linear
structure correctly.

We can observe that as the number of observations increases, the val-
ues of the adjusted entropy loss function decrease for given m; and as the
dimension m increases, the values of the adjusted entropy loss function in-
crease.

4. Conclusions

In this paper we have presented new simulation study results on identify-
ing a covariance matrix with structure T2 using the entropy loss function.
The simulation study also confirmed the correctness of the identification
of structures using the entropy loss function. We can observe that the T2
structure is not contained within any other of the structures considered (we
know that T1 ⊂ T2 and CS ⊂ CS_T1). In the work Mieldzioc (2022) the
covariance matrix Σ had the CS_T1 structure and the results for x close
to 0 were very similar to the results for the CS structure.
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