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New results on fixed point theorems in n-Banach
spaces
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Abstract In this article we prove a common fixed point result for interpolative
Kannan type contraction mappings in a nonempty, closed and bounded subset
with respect to n linearly independent vectors in an n-Banach space. On the
other hand, we introduce interpolative Dass and Gupta rational type contraction
mappings on a nonempty, closed and bounded subset with respect to n linearly
independent vectors in an n-Banach space. In particular, we discuss the existence
and uniqueness of a fixed point of such a mapping on a nonempty, closed and
bounded subset with respect to n linearly independent vectors in an n-Banach
space.
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1 Introduction

In an n-Banach space framework, Géhler [4] initiated the study of n-normed spaces. The
2-Banach spaces and n-Banach spaces were studied by [3-6,12].

Harikrishnan and Ravindran [8] demonstrated that a contraction mapping has a
unique fixed point in bounded and closed subsets of a 2-Banach space. However, Kir
and Kiziltunc [10] demonstrated several results on fixed points in 2-Banach spaces.

In [1], we introduced the notions of Meir-Keeler contraction mappings and Ciri¢ con-
traction mappings on a 2-Banach space. In particular, we proved that Meir-Keeler con-
traction mappings and Ciri¢ contraction mappings on a 2-Banach space have a unique
fixed point. On the other hand, we defined the concept of Hardy-Rogers contraction
mappings on a 2-Banach space. In particular, we established that a Hardy-Rogers con-
traction mapping on a 2-Banach space has a unique fixed point. However, several results
are demonstrated on fixed point theorems of some mappings in 2-Banach spaces. Re-
cently, in [2], we introduced and studied interpolative Boyd-Wong and Matkowski type
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contractions in 2-Banach spaces. For more details on fixed point theorems in the setting
of metric spaces, see [9, 11].

Fixed point theory plays a crucial role in functional analysis. Moreover, it is used in
many branches of science such as biology, chemistry, economics, engineering and computer
science.

By applying the techniques introduced in [7] within the framework of n-Banach spaces,
we establish several new fixed point theorems for certain classes of mappings in n-Banach
spaces.

2 Preliminaries

Definition 2.1 ( [4-6]). Let X be a real vector space with dimX > n. A function
-y 50|+ X" = [0, 00) is called an n-norm if

(1) ||z, -+, x| = 0 if and only if x1,--- ,x, are linearly dependent;
(i1) ||x1,- -, x| is invariant under permutation;
(1i1) for each xq,--- ,x, € X and for all X\ € R, [|[Axy, -+, x,] = |A|||x1, -+, @all;
() for all x,y,xo- -z, € X, || +y, 2, ,Tu| < ||, @0, 20l + |y, T2y -+, @0
Then (X, ||-,--+ ,-||) is called an n-normed space.
Hereafter, let (X, ||-,---,:]|]) be an n-normed space and A = {ay,as,--- ,a,} be a

collection of n-linearly independent vectors in X. We recall some nedeed results:

Definition 2.2 ([7]). A sequence {z;} C X is said to be a Cauchy sequence with respect

to A Zf ll}:m ||xk’ — T, Qijgy * - 7a7ln|| =0 fOT' any {i27 U 7?:71,} - {1727 U 7”}‘ ]f every
m,k—o00
Cauchy sequence in X converges to some x € X, then (X, ||-,--- ,||) is said to be complete

with respect to A.

Definition 2.3 ([7]). Let B C X be a nonempty set. Then we say that B is closed if for
every sequence {x;} in B which converges in X, its limit is in B.

Definition 2.4 ([7]). A sequence {x;} C X converges to an element x € X with respect to

A, denoted by z; A 2 asj— oo, if lim |z; — 2z, aiy, - ya;, || =0 for any {ig,--- ,i,} C
j—o0
{1,2,--- ,n}.

Definition 2.5 ([7]). Let B be a nonempty subset of X. Then B is called bounded with
respect to A if there exists M > 0 such that

”xaaizv"' 7ain|| SM (21)
fO?" anymex and {i27"' 7Zn} C {172; 7n}'

Lemma 2.1 ([7]). Letz € X. If ||z, asy, -+ ,a;,|| =0 for any {iz,--- ,in} C {1,2,--- ,n},
then z = 0.
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Theorem 2.2 ([7]). Let X be an n-Banach space and F C X be nonempty, closed, and
bounded with respect to A. If S : F — F is a contraction mapping with respect to A,
then S has a unique fixed point in F.

Theorem 2.3 ([7]). Let X be an n-Banach space and F C X be nonempty, closed, and
bounded with respect to A. If S : F — F is a p-contraction mapping with respect to A,
then S has a unique fixed point in F.

The set of all fixed points of a mapping .S on the space X is defined by Fix(S) = {u €
X :Su=u}.

3 Main results

Before stating our main results, we set Ng = NU {0}.

Theorem 3.1. Let X be an n-Banach space and F C X be nonempty, closed, and bounded
with respect to A. Let S, T be self mappings on F satisfying for each v € F\ Fiz(S),y €
FN\ Fir(T) and {ig, -+ ,in} C {1,2,--- ,n},

st — Ty, Qigy *** 7ain” < )\H.’E — Sz, Qigy *** 7ain||a ’ Hy — Ty, Qigy " 7ain||1_a (31)
where X € [0,1) and o € (0,1). Then S and T have a common fized point.

Proof. Let zy € J and let {z;} be a sequence defined by x3;11 = Sx; and xgj 10 = Txgj 11
for each j € Ny. If there exists j € Ny such that z; = x;11 = x;49, then z; is a common
fixed point of S and T, so assume that there does not exist three consecutive identical
terms in the sequence {z;} and that x¢ # x;. Using (3.1), we obtain

||$2j+1 - $2j+2, ai27 e ;a'inH :HS'IQ] - TIQj-i—la a’iza e 7ain||
S| = Taj1s Gigy -+, || Tojan — Tajpa, iy, - a0
Then
szjﬂ — X2j42, Ay, * " L0, || < >\Hx2j — L2541, Qig, " " s g, || (3.2)
Hence
1
Toj41 — Tojia, Qigs -+ 5 @, || < Aa ||y — 2901, @iy, 5 a4, || (3.3)
< )\Hl'zj = L25+1, Gigy 7ain”'
From (3.3), we obtain
Hlﬁ2j+1 — 2542, Ajyy * * ,GinH < >\H$2j — L2541, Qg * " ° 7az'nH
S A2”372]‘—1 - x?jy aiz) T aa’inH (34)
<--- < )‘2j+1H$0 — L1, Qjgyy - 7ainH'

Then A
||x2j+1 = L2425 Qg - 7ain|| < )\2‘7+1||:L‘0 — L1, Qjyy - ’a'inH' (35)
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Similarly,
@241 = Tojy @iy -+ s a3 || = [|ST25 = Twgjy, iy -+ a3, |
S )\Hl’gj — L2541, Aig, * - 7ain“aHx2j*1 = L2j, Qig, "
Then
”332j+1 — L2, Ajy, * - aa’inHlia S >‘Hx2j*1 — T2j5, Ajy, * - 7ainH17a'
Hence
1
|T2j11 = Taj, Qi -+ + 5 @i, || < A= || 951 — @95, a4, a4, ||
S )\”%‘2]71 - x2j7 ai27 e 7a’ln||
Thus
211 — T2j Qig, - -+ 5 @i, || < Allwgjo1 — @25, @iy, -+ 5 g, ||
< )\2H5E2j—2 = X251, gyt 0 ’a'inH
<. < )‘2ij0 — L1, Qjyy - 7ai”H'
Then
[ Z2j41 = Taj, iy, -+ g, || < N ||wg — 21, @iy, -+ a4, |-

Using (3.5) and (3.8), we obtain

H%‘ — Lj41, Qigy - ,GinH < )\jHHTO — 1,y Wiy, " vt 7ainH-

19

) a'Ln Hlia'

(3.6)

(3.8)

(3.9)

Now, by (3.9) we demonstrate that {z;} is Cauchy. Let m,j > 0 with m > j. Put

m = j + [, hence

||xj T Ty Qg * ° aain“ :Hmj — Tjly Qg - ;az’n“

Letting j, m — oo, we get

=[[(2; — zj41) + (Tj41 — Tj42)

o (@1 — Tg), Qi 4|

<lzj — i1, Qi e oo @i |+ [[2540 — g2, @iy
o T = Ty Qg a |

<N||zo — 21, @iy, -+ 5 aq, ||+ Nz — 21, @4y, -+ -
e N 3 — 3y, ag,, e a |

N1+ X+ N D ||zg — 21, a4y, - -+, g, ||
N

|
hm ||I] — T,y Aigy - * aainH =0.
m,j—00

Hence {z;} is Cauchy. Then {z;} converges to some x € F. Now, we demonstrate that

r € ¥ is a fixed point of S.

HS.I' - x2j+27 aiQ? T 7ain H

Hence

= st _Tx2j+1>ai2>"' ’a/inH

S )\”LE - SI’, Qo * 7ain||a : ||x2j+1 — L2542, Ajg,y - * *

7ain|

|1—oc.
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Letting 7 — oo, we get

IS — x,a;y, -+ ,a,|| =0,
so Sz = x. Similarly
H$2j+1 - Txaaizv' o 7ainH = HS'IQJ' - Ta:?aizv e >ainH
< /\HIQj = L2415 Qg " - 7ain||a ’ ||$ - Tx7ai27 T 7ain|ll_a'
Letting j — oo, we get © = T'z. Then z = Sz = Tx. O]

Theorem 3.2. Let X be an n-Banach space and F C X be nonempty, closed, and bounded
with respect to A and let S be a self mapping on F satisfying for each x,y € F and for
any {ig, - ,in} C{1,2,--- ,n},

HS'T_ Syvaiw'" >ain|| SlﬁHQZ — Y, Qiy, 7a’inH
x_Sx7ai27'” 7ain||Hy_Sy7ai27"' 7ainH (310)

H
k
e [ P ’

where ky, ko > 0 such that ki + ke < 1. Then S has a unique fized point in F.

Proof. Let xy € F and let {z,} be a sequence defined by z;,; = Sz, for each j € Ny.
Putting z = z;_ and y = z; in (3.10), we obtain

) — zj1s @iys o, || =[Sz — S35, 00, @, |
Slexj*l = Ljy iyt 7ainH
iy 21— Sxjon, aiy, -+ @i |1z — S35, 00, -+ @i, |
L+ ||zjo1 — Tny iy, - -+ 5 a4, |
=killwj1 =z, a6, a,
Tk -1 = 3, aiy, - aaallllms — @y, aay, - ai,
L4 ||zjo1 — xj, @iy, - -+, a4, ||
=kil|zj-1 — 5, @iy i || + Rallzy — @40, 40,00, -
Then
) = Ty, @iy s, || < Allwjor — 25,40, aa, ] (3.11)
where A = £ Since A < 1, we deduce that the sequence {||z; — zj11,as,, -+, a;, ||} is

decreasing. From (3.11), we obtain

< )\JH:CO T L1, Qggy t v 7ainH'
Letting 7 — oo in (3.12), we obtain lim ||z; — %41, @iy, -+ -, @4, || = 0.
j—o00

Now, we demonstrate that {z;} is Cauchy. Let m,j > 0 with m > j. Put m = j 4+,
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hence
[ = Ty @iy, - -5 i || =l = i, @i, - i |
=[(2; — zjs1) + (501 — 7j42)
o (@ — T), Qi 4|
Sllwj =z, @iy, - |+ 17500 — Tjge, diy, -+ a4, |
+ o e = @, Gy ag, |
N |zo = @1, @iy, -+ i, ||+ N 20 — 21, 00y, 5 a4, |
4ot )\j+l_1||:p0 — 1, iy, 0, Gy,
N1+ A+ 4+ N Y |zo — 21, a5, - a5, |
Vi
S1 — )\Hl’o — T,y -
Letting j, m — 0o, we get
ml;r_ﬁloo |2j = Tm, @iy, - -+ @z, ]| = 0.

Hence {z;} is Cauchy. Then {z;} converges to some x € F. Now, we demonstrate that
x € F is a fixed point of S. Hence

“'rj-l-l - Sx’aizv T 7ain|| :stj - S'rvaiza ce 7ain||
Slexj T Ly Ayt 7ain||
Jr/%2H56’j — Sxjai, s a,lll|lr = S a,, - a,|]
L+ |lzj — 2, a6, s g, ||

Letting j — oo, we get

ISz — x,a;,, - ,a;] = 0.
Thus Sz = x then z is a fixed point of S. Suppose that z; and x5 are two distinct fixed
points of S. From

|x1 — 22, a4y, -+ 5 a4, || =||Sz1 — Swa, a4, -+, ay, ||

<killzy — 22, @iy, - -+ s a4, ||

ik |1 — Sxy,ai,, -+, a;,||||we — Sz, iy, -+, a;, ||

L+ ||z — 29, a4y, -+, a4, ||

:/ﬁHJh — T2, iy, " 7ain||

Ty Hxl — L1y gyt " ,ainH||$2 — T2, Uiy, " " ,GinH

L+ ||z — 29, a4y, -+, a4, ||
=ki||z1 — w2, @iy, -+ a, ||,
which contradicts that k; < 1. Therefore |21 — 22, aiy, -+ ,a;,|| = 0. Then 21 = 5. O

By the same arguments as in the proof of Theorem 3.2, we obtain:

Theorem 3.3. Let X be an n-Banach space, F C X be nonempty, closed, and bounded
with respect to A, and let S be a self mapping on F satisfying for each x,y € T,
HS'T - Syva’iw e >ain|| Slex =Y Qigy 7a’inH
Hx B Sy7 Qijgy =" * 7aan||y - SI’, Qijgy " 7ainH (313)
1+Hx_y7ai27"'7ain|’ ’

+ ko
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where ki, ko > 0 and {ig, -+ ,in} C {1,2,--- ,n} such that ky + ko < 1. Then S has a
unique fized point in F.

Now, we introduce an interpolative Dass and Gupta rational type contraction in an
n-normed space as follows.

Definition 3.1. A continuous self-mapping S on an n-normed space X is called an inter-
polative Dass and Gupta rational type contraction with respect to A if there exist A € (0, 1)

and o € (O, %] such that

HSZ’—Sy b T || <\ H$_S£E,ai2,"' aa'in”“y_sy’a@’.“ ’ai"H "
)y Y12 » Mn |l — ||x_y’ai27... ’a’ZnH (314)
. [Hx - yaa’iza Tt 7ainH]1_a’

for each x,y € X\ Fizx(S) with x # y and {iz, -+ ,i,} C {1,2,---,n} where Fiz(S) =
{ueX: Su=u}.

Theorem 3.4. Let X be an n-Banach space and F C X be nonempty, closed, and bounded
with respect to A. Let S : F — F be an interpolative Dass and Gupta rational type
contraction with respect to A. Then S has a fixed point in F.

Proof. Let zy € F. We will set a constructive sequence {z;} by z;+1 = Sxz; for each
J € Ny. Putting + = z; and y = 2, in (3.14), we obtain

12j41 = @5, Qg -+ aa, || = (1525 — Szjo1, sy, -+ a5, ||
o [N25 = 525, i, -+ s @ 1751 = S, @iz, - 5 0, [|]°
- [ = @51, iy s g, |
g = o1, @iy, |10
My = 2gins iy -y, 17 [y = 251, a1
Then
oy = @y iy, @, 7% < Mlzjor — 2,00, aq, 177 (3.15)
Hence
;= i, @iy, -+ aq, || S Alwjor — 25, a4, aq, |- (3.16)
Thus, we deduce that the sequence {||z; — xj41,a:,, -+ ,a;, ||} is decreasing. As a result,
there exists M € [0,00) such that jli_)l(go lej — zj—1,aiy, -+, ai,] = M. We will indicate
that M = 0. Indeed, by (3.16), we derive that
|2 — @1, Qiyy o s || < M@jor — @), @iy s a, || < Nz — 21, a6y, -+ a, || (3.17)

Letting j — oo in (3.17), we obtain M = 0.
Now, we demonstrate that {z;} is Cauchy. Let m,j > 0 with m > j. Put m = j +1,
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hence
||:Bj = Ty Qg * " vain“ :||$j = Ljtiy Qigy - * - vainH

=(zj — zj+1) + (Tj41 — Tjs2)
A (Tjge1 — ), Gy, e, G|

SHxJ = L1 Qigy t 7ain” + ||$j+1 = T2y Qg * " ° aaz‘nH
ot e = T, Gy ag, |

<N||zo — 21, @iy, -+, 0, ||+ N 2o — 21, a4, a1, ||
o Nz — 2y, ag,, - a |

=N+ A+ -+ N Y |zg — 21, a8, -+, g, ||

Sl —)\on_xlaaiw'” ’ainH'
Letting j,m — oo, we get
llm ”xj_xmyalé’..' 70"5'11” :O
m,j—00

Hence {z,} is Cauchy. Then {z;} converges to some z € J.
Now, we demonstrate that x € F is a fixed point of S. Hence

|zjs1 — Sz, ai,, -+ a;, || =|Sz; — Sz, ai,, -+, ai,]|
<) lz; — Sxj,ai,, - allllx — Sz, ai,, -+, a;, || 1"
N ij T, Qi ’ainH
’ [ij =T Ay, 7ain||]1ia'
Letting ;7 — oo, we get
Sz — x,a;,, - ,a;,] = 0.
Then Sz = z, thus x is a fixed point of S. O

We obtain the following theorem.

Theorem 3.5. Let X be an n-Banach space and F C X be nonempty, closed, and bounded
with respect to A. Let S be a self mapping on F satisfying for each x,y € F\ Fix(S) and

{i27"' 7in} C {172a 7n}7

o ) ) Hx_S:Evaiw'“ 7ainHHy_Sy7ai27”' 7ainH “
ISz — Sy, ai,, -+, a; | <A
y Ligy y Wi || = 1+ Hx_y’aiw... 7ainH (3.18)
' [Hil? — Y, Qi - >ainH]1_a>

where X € [0,1),a € (0,1), and Fiz(S) = {u € F: Su=u}. Then S has a fized point in
F.

Proof. Let g € F. We will set a constructive sequence {z;} by z;+1 = Sxz; for each
J € Ny. Putting + = z; and y = 2;_; in (3.18), we obtain

H'%J'Jrl = Ljy iyt >ainH :HS:UJ' - Swjfbaim T aainH
<\ HIJ B Sx].7a7;27'” 7a’in||||xj—1 B S‘rj—lva’iw'” Jain“ “
N 1_'_”'%‘]'_:6]'7170/1'27”' 7ain||
11—«
’ [”‘TJ T X1, Qg vt 7ainl|]

Az = @jgrs @igs o an )% [l — 2o, iy aq [0
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Then
||$j T L1y Gigy Gy, ||1—a < >‘||$j—1 T Ly Qg >ain||1_a' (319)
Hence
25 = i, @iy, -+ aq, | S Awjor — 25, a4y, a4, || (3.20)
Thus, we deduce that the sequence {||z; — xj41,a;,, -+ ,a;, ||} is decreasing. As a result,
there exists M € [0,00) such that lim ||z; — z;_1,a;,, - ,a;,| = M. We will indicate
j—o00

that M = 0. Indeed, by (3.20), we derive that
lj = @, i, -y s, || < Mgy — 2,00, s aq, | < Vlwo — 21, a5, 0, ]| (3.21)

Letting j — oo in (3.21), we obtain M = 0.
Now, we demonstrate that {z;} is Cauchy. Let m,j > 0 with m > j. Put m = j 4+,
hence

125 = Ty Qig, - @i, || =l — g, @i+ 5 |
=[(zj — zj+1) + (zj41 — Tj42)
o (o1 — D), Qg 5 G|
<llzj — g1, @iy e oo 5 @i |+ [[25400 — Togzs @iy oo as, ||
o e — T, Gy @, ||
<N||zo — 21, Ay, -+ s aq, ||+ N 2o — 21, a4y, aq, ||
e N 3 — my, ag,, - a |

N1+ X+ N D ||zg — 21, a4y, -+, g, ||

<2y — .
Letting 7, m — o0, we get
111’11 ||xj — Ty Ay * 7ainH =0.
m,j—00

Hence {z,} is Cauchy. Then {z;} converges to some z € J.
Now, we demonstrate that x € F is a fixed point of S. Hence

a1 — S, i || =I|Sz; — Sz, ai-- i
oy 25 = S, i, - s 0, [[[l2 = 52, 0, -+ 03, [[]°
- L+ ||zj —z, aiy, - -, ai ||
’ [ij T Ay, 7ain||]lia'
Letting j — oo, we get
Sz — x,a;,, -+ ,a;,| =0.
Then Sz = z, thus z is a fixed point of S. n

We finish this section with the following theorem.
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Theorem 3.6. Let X be an n-Banach space and I C X be nonempty, closed, and bounded
with respect to A. Let S, T be continuous self mappings on F satisfying for each x €
F\ Fir(S),y € F\ Fir(T) with x # vy and {iz,--- i} C{1,2,---,n},

HSQT —Ty Aini v o Qs || <\ HJZ‘— Sl’,(lig,"' 7ainHHy_Ty7ai27'” 7ainH :
s Wigy y Pin |l = “:L-_y’aim... 7ainH (322)
. [Hx —Y,Q5p, 7ain‘|]1_a7

where A € (0,1) and o € (0, %] Then S and T have a common fized point.
Proof. Let xp € F and let {z;} be a sequence defined by z2j11 = Sxg; and z9j19 = T'w2j41
for each j € Ny. If there exists j € Ny such that x9; = 29j41 = %942, then x5, is a common
fixed point of S and T, so assume that there does not exist three consecutive identical
terms in the sequence {z;} and that xy # x,. Using (3.22), we obtain

T2 11 — Tojya, Qiyy -+ i, | =1 Sw25 — Tgjin, @iy - -+ 5 ag, ||
<\ ||x2j — Sx?j? Qijyy " - 7ain||||x2j+1 - Tx2j+17 Qjgs v " 7ain|| “
N ||x2j T L2541, Qigy t 7ain||
Naoj — waji1, asy, -+ a0
A @aj41 — Tajiz, iy i, || lw2s — Bojin, @iy, -+ o aq, ||
Then
[@9j41 — Tajr2s Qi - G, [|'™ < M|y — ojn, @iy, -+ ag, |0 (3.23)
Hence
1
Hﬂ?2j+1 = L2425 Qg 0 Q|| < AT H-fzj = L2541, Qi t s @, || (3.24)
< AM|woj — i1, Qs -+ 5 a4, |-
From (3.24), we obtain for all z € F,
|Z2j11 — Tajia, Qg -+ s @i || < Al — Toj11, @iy -+, a4, ||
< N||gjo1 — T, iy -, | (3.25)
<. < )‘2j+1H‘r0 — X1, Qi * 7ain||'
Then
[T2j41 — @2j12, Qiys - -+ ai, || < )\QJHHSCO — X1, iy A - (3.26)
Similarly,
Hl'2j+1 — L5, Ay, * * - g, || :HS?C?J' — Ty 1,04, - o
<)\ [wg; — Swoj, @iy, - -+ ag, ||||02j—1 — T2j—1, iy, - - - aaz'n||r
L 14 ||wo; — oj1, Giyy - -+, G4, ||
lwgjo1 = xaj, sy, a1
Y [Nwoy — i1, Qg - -+ 5 @, || |21 — @95, gy, - - - 7%”&
I L+ [Jwg) — 2951, a5, -+ 5 a4, ||

ajor = @y iy, 177
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Then
||$2j+1 = T2, Qjgy © * aainHl_a < >‘||$2j—1 = L25, Qigy "7 vainHl_a'
Hence
1
#2541 — @25, Qg -+ 5 i, | < AT @91 — @95, 4y, -+ 5 4, ||
S )\”.ng_l - l‘2j7 Aoy vt ’a’in“‘
Thus
|T2j41 = Tojy iy, - -+ i, || < A||lwoj1 — 225, @iy, -+ 5 g, ||
S )\2",172]'_2 — 332]'_1, ai27 e 7a’inH
S ... S )\QJHQ?() - xlaai27 e 7a7:nH'
Then A
||$2j+1 — X5, iy, " * >ain|| < )\2]”1'0 — X1, gy v ’ainH'

Using (3.26) and (3.31), we obtain

”mj = Tjp1, Qigy * - 7ain|| < )\ijEO = L1y gy vt >ain||'

26

(3.30)

(3.31)

(3.32)

Now, by (3.32) we demonstrate that {z;} is Cauchy. Let m,j > 0 with m > j. Put

m = j + [, hence

||xj = Tmy Qg " Jain“ :”xj = L4l Qigy * Jain“
=[1(zj — zj41) + (41 — Tj42)
o (@1 — Tg), Qi 4|
Sij = L1 Qigy * 7ain|| + ||xj+1 T Lj2, Qim0 7a’inH
ot e = v a4, |
<N ||wo = 21, @iy, -+, |+ N | — 21, a0, i, |
+ -+ )\j—H_IHIO — X1, Qpy v vt Jain“
:A](l_}_)\_f__’_Al_l)Hmo _1'17az.27... 7ain”
Sl _)\on_mlaaim'“ 7ainH'
Letting 7, m — o0, we get
hm ||ZE] = Ty Qg " - aa'inH = 0.
m,j—00
Hence {z;} is Cauchy. Then {z;} converges to some = € J.
Now, we demonstrate that € F is a fixed point of S. Hence
||Sl’ = L2542, Qi 7ain“ :st - Tx2j+17 Qg * " 7ainH
<\ ||:L‘ - SJZ, Qjgy * - 7ain||||m2j+1 - Tx?j-i-l’ Qijgy * " 7ain|| “
o ||I_'r2j+1’ai27"' 7ain”
11—«
’ [”17_332]‘-1-1,@1‘2;"‘ ) Qiy, ] .

Letting 5 — oo, we get
ISz — z,a;,, -+ ,a;,| = 0.
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So Sx = x. Similarly

[@2j1 = T, iy, -+ ag, || =|[Swo; — T, @iy, -+ ag, |
<X |z2; — Swaj, iy, -+ s ai, ||l — Ty aiy, -+, a;, || 1°
a “m_m%vaiza"' ) Qiy,
[l = wa5, a0+ a1
Letting j — oo, we get © = T'z. Then z = Sz = Tx. [

4 Generalizations of results

Similarly to the proof of Theorem 3.1, we obtain:

Theorem 4.1. Let X be an n-Banach space. Let S, T be self mappings on X satisfying
for each x € X\ Fiz(S),y € X\ Fizr(T) and yo,- -+ ,yn € X,

(4

st - TyayQa T >ynH < )\Hﬂ? - S%y% T >ynHa ’ Hy - Ty7y27 sy Yn
where A € [0,1) and a € (0,1). Then S and T have a common fized point.
With a similar proof to that of Theorem 3.2, we obtain:

Theorem 4.2. Let X be an n-Banach space. Let S be a self mapping on X satisfying for
each x € X\ Fiz(S) and ya, - ,yn € X,

HIE—SZ',?/Q, 7yTL||Hy_Sy7y2’ 7yn||
1+||$—y,y27 aynH

||S$—Sy,y27-~~ aynH S k1||$—y,y2,--- 7yn||+k32

)

(4.2)
where ky, ko > 0 such that ki + ko < 1. Then S has a unique fized point in X.

By the same arguments as in the proof of Theorem 3.3, we obtain:

Theorem 4.3. Let X be an n-Banach space. Let S be a self mapping on X satisfying for
each x,y € X\ Fiz(S) and ya, -+ ,yn € X,

|z — Sy yo, - yallly — Sz, y2, -l
1+ ||317—y7y2,"' 7yn||
(4.3)

HS‘T_Sny% 7yn|| S lex_y?va ,yn‘|+k2

where ky, ko > 0 such that ki + ke < 1, then S has a unique fized point in X.

Now, we introduce an interpolative Dass and Gupta rational type contraction in an
n-normed space as follows.

Definition 4.1. A continuous self-mapping S on an n-normed space X is called an inter-
polative Dass and Gupta rational type contraction if there exist X € (0,1) and a € (O, %]
such that
||$ - Sx7y27 e 7yn||||y - Syay27 U aynH “
||x_yay2a 7yn|| (44)
: [HiL‘ —Y Y2, 7yn”]1_a )
for each x,y € X \ Fiz(S) with x # y and ya, -+ ,y, € X, where Fiz(S)={u € X : Su=

||Sm_Sy7y27 7ynH S/\
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By the same arguments as in the proof of Theorem 3.4, we obtain:

Theorem 4.4. Let X be an n-Banach space and let S : X — X be an interpolative Dass
and Gupta rational type contraction. Then S has a fized point in X.

By the same arguments as in the proof of Theorem 3.5, we obtain:

Theorem 4.5. Let X be an n-Banach space and let S : X — X be a self mapping on X
satisfying for each x,y € X \ Fiz(S) and ya, -+ ,yn € X,

Hx_Sx7y27"' 7yn|H|y_Sy;y27 7ynH “

’ [”I‘ —Y,Y2, 7y'fl||]1_a7

|’S$_Syay2a 7ynH S/\

where A € [0,1) and a € (0,1). Then S has a unique fized point.
By the same arguments as in the proof of Theorem 3.6, we obtain:

Theorem 4.6. Let X be an n-Banach space and let S, T" be continuous self mappings on
X satisfying for each x € X'\ Fiz(S), y € X \ Fiz(T) with x #y and ya,- -+ ,y, € X,

||$—S$,927"' 7yn||||y_Ty7y27 7yn|| “
||x_yay27 7yn|| (46)
’ [Hl’ —Y,Y2, 7yn||]1ia7

||SQ? _Ty7y27 7yn” SA

where A € (0,1) and « € (0, %] Then S and T have a common fixzed point.
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