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Abstract This paper addresses the existence of solutions for a boundary value
problem characterized by a fractional differential equation involving a multi-term
formulation of the Riemann-Liouville-Caputo derivative. The multi-term approach
allows for more accurate modelling of complex systems with diverse memory and
hereditary properties. To explore the existence and uniqueness of solutions, fixed
point theorems are employed. Additionally, two numerical examples are provided
to illustrate the theoretical results.
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1 Introduction

Multi-term fractional differential equations (FDEs) are important for studying complex
systems with memory and hereditary effects. Unlike single-term models, they use mul-
tiple fractional orders to provide a more detailed view of processes with different levels
of memory and relaxation. This makes them better suited for accurately modelling real-
world systems in areas like viscoelasticity, finance, and control theory. For example, in
materials science, viscoelastic materials such as polymers or biological tissues have both
elastic and viscous properties that change over time. Single-term models might give a
basic understanding, but they often miss the full complexity of these materials, making
multi-term fractional derivatives necessary in mathematical models. The numerical in-
vestigation of multi-term FDEs is a significantly active strand of research, since they are
very hard to deal with analytically. In effect, the presence of both the perturbation and
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the convection terms adds much complexity to the problems analysis. Due to this degree
of complexity, they are hardly addressed in the literature.

The Riemann-Liouville and Caputo fractional derivatives are the most commonly
used fractional derivatives. Many papers have studied boundary value problems (BVPs)
involving these derivatives with various boundary conditions. However, recent applica-
tions suggest that the new conservative Caputo derivative, also known as the Riemann-
Liouville-Caputo (RLC) fractional derivative, might be more suitable in certain situa-
tions, see [5] and the references therein. Although the literature on the RLC derivative
is still growing, numerical methods have primarily been used to study BVPs involving
this specific fractional derivative, see [5-8,14,27]. For instance, in [5], the authors used a
finite difference scheme to study the following BVP:

— DD tu(t) + b(t)u' (t) + c(t)u(t) = f(t), t € (0,L), 1<a<?2,
¢ D 1u(0) = 0,
w(L) + pru' (L) = 7.

Many authors have studied FDEs with a convection term, see [1-6,8,9,13,18,23-25,28].
In [1,3-8,10,13,20,24-26] the focus has been on FDEs with a perturbation term, which
are challenging to solve. Nonetheless, recent studies have shown that it is possible to
handle the challenges posed by the perturbation terms, see [4,10,26] for more details.
The issue with FDEs with a convection term or a perturbation term is that they are
overly specific, addressing particular physical situations. Hence, their applicability is
limited. Their implementation in real-world phenomena is restricted to a smaller number
of specific settings. However, multi-term FDEs have the advantage of covering a broader
number of scenarios; thus, they represent a larger class of FDEs. Additionally, fractional
boundary conditions provide an interesting generalisation of classical ones, but they add
complexity to the problem by making the solution more difficult to find, see [11,12,14-16,
19,22,27,29]. Forasmuch as using fractional operators in the differential equation gives
better results, it is similarly more convenient to use fractional order derivatives in the
boundary conditions too. This choice of the boundary condition corresponds to a more
general situation, allowing for more freedom in the choice of the derivative; hence, they
provide an advantageous accuracy when modelling numerous physical settings compared
to the classical integer order boundary conditions.

In light of the considerations mentioned above, this work investigates the following
fractional boundary value problem:

— DD%u(t) + a*DPu(t) + ku(t) = f(t,u(t)),t €[0,1], 0 <a < B <1,
°D%u(0) =0, (1.1)
u(1l) = n°D%u(1).

The mixed derivative D°D® is The Riemann-Liouville-Caputo (RLC) fractional deriva-
tive, which is known as the conservative Caputo derivative. D is the classical derivative.
a, k,n are positive constants. In some particular cases, this equation represents the ad-
vection diffusion reaction equation. wu represents the concentration of the transported
quantity. a is the advection velocity. k is the reaction rate.

To the best of our knowledge, no existing paper has addressed fractional multi-term
boundary value problems using the RLC fractional derivative with separated Caputo
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fractional boundary conditions. This paper contributes to the theory and applications
of fractional boundary value problems by exploring the aforementioned problem. It en-
capsulates a multiplicity of novel contributions. Primarily, most multi-term problems
discussed in related literature involve an integer order convection term, while this paper
considers a differential equation containing a fractional order convection term, thereby
elevating the mathematical significance of our research question. Regarding the applica-
bility of the problem, this consideration is more compelling as it models a wider range of
physical problems, especially ones that have been largely overlooked in existing literature,
for instance, the fractional Lienards equation and the Van der Pol Oscillator equation.
Further, the boundary conditions in [13] and similar studies are predominantly of the
Dirichlet type, rather than the ones considered herein, which are more flexible, resilient,
and general than often. Thus, our work complements and advances existing literature,
given the aforementioned matters.

Nevertheless, multi-term Fractional differential equations induce many challenges in
the study of this type of problem, as they result in loading the solutions form with
numerous parameters. Moreover, including fractional boundary conditions elevates the
aforesaid hurdle by complicating the form of the solution, making it difficult to handle,
especially when attempting to prove the existence of positive solutions. While the positiv-
ity of solutions to these problems is a fascinating avenue of research, it is hardly addressed
in this case, due to its notable complexity; thus, we do not undertake this pursuit here.
Nonetheless, we strive to surpass the aforementioned challenges encountered in the proof
techniques, and we obtain the desired results by employing appropriate Green’s functions
and accurate computations.

To solve the problem at hand, we transform it into a Volterra equation. We overcome
the difficulty arising from the intricate form of the solution through the proper use of
corresponding Green’s functions. We then use fixed point theory techniques, namely, the
Banach contraction principle, the Leray-Schauder nonlinear alternative, and the Kras-
noselskii fixed point theorem, to establish existence results under various conditions im-
posed on the nonlinear term f.

The paper is organised into four sections. Section 2 introduces essential definitions
and results from fractional calculus. Section 3 discusses the solvability of the problem
and provides conditions for existence and uniqueness. Finally, Section 4 presents two
numerical examples to confirm our results.

2 Preliminaries

In this section, we review the Caputo fractional derivative and its key properties that will
be used later. We also provide the solution form for the corresponding linear problem.

Definition 2.1. [17] Let a > 0, n = [a| + 1. If f € L'(a,b), then the left-sided
Riemann-Liouville fractional integral is defined by

o f(t) = 1>/t( f(s)fads,t>a.
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If f € AC™[a,b], the left sided Caputo fractional derivative of [ exists almost every-
where on |a,b] and is given by

‘Da, f(t) = n—a) / Fo — s)" ot
Lemma 2.1. [17,21] Let a, f > 0, n = [a] + 1. Then
I3 (1) = % (2.1)
‘DY (t—a)’t = F(g(f)a) (t—a)’' B> [a] + 1. (2.2)
If f € L(a,b), then
1007 f(t) = I3 £(t), ace. onla,b). (2.3)
If f € AC™[a,b] or f € C"[a,b], then
n—1 B k
18,080 = 1)~ 3 00), e on o), (2.4)
k=0 '
‘DI IS f(t) = f(t), a.e. ona,b], (2.5)
DI f(t) = IP2Of(t), a < B, a.e. onla,b]. (2.6)

In what follows, we denote I, by I*, °Dg, by °D* and C([0,1] x R) by €.

Lemma 2.2. Let h € C. The corresponding linear BV P
— DD*u(t) + a*DPu(t) + ku(t) = h(t),t € (0,1),
°D*(0) =0, (2.7)
u(1l) = n°D%u(1)

15 equivalent to the BVP
—¢ Du(t) + a°DPu(t) + ku(t) = h(t),t € (0,1),
u'(0) =0, (2.8)
u(1l) = n°D%u(1).

Moreover, if o — 1 # 0, then every solution u € C to (2.8) satisfies the

integral equation

5+2) - F<2 B

) = [ st putspts — [ 6utt s

where
ad(t) (=5 _ n(i—s)BY) |, ké(t) { (1-s)°
¢ \tasm s )t e \taen 1) Ost=s<l
_Jaow) (a9 na—9-P\ | ko) ((1-s)° a(t—)*F | K(t—s)®
Gi(t,s) ¢ \Tepn rap )T ¢ (tao =) T tesmn T Ta
0<s<t<L 1,

(2.9)
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and
o) ( (1—=5)°
~ \ e —1n)> 0<t<s<1,
S2(6:5) = § gl { romr (t-s)° (2.10)
“ \tern ") Tty VU=s=st=s1

with & = r(g 5~ T 6+2) +1 and ¢(t) = ‘zt%gi;) —1. Moreover, G; and Gy are uniformly

bounded i.e., there exist Ky, ko > 0 such that

1 1
/ G1(t, s)ds / Go(t, s)ds
0 0

Proof. For the first equivalence, see [5]. Next, let u € € be a solution to (2.8), applying
the operator 1°t! to the fractional differential equation

S R1,

< ko, for everyt € [0,1].

—<D* Yy (t) 4+ a®DPu(t) + ku(t) = h(t),
then using (2.3) and (2.4), we get
—(u(t) + co + c1t) + al TP (u(t) + o) + kI u(t) = 1T h(t),

applying (2.1),
acota—ﬁ-i-l

—u(t) — co — ert + al*PHy(t) 4 —2
u(t) —co—ct+a u(t) Ta—719)

+ kIt () = 1T h(t).
Therefore,

u(t) = ¢4 (Lﬁﬂ - 1) — ort + al*PTy(t) + kI () — I R(E). (2.11)
T(o— B+ 2)

Employing the boundary condition «/(0) = 0, we obtain ¢; = 0. Now, applying the
operator “D® to (2.11) besides using (2.2), (2.5) and (2.6), we retrieve

coat' ="

[2-p)
Owing to the boundary condition u(1) = n°D%u(1), we find

‘D%u(t) = + al"Pu(t) + kI'u(t) — I'h(t).

co (it —1) o) + R ) = )

ncoa

T og + anI"Pu(1) + knl'u(1) — nI'h(1).

Hence,

an a
0 (m—m CT(a—5+2) “)
- a(za*b’“u(m - n[lfﬁuu)) n k([a“u(l) . n[lu(1)> - (1a+lh(1) . n[lhu)).
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. a a at@—B+1 . . . .
Setting & = 1“(225) ~ et L o(t) = 1“(ta——ﬂi2) — 1 and substituting ¢y in (2.11) gives

=% (o (1) = nr Pu() + KT u(1) = (1) = (1" A(1) = 0'h(1))
+ al®PTlu(t) + kI u(t) — I°T A1)

_ /0 Gt s)uls)ds — /0 G (. 5)h(s)ds.

Now, we shall prove the uniform boundedness of §; and Gs.

[0 22y L1 [0 -)
e )
o (‘ ¢(ft>‘ (rer /01“ ~ods ) + /ot“ o)
= <E (r<a = RYCE B)) " Ta = 2))

0 atafﬁJrl a
ey = e Tla— 612 ‘ T Tla—B+2)
< 1. Similarly,

Ty =
' (1) 1 ' o 1 ' a
/0 Go(t, s)ds g’ : ’(F(a—i—l)/()(l_s) d8+n)+m/o(t—s) ds
v 1 1

Sm(m*”)*m:“

— 1, if >1land v =1 if

__a
T'(a—p+2)

3 Main Results

In this section, we present three results on existence and uniqueness. The proofs are
provided using fixed point theorems.

Theorem 3.1. Assume f: [0,1] x € — R satisfies the Lipschitz condition with respect to
the second variable, i.e., there exists a constant L > 0 such that

|f(t,u) — f(t,v)] < L|lu—n|, te€][0,b]uvecC,

and k1 + Lke < 1. Then the BVP (1.1) has a unique solution.
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Proof. Let T : € — € be the operator defined by

ut):/o 91(t,s)u(s)ds—/0 Go(t, 5) (5, u(s))ds.

T is a contraction mapping. Indeed, let u,v € C, then
1 1
|Tu(t) = To(t)] < / |1 (¢, s)|Ju(s) — v(s)lds +/ |G2(t, s)[.f (s, u(s)) — f(s,v(s))|ds
01 " 1
— ds+ L — d
< [ 18at 9lluts) = oslds + L [ 1906t 5)as) = w(s)lds

< (k1 + Lka)||lu — v

Hence, the existence of a unique fixed point follows by means of the Banach contraction
principle. O

Theorem 3.2. If k; < 1, then the BVP (1.1) has at least one solution, provided that
there exists ( € C so that |f(t,u)| < ((t), for every u € €, t € [0,1].

Pmof Let A,B : € — € be two operators defined by Au(t fo G1(t, s)u(s)ds and

Bu(t) = — fo Ga(t,s)f(s,u(s))ds. We easily verify that A and B are continuous. Next,
we prove that for every u,v € B,, we have Au + Bv € B,.
zHC H
1

By assumption, x; < 1. Fix a positive number r such that r . Set B, = {u €

C, [lul] < r}. Then for every u,v € B, we have
[Au(t) + Bo(t)] < [Au(t)] + [Bo(t)|

[ 1 ols+ [ 189l os)las

<rky + |[C||ke < 7

Now, we shall show that A is a contraction mapping.
1
JAu(t) — Av(t)| < / |51(¢, 5)[[u(s) — v(s)lds
0
1
<ol [ 19:t9)lds < aflu o]
0

Since k1 < 1 by assumption, A is indeed a contraction mapping.
To this end, we prove that B is compact. First, B is uniformly bounded on B, since

Bu(t)] < / 19 (t, )£ (s, u(s))|ds

1
<<l / 19 (t, 5)|ds < |||
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Second, we prove that B is equicontinuous. Let t1,t, € [0,1] with 0 < ¢; <t < 1 and

u € B,. We have
Bu(ty) — Bu(t,)] = /OQMf(s,u)ds— ;/Ol(tl_—s)af(s,u)ds

['(a+1) I'a+1) ['(a+1)
12| PO s s = [ s,
< ﬁ /Otl ((ts — 8)* — (tr — )°) f (5, u)ds — /:@2 ) F (s, u)ds
A (O s+ [ 1t les)

< sl ([t o0 = 0= s + / it orlas)

all¢|| a—B+1  a—B+1 1
e L . (r<a_+ 2) *”)

1S —— a!\(!\(ti_“l—t?_“l)( 1 )
Sl—‘(a+2)(t2 ae) €0 (a0 — 3+ 2) P(a+2)+”'

It is clear that the right-hand side of the inequality approaches zero as t; — t5. By the
Arzela-Ascoli theorem, we conclude that B : € — C is completely continuous. Hence, by
means of the Krasnoselskii’s fixed point theorem, T has a fixed point u € B,. This means
the boundary value problem has at least one solution. O

Theorem 3.3. Under the following assumptions
1. f is a continuous function,

2. there ezist a function g € C([0,1],R,), and a nondecreasing functiony € C(R;,R,)
verifying | f(t, u)| < g@)(||ul)), for every t € [0,1],u € C, and

K1+ Kal|g|| lim sup ¥ir) <1,
r

r—+00

the BVP (1.1) has at least one solution.

Proof. Let T: € — € be defined as

Tu(t) = /0 S, (1, 5)u(s)ds — /0 Go(t, 5)f (5, u(s))ds.

Using the Leray-Schauder nonlinear alternative, we will demonstrate that 7 is both con-
tinuous and completely continuous.

Step 1: T is continuous.

The proof of the continuity of 7T is straightforward and is therefore omitted.
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Step 2: T maps bounded sets into bounded sets in C.
Let u € B, :={u € C, |Jul]| < r}. Since f satisfies the growth condition,

Tu(t)] < / 194t 8)][u(s)|ds + / 19 (t, )] (s u(s))|ds
< rallull + mallglo(ull) < mar + rollgllb(r) =

Hence ||Tul| <.

Step 3: 7 maps bounded sets into equicontinuous sets in C.

Let t1, to € [0,1], t; < ty and let u € B, := {u € C,||u|| < r} be a bounded set of C.
Then

|Tu(te) — Tu(ty)|

< / (Su(ta, ) — Gu(t, 5))u(s)ds| + / (Sa(ta, 5) — Saltr, 5))F (s, u(s))ds

= Il + ]2.

On the one hand,

L = /0 (G1(ta, s) — G1(t1, s))u(s)ds

<[6(t2) — o(t1)| (%\ﬁ/{)l(l — 5)°Pu(s)ds — r(%m/ol(l o) Pu(s)ds
|5|‘m [ -sras= [ utsn]

a_5+ !/ (t2 — 5)° )ds_/otl(h—s)aﬁu(s)ds

| [t = [t = s ats)a

o s = <£ ( 1 I ) L <_1 + ))
=" T-8+2 \g\Te-5+2 "12-5) " g\fat+2) "
2a(ty — 1) A+t (gt — ¢
Ta—pB+2) | T(a+2)

+k

On the other hand,

I = / (St 5) — Salt, $))f (s, u(s))ds

) ([ 2=y = 0= tas+ [ a7

Algloal) o ser s [ 1
g = 5 (g )

a(ty 7T — 7 1 1 ot ot
S””'“”( fre—rr (feem ) e )>‘
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Both I, and I, tend to zero as t; tends to t5. This completes the proof of equicontinuity.
Given Steps 1—3 and the Arzel-Ascoli theorem, we conclude that 7 : € — € is completely
continuous.

Step 4: A priori bounds

By assumption, we have that there exists M > 0 such that k1M + ko|g||(M) < M.
Let Q = {u € €, ||lul| < M}. According to the previous steps T : Q — Q is completely
continuous. If there exists u € 9§, A € (0,1) such that u = ATu, then

u(t)] < ATu(t)] < [Tu(t)] < /0 15:1(2, S)HU(S)\d8+/O 1S2(t, 8)[[f (s, u(s))|ds
< mallull + mallgll(lull) < w1 M + rollgllp (M) < M,

which contradicts the fact that u € J€2. Therefore, by the Leray-Schauder nonlinear
alternative, we conclude that T has a fixed point in €. m

4 Examples

In this section, we provide three numerical examples to support the results obtained.
Example 4.1. Let us take « = 0.5, 5 = 0.6, a = 0.1, k = 0.2, n = 0.5, and f(t,u) =
i (u— o ) Then

20 t24+1

T(a— B +2) =T(1.9) = 0.9618,

['(2—-p)=T(1.4) = 0.8873,
INa+2)=T1(2.5) = 1.3293.
at@—B+1
Then v = 52?51 m — 1‘ = 1. Hence,
v 1 n 1
(6 (e Y rats) ) S0

v 1 1

ko= — | =—— 47| + =———— = 2.0671,
27 g (r<a +2) ”) T(a+2)

k1 = 0.2723 + 0.2(2.0671) = (0.6857.

Moreover, 1
_.I_

|f(t7u) - f(tvv)| < 2—0

Then k1 + Lky = 0.6857+0.1(2.0671) = 0.8924 < 1. Therefore, by Theorem 3.1, the BVP

(1.1) has a unique solution. Additionally, it is evident that the conditions of Theorem
3.2 are satisfied.

Furthermore, we employ the L1 and L2 discretisations of the Caputo fractional deriva-

tive given in [5] to obtain the numerical scheme by the finite difference method. We

provide in Figure 1 the approximate solutions for Example 4.1 with different orders «
and f.

1
lu —v| < 1—O|u—v|.
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— «=0.2, =0.3

a=0.3, p=0.7
— =0.5, B=0.6
0041 ¢=0.7, B=0.8

u(t)

—0.02 4

0.0

Figure 1: Numerical solutions for Example 4.1 with different orders o and f5.
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Table 1: Example 4.1 Errors and orders of convergence

167

1/N Lo Error Ly Order Lo, Error L., Order

a=02,0=0.3 1/16 1.6827¢-03 6.6310e-03

k14 LKy = 0.987 1/32 8.7757e-04 0.939 3.2391e-03 1.034
1/64 4.6839e-04 0.906 1.5208e-03 1.091
1/128 2.2699¢-04 1.045 6.5448e-04 1.216
1/256 8.3259e-05 1.447 2.1880e-04 1.581

a=03,6=07 1/16 2.2420e-03 6.7160e-03

k14 Lko = 0.978 1/32 1.2627¢-03 0.828 3.2762e-03 1.036
1/64 6.7057e-04 0.913 1.5361e-03 1.093
1/128 3.1637e-04 1.084 6.6032e-04 1.218
1/256 1.1291e-04 1.486 2.2055e-04 1.582

a=0.5,0=0.6 1/16 3.2154e-03 6.7814e-03

k14 Lko = 0.892 1/32 1.7546e-03 0.874 3.3074e-03 1.036
1/64 8.8745¢e-04 0.983 1.5503e-03 1.093
1/128 4.0087e-04 1.147 6.6613e-04 1.219
1/256 1.3823e-04 1.536 2.2239¢-04 1.583

a=0.7=0.8 1/16 3.9474e-03 6.7658e-03

k14 LKy = 0.827 1/32 2.0596e-03 0.939 3.2927e-03 1.039
1/64 1.0022¢-03 1.039 1.5408e-03 1.096
1/128 4.3931e-04 1.190 6.6123e-04 1.220
1/256 1.4817e-04 1.568 2.2055e-04 1.584
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Example 4.2. Let us take « = 0.5, § =0.6, a = 0.1, £k = 0.2, n = 0.5, and f(t,u) =
£ (14 ). Clearly

1+|u|

£t u)] < g@p([lul),

where ¢(t) = % and ¥(|u|) =1+ %ﬂu‘ Then

D(a— B +2) = [(1.9) = 0.9618,

D2 — §) = I'(1.4) = 0.8873,

D(a+2) = [(2.5) = 1.3203.
at®—h+1

I'a—pF+2)

‘ (E <r<a T Rl m) AT 2>> 027

v 1 1

= | =——— 47 )+ =—— =2.0671,
€] (F<a +2) ”) T(a+2)

Ky = 0.2723 + 0.2(2.0671) = 0.6857.

Then v = max
0<t<1

— 1‘ = 1. Hence,

Rg

Moreover,
1

Then k1 + Lry = 0.6857 + 0.5(2.0671) = 1.7193. We lost the uniqueness of the solution.
¥(r)

However, it is clear that k1 + kallg||limsup ——= < 1, so Theorem 3.3 applies. This
r—+00 r
guarantees the existence of at least one solution.

We provide in Figure 2 below the approximate solutions for Example 4.2 with different
orders o and (.

Example 4.3. Let u(t) = 2, then using (2.2) we have *D*lu(t) =

2 42-8
F(3_5)t . Hence,

—F(22—Oz) tl_a, CD’B'U/(t) =

_ cnatl cnp _ 2 11—« 2 2—3 2
f(t,u) = =D u(t) + a®D"u(t) + ku(t) = —mt + awt + kt=.
From the boundary condition u(1) = n°D*u(1) we choose n = @ Setting « = 0.7, 5 =
0.8,a =0.1, and k = 0.1 we find x; = 0.4715 < 1. Clearly, the nonlinearity f satisfies the
Lipschitz condition since L = 0. Therefore, by Theorem 3.1, the BVP (1.1) has a unique
solution. We provide in Figure 3 the approximate solutions for N = 128,256, 512 along
with the exact solution.
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Numerical Solutions Comparison N =256
— a=0.2, =03
a=0.3, p=0.7
0.02 = a=0.5, =0.6
— =07, p=0.8
0.‘0 0.‘2 0.‘4 ¢ 0:6 Q.IB l:Q
Figure 2: Numerical solutions for Example 4.2 with different orders a and .
Table 2: Example 4.2 Errors and orders of convergence
1/N Ly Error Ly Order Lo, Error L., Order
a=02,0=0.3 1/16 4.6668e-03 2.0359e-02
K1+ Lko = 1.943 1/32 1.8775e-03 1.314 1.0710e-02 0.927
1/32 1.8775e-03 1.314 1.0710e-02 0.927
1/64 8.5120e-04 1.141 5.2309e-03 1.034
1/128 4.1189e-04 1.047 2.3002e-03 1.185
1/256 1.5910e-04 1.372 7.7829e-04 1.563
a=03,6=07 1/16 4.7386e-03 2.0890e-02
k1 + Lko= 1.896 1/32 2.9624e-03 0.678 1.0996e-02 0.926
1/64 1.7212e-03 0.783 5.3730e-03 1.033
1/128 8.6158e-04 0.998 2.3621e-03 1.186
1/256 3.1905e-04 1.433 7.9882¢-04 1.564
a=0.5,3=0.6 1/16 1.0461e-02 2.2040e-02
K1+ Lko= 1.719 1/32 6.1884e-03 0.757 1.1644e-02 0.921
1/64 3.2629e-03 0.923 5.6922e-03 1.033
1/128 1.5053e-03 1.116 2.5009e-03 1.187
1/256 5.2457e-04 1.521 8.4483e-04 1.566
a=0.7,=038 1/16 1.5045e-02 2.2743e-02
k1 + Lko= 1.569 1/32 8.4398e-03 0.834 1.1975e-02 0.925
1/64 4.2629e-03 0.985 5.8369e-03 1.037
1/128 1.9039e-03 1.163 2.5577e-03 1.190
1/256 6.4804e-04 1.555 8.6219e-04 1.569
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Numerical Solution and Errors
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Figure 3: Exact and numerical solutions for Example 4.3 for different values of N.

Conclusion

In this paper, we explore a new setting involving fractional multi-term differential equa-
tions with the Riemann-Liouville-Caputo fractional derivative. We address the challenges
posed by the three terms and the fractional boundary condition using Green’s functions.
By applying fixed point theorems, we obtain existence results under various conditions
on the nonlinearity. Finally, we provide three numerical examples via the finite difference
method to confirm our findings. Future work could explore other fractional derivatives
and their impact on multi-term equations. It could also investigate higher-dimensional
problems, system stability, and cases on infinite intervals.
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