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Abstract In this article, we derive new integral formulas involving a ratio function,
a maximum function, and three adjustable parameters. Two of these parameters
control the maximum function in different ways. The arctangent function plays a
central role in the resulting expressions. These formulas are then used to construct
new and varied types of integral inequalities. In particular, we present weighted
Holder-type integral inequalities, as well as new Hardy-Hilbert-type integral in-
equalities. Their novelty lies mainly in the inclusion of the maximum function and
the two parameters governing it. Detailed proofs are given.
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1 Introduction

1.1 Context

Integral formulas and inequalities are fundamental to analysis. They are crucial for solv-
ing problems in both pure and applied mathematics. A comprehensive collection of the
most important integral formulas can be found in the book [6], while important integral
inequalities are presented in the books [2,3,5,7,15]. Among these inequalities, classical
results, such as the Holder and Hardy-Hilbert integral inequalities have inspired many
generalizations. These often involve additional parameters, weight functions, extended
dimensions, or modified functional forms. For a broader overview, see the survey [4] and
the books [16,17]. Recently, there has been a growing interest in integral inequalities with
sophisticated functional structures, such as ratio or maximum functions. In particular,
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maximum functions with parameters enable finer control over the behavior of the inte-
grand, making them useful for capturing extremal cases, modelling localized phenomena,
or introducing adjustable complexity in various analytical settings. The results in this
article contribute to this ongoing development.

1.2 Overview

For our mathematical background, a brief overview of Hardy-Hilbert integral inequalities
involving ratio and maximum functions is necessary. The first result of this kind was
obtained in [7], as formally mentioned below. Let p > 1, ¢ = p/(p — 1) be the Holder

+0o0
conjugate of p and f, g : (0,400) — (0,400) be two functions such that [ fP(x)dr <
0
+oo
+o0 and [ ¢%(y)dy < +oo. Then the following inequality holds:
0

1/p +00 1/q

Z]Omf(x)g(y)dxdyépq :/Oofp(a:)da: /gq(y)dy . (1)

+00 “+00 +00
where, for the sake of concision, we have set [[ = [ [ . The upper bound is thus
0 0 0
defined with a sharp constant factor, i.e., pg = p?/(p — 1), and the unweighted integral
norms of f and g. A modification of this result was established in [14], with the addition
+oo
of a parameter n > 0, as stated below. Assuming that [ 2?~'7"fP(z)dz < 400 and
0

“+oo
[y 171g%(y)dy < +o0, the following inequality holds:
0

o +o00 1/p +o0 1/q
1 pq 1 L
0 2 )

The upper bound is thus defined with a sharp constant factor, i.e., pg/n = p*/[n(p — 1)],
and the weighted integral norms of f and g, with the weight functions 2?~'~7 and y4~ 1",

respectively. A more original variant, still defined with ratio and maximum functions,
+o00

was introduced in [§] for the case p = 2. Formally, assuming that [ f*(z)dz < 400 and
0

+oo
[ ¢*(y)dy < +o0, the following inequality applies:
0

+o0

[/ T4yt rlnax(g;’ m f(2)g(y)dzdy

oo 1/2
< \/5{% - 2arctan[\/§]} / f(z)dw /gz(y)dy )
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with the following numerical approximation fact: /2 {7T -2 arctan[\/i]} ~ 1.74083. This

result was further generalized in [11] with the consideration of a norm parameter p >
+o0 +oo

1. Assuming that [ 2?/271fP(z)dz < +oo and [ y?/27l¢%(y)dy < +oo, the following
0 0

inequality holds:

+00
1
// =+ y + max(zx, y) f(z)g(y)dzdy
0
+o0 1/p oo e
=V {W . arctan[\/ﬁ]} / P2 P (@) de / v (y)dy | (1.2)
0 0

Still in [11], a one-power-parameter extension of this result was investigated, as mentioned
+00 +00

below. For any 7 > 1, assuming that [ z'~7fP(z)dz < +oo and [ y' "¢%(y)dy < +o0,
0 0

the following inequality applies:

Vi 1
[/ [z + y + max(z, y)]ff<$)g(y)d$dy

+00 Up T 400 1/q
< ! S / o' 7 fP(x)dw / v g (y)dy
=o(r—1\272 31

0 0

A functional generalization was also examined in [11]. We complete this brief overview
by mentioning other Hardy-Hilbert type integral inequalities defined with ratio and max-
imum functions in [1,7-10,12,13]. These results illustrate the richness and versatility of
this class of inequalities. They provide a foundation for the new contributions presented
in this article.

1.3 Contributions

In this article, we aim to extend the current literature in two main directions. First,
we establish new integral formulas that involve ratio and maximum functions. These
formulas also have the property of depending on three adjustable parameters. Two of
these parameters control the maximum function in different ways, of the form o max(x,~)
or amax(yx,1), where @ and v denote the two parameters. Combined with the ratio
function, this leads to original integral formulas in which the arctangent function appears
naturally. To illustrate this claim, one of our results (the first) can be formulated as
follows:
+o00

2—1/2
/ dz
1+ Bz + amax(z, )
0

Sl
14+ ay

arctan arctan

3

B+a (B+a)y

1
—2{\/(1+a7)6
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where «, # and < are the parameters, under some assumptions on them and on the
integrability of f and g.

Second, we use these formulas to construct new integral inequalities. These include
weighted Holder-type and Hardy-Hilbert-type integral inequalities, following the spirit of
the results presented in the overview of the previous subsection. The main innovation is
the way in which the maximum function and its governing parameters are incorporated.
This structure leads to a variety of new and interesting inequality forms. To illustrate
this claim, one of our results (the first) can be formulated as follows:

+o0o
1
0// 1 + fry + amax(xy, ) f(z)g(y)dady

2 ! t by + L t
~ — arctan arctan | ——
(1+av)p I+ay| Vi+a (B+a)y
X / 2?27 fP(2)da / Yy gl(y)dy |
0 0

where o, § and 7 are the parameters, under some assumptions on them and on the
integrability of f and g. All of our results are clearly stated and accompanied by full
proofs.

1.4 Organization

The article is organized as follows: Section 2 presents the main integral formulas, high-
lighting the role of each parameter. Section 3 applies these results to derive new integral
inequalities. Detailed proofs are given throughout the text. We conclude with remarks
on possible extensions and applications in Section 4.

2 New integral formulas

In this section, we present two sets of new integral formulas, where all formulas in each
set share a common mathematical basis. As previously motivated, these formulas have
the characteristic of involving a ratio functional structure, three adjustable parameters,
and a maximum function controlled by two parameters.

2.1 First set of integral formulas

The first formula in this set is presented below.

Proposition 2.1. For any a,(,7 € R such that (1 + ay)8 > 0, Bv/(1 + ay) > 0,
B+a>0and (B+ a)y >0, we have
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—+00

~1/2
d
/ 1+ fx + amax(x,7) v
0

_ 9 1 Py
= ——————— arctan arctan | ———— .

V(1 +ay)8 I+ ay B+ o (B + a)y

The case B — 0 yields
+0o0
—-1/2 1 1
/ < de =2 i—I——arctan .
1+ amax(z,) l+ay Va Jay

0

The case v — 0 yields

—+00

~1/2 -
/ 1+(6+a)xdx: Ftra

0

Proof. Making the change of variables x = vy, we find that

+00 +00

/2 (vy)~2
/ dr = / (vdy)
1+ px + amax(zx,) 1+ Byy + amax(vy, )
0

y=1/2
— d
=V / 1+ By + aymax(y, 1) *

Decomposing this integral by the Chasles integral formula at the threshold value y = 1,
taking into account the term max(y, 1), and using standard arctangent primitives and
formulas, we get

val / v " dy

1+ Bvy + aymax(y, 1)

—+00

y= /2 y~1/2
_ dy + / d
VI / 1+ Byy + aymax(y, 1) * 1+ Byy + aymax(y,1) *
0 1

1 +o0

y_1/2 y—1/2

- d +/ d

VI /1+5vy+a7><1 Y T+ By +ay <y’
0 1

1 +o0

1 y—1/2 y—l/2
d d
1—|—Oz’yo/1—|—[ Byy/(1+ ay)]? y+1/1+[ (8 + a)vyl? !

I
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y=1
1

1+ay

By
1+ ay

1+ ay

2 By

arctan

>

y=0

\/ﬁ arctan[y/ (8 + a)vy]] }

_ 2 By 2 T_
= ﬁ{ Toh arctan |4 /7 e Gron {2 arctan[y/ (03 + a)y]}}
D P A By 2 _
_¢§{ Granm U VTver | T TEran o VB ran }
1 By
= ———— arctan arctan | ——— .
{ (I+av)s L+ ay f+a [(6+aw }
So we have

+o00 I71/2

0/ 1+ fx 4+ amax(x,7) du

= ; arctan 5y + ! arctan | ——

B (1+a7)p l+ay| VB+a B+an| |

For the case  — 0, using the equivalence result arctan(t) ~ t when ¢t — 0, we obtain

“+oo

2172
/ dx
1+ amax(z,7)
0

1
(B+a)y

_ 1 By 1
_Q{Mﬂ+awﬁx Itay ' VB+a
:g{vﬁ

arctan

B—0

Ly )

For the case v — 0, using the limit result arctan(t) — 7/2 when ¢t — +o0, we get

“+oo

172
/1+w+am“

0

=2 ; arctan by + L arctan | —————

B (1+av)s l+ay| Vi+a (B + )y 0
T

“VBra

This ends the proof of Proposition 2.1.
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The second formula for this set is given below. Compared to the previous formula,
the parameter v controls another aspect of the maximum function.

Proposition 2.2. For any o, 8,7 € R such that (1 +a)8 > 0, 8/[(1 + a)y] > 0,
B+ay>0andv/(f+ay) >0, we have

“+o00

-1/2
/ dx
1+ Sz + amax(yz, 1)
0

(1+a)y

=2 {; arctan
(1+a)p

1 |
+ arctan — 7.
VB +ay { B+ ay }
The case B — 0 yields

+o0
/ a1/ U LS B \/T
r=— ——arctan |4/ —| ¢ .
1 + amax(yz, 1) VI | 1+a  Va a

0

The case v — 0 yields
+oo
/ /2 q 7T
—dr = ——.
/ 14+ 0z +« V(l+a)p

Proof. We can write

+00 +o0

o172 2-1/2
/ dr = / dz.
1+ px + amax(yzx, 1) 1+ px + arymax(z, 1/7)
0 0

M A0

Applying Proposition 2.1 with ”ay” instead of "« and ”1/4” instead of "~”, we get

+oo

2172
/ dz
1+ Sz + aymax(z,1/7)
0

By |1 1
L+ (ay)/v|  VB+ay (B+ay)/y

+ L arctan [ T
VB + ay VB+ay] [’

arctan [

=2 { ! arctan
[1+ (av)/7]8
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1

So we have

arctan
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0

1

s
(1+ )y

arctan

+ L arctan{ _r
VB +ay ViEi+ay] |




Vol. 61 (2025) New integral formulas with applications to integral inequalities 96

For the case  — 0, using the equivalence result arctan(t) ~ t when ¢ — 0, we obtain
“+o0o

—1/2
/ dx
1 + amax(yz, 1)
0

. Y
—2{ 1+a 1—|—a B+oryamtan{\/ﬂ+a7 }
. : f

_ﬁ 1—|—oz+ arctan o

For the case v — 0, noticing that max(vyx,1) = 1 and using the limit result arctan(t) —
7/2 when t — 400, we get

B—0

—+00

172
/ S ¥
14 pr+«

0

=92 {; arctan b + L arctan { i }
V(A +a)b 1+a)y| VB+ay Bravl]|
B s
- JO+a)p
This ends the proof of Proposition 2.2. ]

The third formula for this set is given below. Compared to the previous two results,
[ has a different effect on the ratio function.

Proposition 2.3. For any «, 8,7 € R such that (1 + av)B > 0, Bv/(1 + ay) > 0,
B+a>0 and (B+ a)y >0, we have

—+00

~1/2
d
/ x4 [+ amax(yzx, 1) .
0

By

arctan
14+ ay

arctan

1
t =

1 1
_2{ (1+a7)8 VB +a)y }

The case B — 0 yields
+oo

—1/2 1 1
/ x de =2 il + ——arctan | ——| ;.
r + amax(vyz,1) l+ay  Va Jary
0

Proof. Tt follows from Proposition 2.1 that

—+00
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d
/ 1+ Bz + amax(z, ) v
0
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1
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Making the change of variables x = 1/y, the integral can be expressed as

“+o00

0/ 1+ Bz —i—ozlflax(x,y) de 24 1+ 5(1/;)1@1 Ilriix(l/y,v) <_%dy)

+oo +o0

-1/2 —-1/2
= / Y dy = / Y dy
y+ B+ aymax(1/y,v) y + B+ amax(1,vy)
0 0

“+00

y1/2
= / dy.
y+ [+ amax(vyy, 1)
0

Uniformizing the notation, we therefore have

—+00

~1/2
d
/ x4+ B+ amax(yz, 1) v
0

= ; arctan 5y + L arctan | ————
WO +ans I+ay] VB+a (B+an] )

For the case  — 0, using the equivalence result arctan(t) ~ t when ¢t — 0, we obtain
+00

2172
/ dx
r + amax(yz, 1)
0

1
arctan —_——
v/ 1—1—047 1+CW (B+a)y 50
= + —= arctan .
{1+a'y Vo [\/a’y}}
This concludes the proof of Proposition 2.3. O

The fourth (and final) formula for this set is given below.

Proposition 2.4. For any a,(,7 € R such that (1 + «)f > 0, 5/[(1 + a)y] > 0,
B+ ay >0 andv/(B+ ay) > 0, we have

+oo

—1/2
d
/ x4 [+ amax(zx,7) v
0

1 I6; 1 [ [~
=2¢{ ——— arctan arctan S .
(14+a)B (I+a)y B+ ary B+ ay
Proof. We can write
+00 +oo

—1/2 —-1/2

dor = dz.
/:r;—l—ﬁ—l—amax(x,fy) v /:C—l—ﬁ—i-&’ymax(a:/’y,l) :v
0 0
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Applying Proposition 2.3 with "ay” instead of "a” and ”1/4” instead of ”7+”, we find
that

—+00

o172
/ dx
z+ [+ aymax(x/v,1)
0

=2 ! arctan 5—/V ——————— arctan —1
V(L +(a)/7)8 1+ (o) /v B+ ay B+ an) /v

= ;arc an b L arctan b

B {\/(l—i-oz)ﬂ ' (1+a)y +\/ﬁ+ow ¢ {\/6—1—&7 }

We therefore have
—+o00

2172
/ dz
x + B+ amax(z, )
0

=2 ; arctan + L arctan [ _r
- (14+a)p VB +ay ViB+ay] |’

This ends the proof of Proposition 2.4. O]

(1+a)y

The result is identical to that obtained in Proposition 2.2. This can be proved directly
by making the change of variables y = 1/x in the main integral.

2.2 Second set of integral formulas

The second set of integral formulas considers a slight modification in the functional struc-

ture of the ratio function. Either the term x is removed, making the old constant term,

which was set to 1, more flexible, or this constant is removed and the term x is activated.
The first formula in this set is presented below.

Proposition 2.5. For any o, 8,7 € R such that v > 0, f+ay # 0, af > 0 and
B/(ay) >0, we obtain

+o0
I_1/2 B \/,7 1 ﬁ
ﬁ—i—amax(:z;,fy)dx = 2{5‘*‘0@’ + marctan [”a_'y] }

0

The case B — 0 yields
+oo
z /2 p 4
——dr = —.
max(,0) VA
Proof. Making the change of variables z = vy, we get
+00 +0o0

+oo
2172 (,.yy)—l/Q y—1/2
dx = dy) = d
/ f + amax(z,) ! / B+ amax(vy,7) (dy) = V7 / B+ aymax(y, 1) Y
0 0 0
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Decomposing the integral by the Chasles integral formula at the threshold value y =
1, taking into account the term max(y, 1), and using standard power and arctangent
primitives and formulas, we establish that

+oo
—1/2
d

VI / B+ aymax(y,1) 0

0

1 400
_ s y—1/2 s y—1/2 "
B + oy max(y, 1) B+ aymax(y, 1)
1
Y12 oo Y12

_ dy+ | —2— 4

VI ﬁ+ow><1y ﬁ+ow><yy

Yy——+00
|5 oy
B+ ay : avamtan[ 57 L:l
7 oy
ﬂ n 04’7 ozﬂ { — arctan [ 7 }}

1 71/2 —1/2
{“C”/y y+5/1+¢m}2dy
ﬁ{ 1 [Wﬁ]i?ﬁ%

So we have

+00
2172 - S . ;
, 5+Oémax(x77)d$—2{ﬁ+a7+ marctan [”04_7]}'

For the case  — 0, using the equivalence result arctan(t) ~ t when ¢t — 0, we obtain

+00 $_1/2 +o00 _1/2

———dr=a | ————dr = 2«

max(z, ) / amax(z, ) 6+a7 \/
0 0

This concludes the proof of Proposition 2.5. n

The second formula for this set is given below. Compared to the previous formula,
the parameter ~ affects the maximum function in another way.
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Proposition 2.6. For any o, 3,7 € R such that v > 0, 4+« # 0, af >0 and B/a > 0,

we have
—+oo
712 p 2 1 N 1 . \/E
= — arctan = 5.
B+ amax(yz,1) VY | B+ta  Vap a
0

The case B — 0 yields

71/2 4
max(yz, 1 A

Proof. We can write

“+o00 —+00
$_1/2 $_1/2

dr = dz.
f 4+ amax(yz, 1) v p 4+ arymax(z,1/7) v
0

Applying Proposition 2.5 with ”ay” instead of "« and ”1/4” instead of ”~”, we obtain

T e de =2 \/1/_7 + ! arctan L
B+ aymax(z,1/7) B+ (ay)/v  Vayp () /v

0
2 1 Lo \ﬁ
_ﬁ m—a—l—\/T_ﬁarcan o .

So we have
_1/2 g 9 1 1 . \/E
/5+amax7x l)x_ﬁ —6+a+marcan a0

For the case  — 0, using the equivalence result arctan(t) ~ t when ¢t — 0, we obtain

g1/ e 2 [ 1 | 3 1
—a/—dx:a— +— x1/= = —.
max(yz, 1) amax(yz, 1) VY | B+a  VapB o fl Nal
0
This ends the proof of Proposition 2.6. O]

The third formula for this set is presented below.

Proposition 2.7. For any o, (3,7 € R such that v > 0, B+ ay # 0, af > 0 and
B/(ay) > 0, we have

“+o00
—-1/2
v dsz{ il +

fx + amax(vyzx, 1)
0
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Proof. 1t follows from Proposition 2.5 that

71/2 B ﬁ 1 B
/ﬁ—l—amaxx 7)dx—Q{ﬁ_Hw—l—\/marctan [“CY_VI}'

Making the change of variables x = 1/y, the integral can be expressed as

+o0o 0
:B_l/2 (1/y)—1/2 1
dr = ——dy
B + amax(z,) B+amax(l/y,v) \ y?
400
+o0 y_1/2 +o0 y_1/2
By + aymax(1/y, ) By + amax(1,vy)
—+o0
y=1/2

— dy.
By + amax(yy, 1)

0
Uniformizing the notation, we therefore have

+oo
$—1/2

_ Al 1 e
B:B—l—amax(’yx,l)dx_2{ﬁ+oz’y+\/@amtan[ 047]}.

This concludes the proof of Proposition 2.7.

The fourth (and final) formula for this set is given below.

101

Proposition 2.8. For any o, 3,7 € R such that v > 0, 4+« >0, af # 0 and B/a > 0,

we have

+00 21/2 e ) 1 1 . \/E
/5$+amaX($,7)$_ﬁ Bra vap o |Valf

0
Proof. We can write

—+00 —+o00
2—1/2 2—1/2

dz = dz.
pfx + amax(x, ") v fx 4+ aymax(x/vy,1) v
0

0

N A0

Applying Proposition 2.7 with ”a4” instead of "« and ”1/+” instead of ”v”, we get

—+00

z'? _ Ly L arctan _B_
0/ Bz 4+ ay max(x /7, 1>d:v =2 {5 + (ay) /v * (ay)B ' [ (O/Y)/’V] }

—i ;—l-Larctan \/E
VA | B+a VaB al |

This ends the proof of Proposition 2.8.
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The result is identical to that obtained in Proposition 2.6. We can prove that the two
integrals involved are equal using the change of variables y = 1/x.

The integral formulas presented in these propositions are new to the best of our
knowledge. In particular, they are not referenced in [6]. They can be used to derive new
integral inequalities involving maximum and ratio functions. This claim is supported by
the contributions in the next section.

3 Applications to integral inequalities

In this section, we establish weighted Holder-type and Hardy-Hilbert-type integral in-
equalities based on the new integral formulas.

3.1 Some new weighted Holder-type integral inequalities

A set of new weighted Holder-type integral inequalities is given in the proposition be-
low. The corresponding integrands have the property of involving ratio and maximum
functions, as well as three adjustable parameters.

Proposition 3.1. Let p > 1, g = p/(p — 1) and f : (0,400) — (0,4+00) be a function
+o0

such that [ 2\ 9Y/2f4(z)dx < +oo. Then the inequalities below hold.
0

Inequality 1: For any o, 3,y > 0 such that (1+av)8 >0, 5v/(14+av) >0, 4+a >0
and (B + a)y > 0, we have

+0o0

1
/ [1+ Bz + o max(z, 7)]1/pf($)d9€

0

1
B+ a)y

By
14+ ay

arctan

0+ «

}1/17

1
< 2P~  arctan
(14 av)p

+00 1/q

" / 20D/2 93 4y

0

Inequality 2: For any o, 8,y > 0 such that (14+a)8 >0, 5/[(1+a)y] >0, 5+ay >0
and v/(B + ay) > 0, we have
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—+00

1
/ 14 Bz + amax(yz, 1)]1/pf(‘r)d'r
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B
(14 a)y

arctan

P £ {,/—7 ]1/17
\/marcan 5_'_&7
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+o0 /g

" / 20/2 fa(3) g

0

Inequality 3: For any «, 5,7 > 0 such that (1+av)8 >0, fy/(1+ay) >0, B4+a >0
and (B + a)y > 0, we have
+o0

1
0/ [z +  + amax(yz, 1)]1/pf(x)dx

1

By
(B+a)y

1+ ay

arctan
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}1/10

1
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< 9l/p {;
a Vvl +av)B

400 1/q

" / 20D/2 () g

0

Inequality 4: For any o, 5,7 > 0 such that (14+a)8 >0, /[(1+a)y] >0, 5+ay >0
and v/(B + ay) > 0, we have

—+00

1
0/ [z + B + amax(z, 7)]1/pf($)dx

f
(1+ a)y

arctan

P £ {1/—7 ]1/17
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+oo 1/q
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0
Inequality 5: For any o, B,y > 0 such that v > 0, +ay >0, af > 0 and 5/(ay) > 0,

we obtain
—+o0

1
| G e @

0

1/p +oo
< 2l/p {ﬁ —\1{17 + \/l_ﬁ arctan [1 / c%] } / 2 /2 £9(3) da

0

1/q
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Inequality 6: For any o, 3,7 > 0 such that v >0, f+a >0, af >0 and 5/a >0, we
have

—+00

1
/ [f 4+ amax(yz, 1)]1/pf(37)d$

0

+oo 1/q

21/p 1 1 \/E v (g 1)/2fq( )d
< + arctan — HACE x)dx
- '71/(217) 6-}-@ 1/Oéﬁ Q /

0

Inequality 7: For any a, 3,7 > 0 such thaty > 0, f+ay > 0, aff > 0 and §/(ay) > 0,
we have

+oo

1
/ [Bx + amax(yx, 1)]1/pf(x)dx

0
1/p +oo
< 21/p{ il + arctan [ ﬁ] } /.:c(q_l)/qu(x)dx
ary
0

1/q

1
B+ay  Vap

Inequality 8: For any «, 3,7 > 0 such that v >0, f+a >0, af >0 and f/a > 0, we
have

+0o0

1
/ [Bx + amax(z, 7)]1/pf(x)dx

0

ol/p 1 1 ;] Ve (-1)/2
< 7@ \Fia + NG arctan o / x\ fUx)dx

0

1/q

For each of these inequalities, we can apply the limit B — 0 or v — 0 if the convergence
holds.

Proof. We will only give a detailed proof of the first inequality. The other inequalities are
based on the same mathematical principle, each using one of the propositions established
in the previous section.

Inequality 1: A suitable product decomposition of the main integrand using the identity
1 = 2~ Y@/ followed by the application of the Holder integral inequality at
p and ¢, gives

+oo +o0o

1 x_l/(Qp)
flz)dz = 2V CP) f (2)dx

[1+ Bz + amax(z,v)]'/? 1+ fz + amax(z,v)]/?

+o00 1/p 400 1/q

172

< d a/(2p) £4( 1\

- /1+Ba:+amax(x,’y) ’ /x JHw)de
0 0
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Using Proposition 2.1 and p = ¢/(¢ — 1), we can express the upper bound as

~1/2
/ v dx / 29/ (2p) fi(x)dx
0 0

1+ fx + amax(x,7)

1/p
— ol/p ; arctan 5y arctan ;
(I+ay)8 L+ay P +a (8+a)y
+00 1/q
" / 20072 () g
0
We therefore have
+o0o
/ ! f(@)d
[1+ Bz + amax(z,~)]'/? e
0
1/p
< o1/p ; arctan by + ! arctan ;
(1+ay)p 1+ ay VB+a (B+a)y

400 1/q

" / 20D/2 93

0

The desired result is established.

Inequalities 2-8: For proving Inequalities 2-8, we proceed as the proof in Inequality 1
but using Propositions 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 and 2.8, instead of Proposition 2.1,
respectively.

This concludes the proof of Proposition 3.1. n

These weighted Holder-type integral inequalities can be used to study integral oper-
ators involving ratio and maximum functions. In particular, they can be instrumental
in analyzing the continuity of such operators with respect to the integral norms under
consideration.

3.2 Some new Hardy-Hilbert-type integral inequalities

A set of new Hardy-Hilbert-type integral inequalities is given in the proposition below.
They mainly deal with integrands involving ratio and maximum functions, three ad-
justable parameters, and the product variable xy.

Proposition 3.2. Letp > 1, ¢ =p/(p—1) and f,g : (0,400) > (0, +00) be two functions

+oo +oo

such that [ P>~ fP(x)dx < +oo and [ y¥?7'gi(y)dy < +oco. Then the inequalities
0 0

below hold.
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Inequality 1: For any «, 8,7 > 0 such that (1+a7)8 >0, fv/(1+ay) >0, B+a >0
and (f + a)y >0, we have

+oo
1
[/ 1+ pry + amax(zy,y) f(z)g(y)dxdy

! arctan il + ! arctan !
(1+av)B l+ay| VBta L
400 1/p oo Vg
X / xp/Q—lfp(x)dx / yQ/2—lgq(y>dy
0 0

Inequality 2: For any «, 3,y > 0 such that (14+a)8 >0, /[(1+a)y] >0, 5+ ay >0
and v/(B + ay) > 0, we have

+o00

1
// 1 + fry + amax(yzy, 1) f(x)g(y)dzdy
0

1 3 1 { . ]
< 2{ ————arctan arctan
(1+a)B (1+a)y TTay Tt
+0oo 1/p Yoo g
X / xp/2—1fp(x)dx / yq/2—1QQ(y>dy
0 0

Inequality 3: For any «, 8,7 > 0 such that (1+a7)8 >0, fv/(1+ay) >0, B+a >0
and (8 + @)y > 0, we have

+o00
1
[/ w0 B+ amax(ray 1)) D9W)drdy

! By 1
<2\ ey etan + arctan | ———
{ (1+av)B l+ay|  VBra R }
+o0 1/p oo Vg
X / xp/Z—lfp(x)dx / yQ/2—lgq(y>dy
0 0

Inequality 4: For any o, 3,y > 0 such that (1+a)8 >0, /[(1+a)y] >0, 5+ay >0
and v/(B + ay) > 0, we have
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+o00
1
[/ xy + B + amax(zy, ) f(z)g(y)dzdy

<2 ; arctan b + ! arctan { L}
a (1+a)8 (I+a)y| VB+ay V 8+ ay
+o00 1/p +00 1/q
X / a7 fP(z)dx / > g (y)dy
0 0

Inequality 5: For any a, 3,7 > 0 such thaty > 0, f+ay > 0, aff > 0 and §/(ay) > 0,
we obtain

://O B+a mix(% 9 f(x)g(y)dzdy

+o00 1/p +00 1/q
Al 1 8 / /2-1 / /2-1
<9 t il P P(2\d q Ny
< {mm*mma‘l D] [ oy Yy dy
0 0

Inequality 6: For any «, 3,7 > 0 such that v >0, f+a >0, af >0 and f/a > 0, we
have

+o00
1
[/ b+« maX(’ﬂ'y, 1) f(:v)g(y)da:dy

+oo P 400 1/q
2y r 1 B p/2-1 a/2-1
< 7 {B—i—oé - marctan[ a]} /x fP(z)dx /?/ g (y)dy .

0 0

Inequality 7: For any o, B,y > 0 such that v > 0, +ay >0, af > 0 and 5/(ay) > 0,

we have
+o00 . \/_ 1 B
g
[/ Bry + amax(yzry, 1)f(x)g(y)dxdy <2 {,8 o + NG arctan [1 / a_'y] }
+o0 1/p too 1/q

X / 2 fP(2)d / Y 9" (y)dy

0 0

Inequality 8: For any o, 3,7 > 0 such that v >0, f+a >0, af >0 and 5/a >0, we
have
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T 1 2 1 1 3
/EEEPTERE

+oo l/p JrOO 1/(]
X / 2?27 P (z)da / gt (y)dy
0 0

For each of these inequalities, we can apply the limit 5 — 0 or v — 0 if the convergence
holds.

Proof. We will only give a detailed proof of the first inequality. The other inequalities are
based on the same mathematical principle, each using one of the propositions established
in the previous section.

Inequality 1: A suitable product decomposition of the main integrand considering the
identity 1 = x1/(20)y=1/(2p)3=1/(20)91/(2) and the equality 1/p+1/q = 1, followed by
the application of the Holder integral inequality at p and ¢, gives

f(x)g(y)dxdy

// 1+ Bry + maX(fry 7)

—1/(2p) —1/(29),,1/(2p)
Dy x y
// f(z) o(y)dudy

1+ Ba:y +a maX(wy NPT+ Bay + amax(xy, )]V

< Qll/p%l/q, (3.1)

where

+o0
p/(20)y-1/2
9 — // Y P (2)dzdy
0

1+ pBry + amax(zy,y)

and

+oo
—-1/2,.4/(2p)
B = // Y 9*(y)dzdy.
0

1+ Bry + amax(vy,)

Let us determine the expressions of 2 and 8, one after the other.

Since the integrand associated with 2 is clearly non-negative, we can apply the
Fubini-Tonelli integral theorem that ensures the exchange of the order of integra-
tion. This, followed by the change of variables u = xy with respect to y, the equality
g =p/(p—1) and the application of Proposition 2.1, gives
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—+00 —+00

p/(2q)=1/2 p <xy)71/2

0 0
“+o0o +0o0
-1/2
— p/2—1 rp u dul d
[ 7@ [ v amat | ¢
0 0
+o00

_ / PP ()

0

X |2 ; arctan il + ! arctan ; dx
(1+av)B l+ay| VB+a (B + a)y
= {; arctan il + ! arctan ; }
V(l+ay)s l+ay] Vi+a V(B +a)y

+o0

X / 2P/ P (1) d.
’ (3.2)

For the term B, we proceed in a similar way but with the change of variables v = zy
with respect to x, as follows:

+o0 T ( )—1/2
B [ /12, / y dz| d
/ Yy 9'(y) 1 + Bry + amax(zy, ”Y)y !
0 0
+oo +oo
—1/2
_ q/2—-1 4q ! d d
/y 9*(v) / 1+ v+ amax(v,7) o
2 0

! arctan by + ! arctan ; d
(1—|—Oz’y) 1+Oé”)/ \/ﬁ—i—oz (ﬂ—}-a)fy y
= ! arctan by ! arctan | ———— }
(14 o) 1+ ay B+ « (B+a)y
+oo

(3.3)

Substituting the expressions of 2 and B determined in Equations (3.2) and (3.3)
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into Equation (3.1), and using the equality 1/p+ 1/q = 1, we get

1
[/ 1 + By + amax(zy,7) f(@)g(y)dady
=’ ; arctan ﬂ + ! arctan ;
< (1+ay)B l+av|  VBta ETr

“+o00

1/p
X /xp/Q_lfp(x)dx]

0

1 By 1 1
X |2{ ———arctan + arctan | ————
[ { JAtap lt+ay| VB+a V(B +a)y }
+o00 1/q
x / y?/ “gq(y)dy]
0
1 By 1 1
=2{ ———— arctan + arctan | ———
{ /(1 + av)B 1+ oy VB + « (B+ a)y }
+00 1/p 400 1/q
< | [oripad] | [ g
0 0

The desired inequality is established.

Inequalities 2-8: For proving Inequalities 2-8, we proceed as the proof in Inequality 1
but using Propositions 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 and 2.8, instead of Proposition 2.1,
respectively.

This concludes the proof of Proposition 3.2. O]

These results can be applied to the study of various integral operators defined using the
proposed integrands and function space embeddings. They also highlight the importance
of our integral formulas in establishing boundedness, continuity and other functional
properties of such operators.

The proposition below can be viewed as a three-parameter extension of the result
n [11], recalled in Equation (1.2).

Proposition 3.3. Let p > 1, ¢ = p/(p — 1), o, 58,7 > 0 such that (1 + «)B > 0,
B/[(1+a)y] >0, ﬁ—l—ory>0 and’y/(ﬂ—l—ory) > O andf, : (0, 400) — (0,400) be two

functions such that f 2P/271 fP(3)dr < 400 and f Y12~ 1g9(y)dy < +oo. Then we have
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1
[/ r + fy + amax(z, Wy)f(x)g(y)dxdy

<2 ; arctan b + ! arctan [ B }
B (1+a)p (1+a)y VB +ay B+ ay
400 Up 400 1/q
x / a7 P () da / > g (y)dy
0 0

Note that we can apply the limit 5 — 0 or v — 0.

Proof. A suitable product decomposition of the main integrand using the identity 1 =
21/ 20y =1/(2p) =1/ (24)9)1/(2) and the equality 1/p+ 1/q = 1, followed by the application of
the Holder integral inequality at p and ¢, gives

// T+ By +« max( 7Y) f(@)g(y)dady

y~1/(p) 11/ (20)y1/(2p) o
// x + ﬁy + amax(w 'Vy)]l/pf( ) [17 + By + amax(m, 79)]1/qg(y> o
< e:l/P@l/fI, (3.4)
where
7P/ (20)—1/2 (P ded
//x—i—ﬁy—i—ozmax(x yy)f (w)dxdy
and

~1/2,0/(20) o
B //  + By + amax(z, 7y)” (y)dedy.
0

Let us determine the expressions of € and ®, one after the other.

Since the integrand associated with € is clearly non-negative, we can exchange the
order of integration by the Fubini-Tonelli integral theorem. This, followed by the change
of variables u = y/x with respect to y, the use of ¢ = p/(p — 1), and the application of
Proposition 2.2, gives

“+o00 “+o00

_ /(24)-1/2 (y/z) "™
. O/x” B 0/ 1+ B(y/z) + amax(L, yy/z) | dy "
oo T

= /[Ep/2_1fp(l') / w2 du| dx
1 + pu + amax(1, yu)
0

0
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—+00

_ / 22 f7(2)

0

X <2 ; arctan b + ! arctan { i dx
(1+a)p (I+a)y| VB+ay V B+ ay
=2 ; arctan b + L arctan { v
V(A +a)p (I+a)y| VB+ay B+ ay
+oo

x [ PP (x)de.

o\

(3.5)

For the term ©, we proceed in a similar way but with the change of variables v = z/y
with respect to x, and Proposition 2.4, as follows:

“+oo +o0

—-1/2 1
D — /yq/(Qp)—l/ng(y) / (z/y) « gdx dy
0

/ x/y+ B+ amax(z/y,7)

+oo +oo

= / Yy g (y) / v dv| dy
v+ [+ amax(v, )
0 0

X <2 _ arctan g arctan [ 7 dy
V(1 +a)p (I+a)y| VB+ay B+ ay
=2 ; arctan g arctan [ 7
NGETL +an|  Vite VE+an
+o0

(3.6)

Substituting the expressions of € and © obtained in Equations (3.5) and (3.6) into
Equation (3.4), and using the equality 1/p + 1/¢ = 1, we obtain

+o00
1
[/ x + Py + amax(z,yy) f(x)g(y)dzdy

p

arctan
(1+a)y

< |2 ; + L arctan[ 7
a V(l+a)p VB + ay B+ ay
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“+oo

« / 7721 fp(x)dx] "

0

1 1
X |2{ ——————arctan —ﬁ + ————— arctan [ _r
VI +a)s (1+a)y B+ ay V 8+ ay
+oo 1/q
x / y?! 2‘19q(y)dy]
1 I6; 1 { v ]
=2 ———— arctan + arctan L
{ (1+a)p (I+a)y| VB+ay V B+ ay
+00 Up [ 4o 1/q
x / a7 P (x)da / Y g (y)dy
0 0
This ends the proof of Proposition 3.3. O]

In particular, taking « =1, § =1 and v = 1, the constant factor becomes

1 B 1 ~
2 {\/ﬁ arctan (1 T Q{)’y + \/m arctan [ B n ay }

e[ v o] o
=2 {7r - Qarctan[\/ﬁ]} ,

which corresponds to the setting of [11]. See also [8] for the special case p = 2. Proposition
3.3 thus significantly generalizes these results and adds a higher degree of flexibility thanks
to the parameters «, § and 7.

The proposition below presents a new variant of the Hardy-Hilbert-type integral in-
equality, which can be seen as a three-parameter version of the one in Equation (1.1),
distinguishing two types of integrability assumptions or weighted integral norms in the
upper bounds. Note that the presence of the three parameters complicates the situation
considerably and explains this distinction.

Proposition 3.4. Letp>1,¢q=p/(p—1),a>0,5>0,v>0, and f,g: (0,400)
(0, +00) be two functions. We study upper bounds for the following double integral:

+oo
1
[/ B+ amax(z, Vy)f(if)g(y)dmdy,

distinguishing two types of weighted integral norms for f and g, denoted Types I and II.
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“+o0 —+o00
Type 1. Assuming that [ zP/*71fP(z)dx < +oo and [ y??*7'gi(y)dy < +oo, we have
0 0

Z/OOB + mitx(x, +9) f(x)g(y)dzdy

—+o00 l/p —+o00 l/q

il
<—— | [ PP (x)da /yq”‘lgq y)dy
A | (@ )

0

+00 +oo
Type II. Assuming that [ x®=V/2fP(z)dz < +oo and [ y 9= V2gi(y)dy < +o0, we
0 0

have

+oo
1
[/ B + amax(z, yy) f(x)g(y)dxdy

1/p +00 1/q

400
L+m / (p-1)/2 172
x fP(z)dx y D21 (y)dy
/o 1/ 2p)

7 0 0

For each of these inequalities, we can apply the limit B — 0 or v — 0 if the convergence
holds.

Proof. A suitable product decomposition of the main integrand using the identity 1 =
w1/ (20)g=1/(2p) =1/ (2)1/(2P) and the equality 1/p+ 1/q = 1, followed by the application of
the Holder integral inequality at p and ¢, gives

// B + a max(z, 1) f(2)g(y)dxdy

Jy =1/ () —1/(20)1/(2p) o
// (8 + amax(z fyy)]l/pf(x) B+ Oémax(wjfyy)]l/qg(y) ray

< @1/1)31/117 (3.7)

//5+amaxx 'yy)f (w)ddy

1/24a/(2p) Yo\ dod
§= //ﬁ—i—ozmaxx vy) 9" (y)drdy.

Let us determine the expressions of € and §, one after the other.

where

and
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Since the integrand associated with € is clearly non-negative, we can apply the Fubini-
Tonelli integral theorem that allows the exchange of the order of integration. This,
followed by the use of ¢ = p/(p — 1) and the application of Proposition 2.5 with ”a~y”
instead of "o and "z /~” instead of 747, gives

—+00 “+o00

¢ = /xp/(2q)fp(1:) y dy | dx
J ) B+ amax(z, yy)
+oo [ +oo 19
:/x(p_l)/pr(x) Yy dy| dx

J J B+ oy max(x/v,y)

— +Oox(1’—1)/2 Py _ T/ ! arctan B x
[ _2{6+<cw><x/v> NV [ m(m/w”] !

0

+oo
_ 2 [ ez vV 1 B
_ﬁo/x D2 g (x){ﬁ_i_ax%—marctan " dx.

Let us now majorize § by distinguishing between Types I and II, one after the other.

(3.8)

Type 1. Using the inequality arctan(a) < a for any a > 0, with a = /f/(ax), and
£ > 0, we have

Jz |

+ arctan [

B+ax  Vap

This, and Equation (3.8), implies that

<Y xy /==
axT

B Y 3 2
ar| = az | \aB ar  a\/T

+o0 +oo
2 2 4
E< — / P2 2 (1) x dr = /a:p/Q_lfp x)dx. 3.9

Type II. For this type, using the formula a? + b* > 2ab for any a,b > 0, with a = /B
and b = y/azx, and arctan(a) < 7/2 for any a > 0, we have

N7 1 54 NZ7 1 T 147
ﬁ_i_ax—i—marctan[ a]gz —Oéﬁx—i_mxi_?m'

This, and Equation (3.8), implies that

+00
1+7 14+

dr —
2B Japy /

+oo
2
¢ < — / g PV/2 P () g P=V2 7 (1) dx. (3.10)
VI 0

For the term §, we proceed in a similar way, but with the application of Proposition 2.5
with 7~y” instead of ”~”. This yields
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“+o0

2172
— a/( 2p de | d
s / /ﬁ+amaxxvy) oY

0

— / y(q—l)/2gq<y> [2 {B @y + \/ix_ﬁ arctan [1 / Ozivy] }] dy (3.11)

0

+oo
1
=9 / y(q—l)/2gq(y) {ﬁ @y + JaB arctan [ Ozi'yy] } dy.

0

Let us now majorize § by distinguishing between Types I and II, one after the other.

Type 1. Using the inequality arctan(a) < a for any a > 0, with a = /8/(ayy), and
£ > 0, we have

NGl sl_vw, v [ 2
ﬁ+a7y+\/@mtan[ owylg " VaB N aw T ayay

This, and Equation (3.11), implies that

+o0

F<2 / y D29 (y) x

0

9 4
dy = /yq/”gq y)dy.
ayy ayy ) )

(3.12)

Type II. For this type, using the formula a® + 0* > 2ab for any a,b > 0, with a = /8
and b = /a7y, and arctan(a) < 7/2 for any a > 0, we have

VY 1 B VY 1 O
B+ avy " vapB aretan [\/ avy] = 2v/apByy - VaB 2~ 2/ap

This, and Equation (3.8), implies that

+00 +oo

1+7 1+7
F<2 / YD g(y) x dy = y D2 g (y)dy. (3.13)
2/ WV,
0 ap ap 0

We are now in a position to conclude by combining the upper bounds obtained. Let us
do this in detail by distinguishing between Types I and II, one after the other.

Type I. Putting the upper bounds of € and § obtained in Equations (3.9) and (3.12)
into Equation (3.7), and using the equality 1/p + 1/q = 1, we obtain
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Z/oo B+a mix(x’ ) f(z)g(y)dzdy

11/ 1/q

+ +o0
4 / 4
xp/%lfp 2)dx /yq/2lgq y)dy
o el oA )
+oo 1P T+ 1/q

4 / _ _
= 2271 P (1) dx /yq/2 Lot (y)dy
ol | | [t

This is the desired result for Type I.

Type II. Putting the upper bounds of € and § obtained in Equations (3.10) and (3.13)
into Equation (3.7), and using the equality 1/p+ 1/q = 1, we obtain

+o00
1
[/ S + amax(z, vy)f(w)g(y)dxdy

+oo p 1 +oo 1/q
1+7T (_1 1+7T _
2P )/21019@)@7 y(q 1)/ng(y)dy
vaby / vap /
—+o00 __l/p +o00 l/q
1+
_ -7 (p—l)/2fp( )d / (g—1)/2 q( )d
T xr)ax Yy g \y)ay
a3~1/(2p) /
vapy / | )

This is the desired result for Type II.
This ends the proof of Proposition 3.4. [

For the special case « = 1, § =1, v = 1 and p = 2, the result obtained for Type
I reduces to the inequality given in Equation (1.1). To the best of our knowledge, the
result for other parameter values is new. Moreover, the introduction and analysis of Type
IT inequalities appear to be original contributions as well.

4 Conclusion

In conclusion, this article provides contributions to the field of integral calculus and
inequalities. The integral formulas obtained, which feature ratio functions, maximum
terms, and adjustable parameters, offer a flexible framework. The natural emergence
of the arctangent function also points to meaningful connections with classical analysis
and special functions. The new weighted Holder-type and Hardy-Hilbert-type integral
inequalities highlight the potential of our formulas in more technical contexts. The role
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of the maximum function, which is governed by two independent parameters, introduces
additional complexity that may inspire further developments in related functional in-
equalities.

Potential extensions include generalization of our results to multidimensional domains,
formulation of operator versions of inequalities, and identification of extremal functions or
equality cases to better understand sharpness. In addition, possible areas of application
include harmonic analysis, optimization, probability theory, and partial differential equa-
tions. We therefore believe that the methods and results presented here lay a versatile
foundation for both theoretical advancement and practical application.
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