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Abstract In this article, we establish new and flexible integral inequalities that
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existing results in the literature. They can also be reformulated in the context of
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1 Introduction

Inequalities play an important role in mathematics. In particular, many classical in-
equalities of the integral type, known as integral inequalities, have been fundamental
tools in establishing crucial results. Among the best known integral inequalities are the
Cauchy-Schwarz integral inequality, the Holder integral inequality, the Minkowski integral
inequality, the Hermite-Hadamard integral inequality and the Jensen integral inequality.
A complete survey of the subject can be found in [1-3,11,12].

Recent research has focused on simple and original integral inequalities involving
several adaptable functions and parameters. One notable result of this type is [4, Theorem
2.4]. For the purposes of this article, we will briefly describe it below. Let (a,b) €
R? U {4o00}? with a < b, p,q : [a,b] — [0, +00) be two functions such that p is integrable
and ¢ is non-decreasing, differentiable and integrable, and the following integral inequality

holds:
b b
[ vz [t
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for any x € [a,b]. Then, for any (a, 8) € [0, +00)? such that o + 8 > 1, we have

/ bp“ﬂ (t)dt > / bpa(t)qﬁ (¢)dt.

This result extends those shown in [5,6, 13], which are mainly based on specific values of
B and the function ¢(t) = ¢. It has also been revisited with different integral techniques,
and also applied in various mathematical scenarios, in [7-10]. In particular, the proofs
in [10] show how the constraint a + 5 > 1 can be relaxed under certain assumptions on
p and q.

In this article, we propose a generalization of [4, Theorem 2.4] using four adaptable
functions, say f, g, h and k. Under some assumptions on them, we establish comprehen-
sive inequalities of the following form:

. / f(g(t)dt (< or >) / Bt klg(t)]dt.”

Compared to the existing works, the two main novelties are (i) the presence of k con-
necting the function g involved in the two integrals, and (ii) the fact that we can choose
any type of functions for f, g, h and k, beyond the power type functions. Several ex-
amples are highlighted to illustrate possible applications of the established inequalities
in mathematical analysis, mainly when ¢ is chosen as a power, logarithmic or exponen-
tial function. We also discuss how some of these inequalities can be reformulated in the
context of probability theory. In particular, by treating the integral as a probabilistic or
expected value, we derive expectation inequalities of random variables involving f, g, h
and k. Finally, some additional results are given, also based on convexity assumptions
on k.

The structure of the article is as follows: Section 2 presents the main integral inequal-
ities, including examples and some probabilistic formulations. Section 3 is devoted to the
additional results. A conclusion is given in Section 4.

2 New integral inequalities

2.1 Two types of results

For the purposes of this article, we distinguish two types of results based on the assump-
tions made about the main functions f, g, h and k.

o We call results of type I those that use an assumption of the following form:
/ " Hodt (< o >) Ko@) / ’ ht)dt.

e We call results of type II those that use an assumption of the following form:
/I ft)dt (< or >) K'lg(x)] /x h(t)dt.

With these definitions, the main results of type I and type II of this article are the subject
of the next two subsections.
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2.2 Main results of type I

Our first main result of type I is shown in the theorem below. In this statement, and
throughout the article, it is assumed that the integrals introduced exist (which is not
guaranteed a priori, especially if « — —o0 or b — +00).

Theorem 2.1. Let (a,b) € R* U {+o0}? with a < b, f,g,h : [a,b] — [0,4+00) and
k . [0,400) — [0,400) be four functions, such that f is integrable, g is differentiable
and non-decreasing, h is integrable, k is differentiable and monotone, and f, g, h and k
satisfy the following two integral inequalities:

b b
/ F()dt = Kg(x)] / h(t)dt, (2.1)

for any x € [a,b], and

a) / FO)dt > klg(a)] / h(t)dt. (2.2)

Then the following integral inequality holds:

/ F()g(t)dt > / h(t)k[g(t)]dt.

Proof. Since g is differentiable, we can write

9(t) = g(t) — g(a) + gla) = / ¢ (w)du + g(a).

Using this and a change in the order of integration, which is valid thanks to the Fubini-
Tonelli theorem (since the integrand has a constant sign), we obtain

[ gt = [ [ i o) a
//f w)dudt + g(a /f
//f w)dtdu + g(a /f

:/a J () [/u f(t)dt] du+g(a)/a f(t)dt

) > 0 for any u € [a,b] (since g is differentiable and non-decreasing)
t

It follows from ¢'(
1) that

and Beuation (51)
/ [/f dt]du—l—g /f £)dt >
>/ (){k’/[()]/uh()dt}dqug /f (2.4

// |h(t)dtdu + g(a /f
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Doing again a change of order of integration by the Fubini-Tonelli theorem (still possible
because the integrand has a constant sign, partly because of the monotone assumption
on k), we find that

/ / |h(t)dtdu + g(a / f(t)
// |h(t)dudt + g(a /f t)dt
:/a h(t){/a "(u)k'[g(u )]du} dt+g(a)/a f(t)dt (2.5)

= [ 10 {hlo(0)] ~ Hlg(al}at + () / F(t)di

:/abh(t)k[ dt+{ /f t)dt — )]/ h(t)dt}.

It follows from Equation (2.2) that

/abh(t)k:[ dt+{ / F(t)dt — klg(a)] / h(t)dt}z /abh(t)k[g(t)]dt. (2.6)

Putting Equations (2.3), (2.4), (2.5) and (2.6) together, we obtain

/ F(t)g(t)dt > / h(t)k[g(t)]dt.

The desired result is obtained. O

Note that if k£ is non-increasing, the assumption in Equation (2.1) is directly satisfied,
since f and h are positive. Furthermore, after analyzing the proof of Theorem 2.1, we can
avoid the monotone assumption on k by assuming that [ ’ 1, ’ g (w)|K [g(w)]|h(t)dtdu exists,

ie. f g'(u)|k'[g(u)]|du exists since h is integrable, and use the Fubini theorem instead of
the Fub1n1 Tonelli theorem for the change of order of integration in Equation (2.5) (the
sign of the integrated term may not be constant, justifying this technical change). We
may also mention that Theorem 2.1 can be extended to functions f, g, h : [a,b] — R and
k : [0,400) — R, but under additional integration assumptions to activate the Fubini
theorem in Equations (2.3) and (2.5).

Theorem 2.1 generalizes some existing results in the literature. In particular, taking
k(t) =t, f(t) = p*(t), with p : [a,b] — [0,+00) and o > 0, and g(t) = ¢°(t), with ¢ :
la,b] — [0,400) and 8 > 0, Theorem 2.1 becomes [10, Lemma 2 1 under the assumption
in Equation (2.1)]. Furthermore, still with k(t) = t, with f(¢) f p*(x)dx, with p :
la,b] — [0, +00) and o > 0, and g(t f ¢ (x)dx, with q : [a,b] — [0, +Oo) and 5 > 0,
Theorem 2.1 becomes [8, Equation (2 3) in the proof of Theorem 2.1].

Some examples are given below, adopting the framework of Theorem 2.1, with a =0
and b = 1, and the choice of several functions k.
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e Considering k(t) = v/t, with t € [0, +00), the assumption in Equation (2.1) becomes

/f 2\/_

for any x € [0, 1], the assumption in Equation (2.2) becomes

0)/0 F(t)dt > \/g<0)/0 h(t)dt

Wthh is obv10usly true 1f g(0) = 0, for instance, otherwise it is reduced to
Vg fo t)dt > fo , and the result in Theorem 2.1 gives

/ f(t)g(t)dt > /01 h(t)\/g(t)dt.

e Considering k(t) = log(1 +t), with ¢ € [0, 4+00), the assumption in Equation (2.1)

becomes
1 1 1
[ 1wae> s [ hoa

for any = € [0, 1], the assumption in Equation (2.2) becomes

0) /0 F(B)dt > Tog[1 + g(0)] /0 h(t)dt.

and the result in Theorem 2.1 gives
1 1
/ F(t)g(t)dt > / h(t) log[1 + g(t)]dt.
0 0

e Considering k(t) = 1—e™, with ¢ > 0 and t € [0, 4+00), the assumption in Equation

(2.1) becomes
1 1
/ f(t)dt > ce=9® / h(t)dt,

for any z € [0, 1], the assumption in Equation (2.2) becomes

F)dt > [1 — e~ 1h(t)dt,
o [ /

and the result in Theorem 2.1 gives

/f dt>/ h(t)[1 — e 9W]dt = /Olh(t)dt—/Olh(t)e‘cg(t)dt.

The result below completes Theorem 2.1 by considering the counterpart of the as-
sumptions in Equations (2.1) and (2.2).
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Theorem 2.2. Let (a,b) € R?* U {£oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k : [0, 400) — [0,+00) be four functions, such that f is integrable, g is differentiable and
non-decreasing, h is integrable, k is differentiable and non-decreasing, and f, g, h and k
satisfy the following two integral inequalities:

b b
[ s < wigta [ by
b b
@/f@ﬁSHWM/hwﬁ

Then the following integral inequality holds:

/ F(t)g(t)dt < / h(t)k[g(t)]dt.

Proof. The proof is strictly similar to that of Theorem 2.1; we only need to replace ”>"
by ”<” in Equations (2.4) and (2.6) (and in the final inequality). The details are therefore
omitted. O]

for any = € [a,b], and

Another result of type I is given below by assuming that ¢ is non-increasing instead
of non-decreasing as in Theorem 2.1.

Theorem 2.3. Let (a,b) € R?* U {£oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k : [0, 4+00) — [0,+00) be four functions, such that f is integrable, g is differentiable and
non-increasing, h is integrable, k is differentiable and non-increasing, and f, g, h and k
satisfy the following two integral inequalities:

b b

[ rar < ki) [ no (2.7
for any x € [a,b], and

b b
a)/ f)dt > klg(a)] / h(t)dt. (2.8)
Then the following integral inequality holds:
/ F(t)g(t)dt > / Bt klg(t)]dt.

Proof. The proof is identical to that of Theorem 2.1; we only need to note that ¢’'(u) <0

for any u € [a,b] combined with the assumption in Equation (2.7) gives the same two
lines in Equation (2.4), i

/ Uf dt]du+g /f £)dt >
> [ {wi [ i du oo [ roar

The details are therefore omitted. O
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The result below completes Theorem 2.3 by considering the counterpart of the as-
sumptions in Equations (2.7) and (2.8).

Theorem 2.4. Let (a,b) € R?* U {£oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k. [0,400) — [0,400) be four functions, such that f is integrable, g is differentiable
and non-increasing, h is integrable, k is differentiable and monotone, and f, g, h and k
satisfy the following two integral inequalities:

/ FO)dt = Kg(x)] / h(t)dt, (2.9)

for any x € [a,b], and

o(a) / F(t)dt < Klg(a) / ().

Then the following integral inequality holds:

b b
/ f(#)g(t)dt < / h(t)k[g(t)]dt.

Proof. The proof is identical to that of Theorem 2.2. We just mention that, using ¢’(u) <
0 for any u € [a, b] and the assumption in Equation (2.9), we get

/abgl(U) [/ubf(t)dt} du + g(a) /abf(t)dt <

< ["s {wi [ e dugto) [ roar

The details are therefore omitted. O

We end this subsection with a remark. Integral inequalities often have analogues in
probability theory, especially when integrals represent expectations. Their formulation
can be somewhat simpler thanks to the notion of a probability density function. As an
example, the result below is the probability formulation of our main theorem: Theorem
2.1.

Theorem 2.5. Let (a,b) € R? U {£oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k:[0,400) — [0,400) be four functions, such that f is a probability density function, g
is differentiable and non-decreasing, h is a probability density function, and k is differ-
entiable and non-decreasing.

Let X be a random variable with probability density function f,Y be a random variable
with probability density function h, P be the probability operator and E be the expectation
operator.

We suppose that

P(X > x) > Kg(x)|P(Y > x), (2.10)
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for any x € [a,b], and

g9(a) > klg(a)].

Then the following expectation inequality holds:

Elg(X)] > E{k[g(Y)]}.

Proof. This theorem is a probability formulation of Theorem 2.1, taking into account
that

P(X > 1) = / " Hodt BY > a) = / ht)dt.

fab ft)dt =1, ff h(t)dt = 1, and, by the law of the unconscious statistician,

E[Q(X)]:/ f)g(t)dt, E{k[g(Yﬂ}Z/ h(t)klg(t)]dt.

This ends this proof. m

In a similar probabilistic framework, the other theorems in this subsection can be
reformulated.

2.3 Main results of type II

The result below shows that Theorem 2.1 holds for a different set of assumptions; it is
the first main result of type II.

Theorem 2.6. Let (a,b) € R? U {+oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k: [0, 4+00) — [0,+00) be four functions, such that f is integrable, g is differentiable and
non-decreasing, h is integrable, k is differentiable and non-decreasing, and f, g, h and k
satisfy the following two integral inequalities:

/ "Rt < Ko@) / “h(t, (2.11)

for any = € [a,b], and

o) / F()dt > kg(b) / h(t)dt. (2.12)

Then the following integral inequality holds:

/ ft)g(t)dt > / h(t)k[g(t))]dt.
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Proof. We can write

With this and a change in the order of integration, which is valid thanks to the Fubini-
Tonelli theorem (since the integrand has a constant sign, that is, positive), we obtain

IR L/()P@—/b<m4w
/f £)dt — //f w)dudt
/f £)dt — //f w)dtdu
/f )dt — / [/ f()dt]du.

It follows from ¢'(u) > 0 for any u € [a,b] (since g is differentiable and non-decreasing)
and Equation (2.11) that

/f dt—/ U f()dt}du>
> (b /f dt—/ [ [()]/uh()dt]du (2.14)
/f t)dt — // t)dtdu.

Doing again a change of order of integration by the Fubini-Tonelli theorem, we find that

o - | [
o 1o { [
o) [ s~ [ e U <Wunwht (2.15)
=mwlf@ﬁ—lh@%mm—ﬂwmm
=Low) [ e stgon [ niwar} + [ owiatoiae

It follows from Equation (2.12) that

@@/fwwwmm/mw§ﬁ/wwmwu/%@wmw (2.16)

(2.13)
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Putting Equations (2.13), (2.14), (2.15) and (2.16) together, we obtain

/ F(t)g(t)dt > / h(t)k[g(t))dt.

The desired result is obtained. O

Theorem 2.6 generalizes some existing results in the literature. In particular, taking
k(t) =t, f(t) = p™(t), with p : [a,b] — [0,+00) and a > 0, and g(t) = ¢°(t), with ¢ :
la,b] — [0, 4+00) and § > 0, Theorem 2.1 becomes [10, Lemma 2.1 under the assumption
in Equation (2.2)]. Furthermore, still in the case k(t) = t, with f(t) ft x)dx, with

p : [a,b] — [0,+00) and @ > 0, and g(¢ j; ¢?(x)dx, with q : [a,b] — [0, +00) and
B > 0, Theorem 2.1 becomes [8, Equatmn (2.17) in the proof of Theorem 2.5].

Some examples are given below, adopting the framework of Theorem 2.6, with a = 0
and b = 1, and the choice of several functions k.

e Considering k(t) = v/t, with ¢ € [0, +0c0), the assumption in Equation (2.11) be-
comes

/f 2\/_/

for any z € [0, 1], the assumption in Equation (2.12) becomes

1)/01f(t)dt2 \/9(1)/01h Pt

so that, for g(1) # 0, \/g fo t)dt > fo t)dt, and the result in Theorem 2.6
gives

/ f(t)g(t)dt > /01 h(t)\/g(t)dt.

e Considering k(t) = log(1+1t), with t € [0, +00), the assumption in Equation (2.11)

becomes
x 1 x
/0 0 < s /0 h(t)dt,

for any = € [0, 1], the assumption in Equation (2.12) becomes

1)/0 f(t)dtZIOg[1+g(1)]/0 h(t)dt,

and the result in Theorem 2.6 gives

/0 F(®)g(t)dt > /0 h(t)log[1 + g(t)]dt.
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e Considering k(t) = 1—e~, with ¢ > 0 and ¢ € [0, +00), the assumption in Equation

(2.11) becomes
/ f(t)dt < ce™9® / h(t)dt,
0 0

for any = € [0, 1], the assumption in Equation (2.12) becomes

1) /01 f)dt > [1 — e W) /01 h(t)dt,

and the result in Theorem 2.6 gives

/ FOg)dt > / B[ — e Ot = /0 ity — /O ity 9.

The result below completes Theorem 2.6 by considering the counterparts of the as-
sumptions in Equations (2.11) and (2.12).

Theorem 2.7. Let (a,b) € R* U {+o0}? with a < b, f,g,h : [a,b] — [0,4+00) and
k . [0,400) — [0,400) be four functions, such that f is integrable, g is differentiable
and non-decreasing, h is integrable, k is differentiable and monotone, and f, g, h and k
satisfy the following two integral inequalities:

/ " Ft)dt > Klg()] / (), (2.17)

for any x € [a,b], and

b) / F(t)dt < klg(D)] / h(t)dt.

Then the following integral inequality holds:

/ F(t)g(t)dt < / " B kg(t)dt

Proof. The proof is strictly similar to that of Theorem 2.6; we only need to replace ”>”

by ”"<” in Equations (2.14) and (2.16) (and in the final inequality). The details are
therefore omitted. O

Note that, if k is non-increasing, the assumption in Equation (2.17) is directly satisfied
since f and h are posmve Moreover, we can avoid the monotone assumption on k by

assuming that f f g (w)|K [g(w)]|h(t )dtdu exists, i.e. f g (u)|K'[g(u)]|du exists since h
is integrable.

Another result of type II is given below by assuming that ¢ is non-increasing instead
of non-decreasing as in Theorem 2.1.
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Theorem 2.8. Let (a,b) € R?* U {£oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k : [0, 400) — [0,+00) be four functions, such that f is integrable, g is differentiable and
non-increasing, h is integrable, k is differentiable and non-decreasing, and f, g, h and k
satisfy the following two integral inequalities:

/ " Fdt > Kg(a)] / " h(t)dt. (2.18)

for any x € [a,b], and

b) / FO)dt > klg(b)] / h(t)dt. (2.19)

Then the following integral inequality holds:

/ F()g(t)dt > / h(#)k[g(#)]dt.

Proof. The proof is identical to that of Theorem 2.6; we only need to note that ¢'(u) <0
for any u € [a,b] combined with the assumption in Equation (2.18) gives the same two
lines in Equation (2.14), i.e

/f dt—/ ()[/uf()dt]duz
/ftdt / "(u) [k’[g(u)]/auh(t)dt] du.

The details are therefore omitted. O

The result below completes Theorem 2.8 by considering the counterparts of the as-
sumptions in Equations (2.18) and (2.19).

Theorem 2.9. Let (a,b) € R?* U {£oo}? with a < b, f,g,h : [a,b] — [0,+00) and
k: [0, 4+00) — [0,+00) be four functions, such that f is integrable, g is differentiable and
non-increasing, h is integrable, k is differentiable and non-decreasing, and f, g, h and k
satisfy the following two integral inequalities:

/ "Rt < Ko@) / Ch(t, (2.20)

for any x € [a,b], and

b) / F()dt < kg(b) / ().

Then the following integral inequality holds:

/ Ftg(t)dt < / Bt klg(t)]dt.
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Proof. The proof is identical to that of Theorem 2.7. We just mention that, using ¢'(u) <
0 for any u € [a, b] and the assumption in Equation (2.20), we get

g(b) /abf(t)dt — /ab q (u) [/au f(t)dt] du <
<40) | (bt - / ) Flaw] [ noat] au

The details are therefore omitted. O

We end this section with a probabilistic formulation of our main theorem: Theorem
2.6.

Theorem 2.10. Let (a,b) € R?* U {+o0}? with a < b, f,g,h : [a,b] — [0,+00) and
k:[0,400) — [0,400) be four functions, such that f is a probability density function, g
is differentiable and non-decreasing, h is a probability density function, and k is differ-
entiable and non-decreasing.

Let X be a random variable with probability density function f,Y be a random variable
with probability density function h, P be the probability operator and E be the expectation
operator.

We suppose that

P(X <x) < Kg(x)|P(Y < x), (2.21)
for any = € [a,b], and

g9(b) = k[g(b)].

Then the following expectation inequality holds:

Elg(X)] = E{klg(Y)]}-

Proof. This theorem is a probability formulation of Theorem 2.6, taking into account
that

P(X < 1) = / FOdt, P <) = / h(t)dt,
fab ft)ydt =1, ff h(t)dt = 1, and, by the law of the unconscious statistician,

E[Q(X>]:/ f)g(t)dt, E{k[g(Yﬂ}Z/ h(t)klg(t)]dt.

This ends this proof. ]

In a similar probabilistic framework, the other theorems in this subsection can be
reformulated.
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3 Additional results

In this section, some additional integral inequalities are presented based on the previous
results.

The theorem below is a consequence of Theorem 2.1, Theorem 2.3, Theorem 2.6 or
Theorem 2.8, under an additional assumption on the function k.

Proposition 3.1. We consider the framework of Theorem 2.1, Theorem 2.3, Theorem 2.6
or Theorem 2.8, under their respective assumptions, and under the additional assumption
that k is convex. Then we have

/ FO)g)dt > Mbh(t)dt} k{m/abh(t)g(t)dt}.

Proof. Under their respective assumptions, it follows from Theorem 2.1, Theorem 2.3,
Theorem 2.6 or Theorem 2.8 that

/ F(B)g(t)dt > / h(t)klg(t)]dt = [ / bh(t)dt} / bj(t)k:[g(t)]dt, (3.1)

where
1

J(t) = Wh(t)-

Since j(t) > 0 for any t € [a, b] and f j(t)dt =1 (so j is a probability density function),
and k is convex, the Jensen integral 1nequahty implies that

/ j<t>k[g<t>]dt2k{ / j(t)g(t)dt} ﬂ{W / h<t>g<t>dt}. (3.2)

Combining Equations (3.1) and (3.2), we get

/ F(t)g(t)dt > Uabh(t)dt} k{m/abh(t)g(t)dt}.

This ends the proof. m

The result below is another consequence of Theorem 2.1, Theorem 2.3, Theorem 2.6
or Theorem 2.8.

Proposition 3.2. Let A\ > 0. We consider the framework of Theorem 2.1, Theorem
2.3, Theorem 2.6 or Theorem 2.8 under their respective assumptions, and a function
0 [a,b] = R such that

((t) = (1+ X f(t)g(t) — An(t)k[g(t)], (3.3)

for any t € [a,b].
Then we have

/a doydt > max{ / " Hogb)dt, / bh(t)k[g(t)]dt}.
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Proof. Using Equation (3.3), A > 0 and applying Theorem 2.1, Theorem 2.3, Theorem 2.6

or Theorem 2.8 under their respective assumptions, i.e., fj f(t)g(t)dt > fj h(t)k[g(t)]dt,
we get

/ (t)dt > / {(1+ N F(Dg(t) — M(e)Klg(t)]} di
1+/\/f 1)t — /bh(t)k:[g(t)]dt

. (3.4)
(14 ) / F()g()dt — A / F(t)g(t)dt
- / (gt
With similar arguments, we have
b b
| ear= / [0+ AV F()g(t) — Ab()klg()]} dt
b
L) [ f@Ogydt—x [ h@)klg@)dt
I o -
> (0 [ homgt)a [ hoHgw
— [ hiopklateie
It follows from Equations (3.4) and (3.5) that
/ é(t)dtzmax{ / F(Bg(t)t, / h(t)k[g(t)]dt}.
The desired result is obtained. O

Taking k(t) =t, f(t) = p*(t), with p : [a,b] = [0,4+00) and o > 0, and g(t) = ¢°(t),
with ¢ : [a,b] — [0, +00) and 8 > 0, we get [10, Part of the proof of Theorem 2.3].

The result below is a consequence of Theorem 2.2, Theorem 2.4, Theorem 2.7 or
Theorem 2.9, under an additional assumption on the function k.

Proposition 3.3. We consider the framework of Theorem 2.2, Theorem 2./, Theorem 2.7
or Theorem 2.9, under their respective assumptions, and under the additional assumption
that k is concave. Then we have

/ FO)g)dt < Vbh(t)dt} k{m/abh(t)g(t)dt}.

Proof. The proof is strictly similar to that of Proposition 3.1; we only need to replace
7>" by 7<” in Equations (3.1) and (3.2). The details are therefore omitted. O

The result below is another consequence of Theorem 2.2, Theorem 2.4, Theorem 2.7
or Theorem 2.9.
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Proposition 3.4. Let A > 0. We consider the framework of Theorem 2.2, Theorem

2.4, Theorem 2.7 or Theorem 2.9, under their respective assumptions, and a function
0 : [a,b] — R such that

((t) < (1+ XN f(t)g(t) — An(t)k[g(t)],

for any t € [a,b).
Then we have

/a ’ ((6)dt < min { /  Hg(b)dt, / b h(t)k[g(t)]dt} |

Proof. The proof is strictly similar to that of Proposition 3.2; we only need to replace 7 >"
by ”<” in Equations (3.4) and (3.5) (and "min” instead of "max” in the final inequality).
The details are therefore omitted. O]

4 Conclusion

In conclusion, this article presents new integral inequalities involving four adaptable func-
tions 7 f, g, h and k", some of which generalize existing results in the literature. These
inequalities can be reformulated in the context of probability theory. Several precise
examples are given. Thanks to their flexibility, these inequalities open up new appli-
cations to integrals. Another possible perspective is the extension of the results to the
multidimensional case. These lines require further investigation, which we leave to future
research.
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