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Solving a system of Caputo-Hadamard fractional
differential equations via Perov’s fixed point theorem
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Abstract In this study, we discuss the existence and the uniqueness of the solution
to Caputo-Hadamard Cauchy problems for a system of fractional differential equa-
tions, by using Perov’s fixed point theorem. Finally, two examples are provided to
illustrate our results.
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1 Introduction and preliminaries

Because of their significance in describing a variety of events, differential equations with
fractional order have recently attracted the attention of numerous authors. For further
information, we direct the reader to [10,12] and the references therein. The concept of
the Riemann-Liouville derivative served as the foundation for its development into the
Caputo or Hadamard derivative type, from which various findings were obtained (see,
for instance, [2,8,9,21]). Later, Jarad et al. [11] introduced a new derivative type by
combining Caputo derivative with Hadamard one called Caputo-Hadamard, at least one
of its advantages being that the derivative of the constant is equal to zero, while in the
case of Hadamard or Riemann-Liouville derivative is not. Several results found using the
Caputo derivative are still valid when employing the Caputo-Hadamard derivative.

The fixed point technique is a useful tool for studying the existence of solutions, while
the uniqueness can be based on either Banach’s theorem or on one of its generalizations,
and one of these is Perov’s fixed point point theorem. Some fixed point results in Perov’s
sense are provided in [3,7,15,17]. Using the vector version fixed point theorem, numerous
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authors investigated the existence of solutions for systems of differential equations, see
[4,13,14,16].

In [6], the authors studied the existence, boundedness, and compactness of the set of
solutions to the following system

DIC(t) = f(¢,¢(1), &(2)), t =0,
Drg(t) = g(t,¢(t),&(1)),
¢(0) = ¢o,£(0) = &,

where D% D? denote the Caputo derivative, 0 < p,g < 1 and f,g:[l,00) x RxR = R
are given continuous functions.
The problem of integro-differential equation with delay:

{C@If@C@KW—TD+ﬁg@&q$C@WmOgtgﬂ
((t) = p(t),t € [-7,0],

was studied in [2] via Perov’s fixed point theorem.
Alsulami et al. [1] examined the existence and uniqueness of the solution for a non-
linear coupled system of Caputo type fractional differential equations:

Dqi(t) = f(t,¢(1),6), 0<t<T,1<qg<2
DEP(t) = g(t,¢(t),6), 0<t<T,1<p<2

with the following coupled boundary conditions

{ C(O) = Alé(T): CI(O) = )‘2£,<T)7
§(0) = s ((T), €(0) = r2(T),

where DY, D? denote the Caputo derivative, f, g are given functions and \;, k;, i = 1,2,
are real numbers with \;x; # 1 for i = 1, 2.

Inspired by the previous results, we discuss the existence and uniqueness of the solu-
tion for the following system of fractional integro-differential equations :

DIC(t) = fo(t, C(1),6(0) + [} ka(t,5,C(5), E(s))ds, 0 <t < T
DPE(H) = folt,C(), £(1)) + J) kalt, s, C(s),E(s))ds, (1.1)
¢(1) = o, &(1) = &,

where D7, DP denote the Caputo-Hadamard derivative, 0 < p,q < 1, f; : [1,00) x RxR —
R and k; : [1,00) x [1,00) X Rx R — R, i = 1,2, are given continuous functions.
First, we give some definitions and basic elements of vector-valued metric spaces.
For two elements &, ¢ € R™ where £ = (§1,&,..,&,) and ¢ = (1, (o, ooy () the
inequality £ < ¢ means §; < (; for all i € {1,2,3,...,n}. We have also || = (|&1], -, |&nl)-
Two vectors in R™ are considered equal if their corresponding coordinates are equal.

Definition 1.1. [18] Let X be a nonempty set. A generalized (vector-valued) metric on
X s a function 9 : X x X — RY} satisfying the following assertions:

1. 0((,€) >0, for every ¢,§ € X and 9((,€) = 0 if and only if { = &.
2. Forall (,£ € X, 0(¢, &) =0(&,0).
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3. For all (,§,¢ € X, 0(¢,€) <0(¢,¢) +0(£,6).

(X,0) is called a generalized (vector-valued) metric space.
Example 1.1. For X = R?, the function

(&, ¢) = ([& — Gl [&2 — Gal),
where & = (£, &) and ¢ = ({1, (2), is a generalized ( vector-valued) metric on X.

Definition 1.2. [18] In a generalized (vector-valued) metric space, an open ball B,(&)
centered at the point & with radius p (where p is a vector in this case) is the set of all
points & in the space such that the vector-valued distance (&g, &) is less than p.

Remark 1.1. In a generalized (vector-valued) metric space, concepts such as Cauchy
sequences, convergent sequences, closed and open sets are defined similarly as in a metric
space.

For the standard notations and terminology pertaining to matrix analysis, we refer
the reader to [19,20].

Theorem 1.1. [18] Let (X,0) be a complete generalized (vector-valued) metric space
and let T : X — X be a self mapping. If there ezists a matriz M € M(R) convergent to
zero such that for all ;£ € X we have

(TC, TE) < Mo((,6),
then T has a unique fixed point.

Now, we give some background of fractional calculus. For an interval I, AC(I,R) is
the space of functions ¢ : I — R that are absolutely continuous. Let § = t%. We set

ACH(ILR) = {¢: T — R : 6" ¢(t) € AC(I,R)}.

ACY(I,R) is the space of functions ¢ : I — R that are absolutely continuous, and have
an absolutely continuous first derivative.

Definition 1.3. [12] The Hadamard fractional integral of order ¢ > 0 for a function
¢ € L'[1,+00) is defined as

provided the integral exists.

Definition 1.4. [11] For a given function ( € AC}([a,b],R) such that 0 < a < b, the
Caputo-Hadamard fractional derivative of order ¢ > 0 is defined as follows:

DIg(1) =D [as) -y el 2)"] (),

m=0

where 6" = (t4)",n—1<q<n andn € N.
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Lemma 1.2. [I11] Letn—1 < g <n,n €N, and ( € AC}([a,b],R) or C§([a,b],R).
Then
o t\’
¢(a) (log _> ‘
m! a

Theorem 1.3. [5] Let X be a generalized (vector-valued) Banach space and let T : X —
X be a completely continuous operator. Then, either

M1

11(DI¢) (1) = ¢(t) —

m=0

1. T has at least a fized point, or
2. the set M ={C € X,\T( =(,\ €[0,1]} is unbounded.

2 Main results

Consider the space C'(J,R) of all continuous functions from J into R, where J = [1,T].
Note that C'(J,R) is a Banach space with the norm ||(||oc = sup [((t)]
1<t<T

Lemma 2.1. The function ¢ € C(J,R) is a solution of the problem

¢(1) = G,

if and only if it is a solution of the following integral equation:

() =o + ﬁ / (1og 2) fils, C(j),f(s)) ds

+ﬁ/j (10g£>q1%/j ks, 7, C(7), £(7))dr-

Proof. From Lemma 1.2 we get

{200 = e c0) + St ,(s),€(s))ds, 1<t < T, o)

(2.2)

o) =150+ 1 [ htor, o). )

which implies that

o)~ [ (1o t) RSO CIPS

b [ (o6 ) [ hm cnenir e

Using the initial condition, we get

¢(1) = ¢ = G,
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whence

60 =G [ [ Crost)" (ns.ctoneonds = [ oom et ds] .

Conversely, if ¢ satisfies (2.2), then we have (1) = (, and
DI((t) = DT ([qfl(t) + 17 (/ kl(t)dt)) ,
1

thus
DIC(t) = fi(t) + / k(1)
]

The pair (¢,€) € (C(J,R))? is a solution of the problem (1.1) if it is a solution of the
following system

=6+ s [ (106 2) " (165, coneen + [ haton o) emner) as,
=60+ i [ (o) (s coneon+ [ hatomc.eopar) as

Now, define an operator T : R? — R? by

such that

We introduce the following hypotheses:
(Hy) : There exist continuous functions ¢, ¢; : [1,7] — R4, i = 1,2, such that
[filt, (1), 6(8)) = fult, C(8), £(t)] < vi(t)lC — ¢l + u(®)|€ — €],
for all ¢,&,¢ and € in C(J,R). Denote
U7 = [[¥illoo

and

¢; = l|¢illoo-
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(Hy) : There exist continuous functions ¢;,n: [1,T] = Ry, i = 1,2, such that

[a(t, 5,C (1), (1)) — Ka(t,C(1),€(1))] < @a(®)IC — | +mi(B)]€ — €],
for all ¢,&,¢ and € in C(J,R). Denote

o = llelloo
and
n = [l

Theorem 2.2. Under the hypotheses (Hy) and (Hz), the problem (1.1) has a unique

solution provided that the matrix M = ( Zl Zl ) converges to zero, where
2 D2
Ui(log T)™  ¢i(log T)"H Ui(log T)P* pi(log T)P*
a, = , (g = ,
YT D(g+1) T'(q+2) 2T Tp+1) T(p+2)
¢i(logT)?  ni(logT)" _ ¢3(log TP n3(log T)P+!

1= 2 —

I'(¢+1) I'(q+2) I'(p+1) I'(p+2)
Proof. First, we prove that T is well defined. In fact for (¢, &) € (C(J,R))? we have

o0l [ 2 (lel) " Intsceneslo

—|—/ <10g ) / |k1 (s (1))|drds,
1
which implies:

$i(0g T gi(log T)! Gillog 7)1 ri(log 7)1+
"71"§(r<q+1> P )”C"“(r(qm T+ 2)

) €]l < 00.

By the same reasoning, we can find ||T|| < 0o. Then T is well defined.
Now, we prove T satisfies the conditions of Theorem 2.2. We have:

T1(¢,€) = T(C, &) S/l é(logz)q_ 1(5,¢, (5),€, (5)) = fu(5,C(s),E(s))lds
# [ (o) [ o, 60— 6.Z0 Erlaras

< (‘Z’Fl((log T) 901 (los 7)Y\ &
q+1) (g +2)
¢;(log T')1 771(10g T)q) 7
['(g + 1) I'(q+2) ’

which implies that

175, () =T @)l

)
T'(q+1)
5 (log T)4
T'(g+1)

+ (
Yi(og )T | @i(logT)™*!  ¢j(logT)P | nj(logT)P+! =
§ < i + (751(1((14%2))51+ 1F((1p+%p))p + 1(1(%22’“ ) ( 1€ =<l )
= 5(log 3 (log n3 (log
TN e T Ter) & =<l
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Thus
(TC, TE) < Md(¢,€),

where M converges to zero. Then, from Perov’s theorem the mapping 7 has a unique
fixed point, which is a solution of the problem (1.1). ]

Now, we establish an existence result by using Schaefer’s fixed point theorem. For
this, consider the space (C(J,R))? endowed with the norm

G ON = lCloe + €]l

which is a Banach space.

Theorem 2.3. Assume that (Hy) and the following hypothesis hold:

(H3) : There exist nonnegative real numbers a;, b;, ¢;,d;, 1 = 1,2,3, such that for all (,£ €
R we have

|f1(t’ Ca§)| S CL1|C| + a’2|£| + as, kl(tVS)gag) S b1|C| + b2|€| + b37

|f2(t, O] < arlCl + o] + e, kot s, (&) < di[C] + dof€] + ds.
Then the problem (1.1) has at least a solution.

Proof. The proof will be given into four steps.
Step 1. T is continuous.
Let (Ca, &) be a sequence in (C([1,T],R))? converging to (¢, £). We have:

16 = T01 < [ 5 (towt ) 1Al (6):€(60) = Al TG6) oDl

v E (bgg)“ [ s, 7). €070 = s, ). Er s,

Then

Y1 (log T)* soi‘(logT)qH) c_2l

Clg+1) — Tla+2) o
¢t(logT)?  nt(log T)att

(s )t USTITY .

172G — T ()] < (

Since [[&n = &l[o = 0 and [|Gy = Clloc — 0, we get [|T1(Z, Gus &n)) — T1(t, ¢, &n)lloe — 0.
Analogously, we find

w; (IOg T)p 903 (log T)p+1 ) HC o ZH
Fip+1) I'(p+2) >
(cb;(log T)>  ny(log T)P+

I'(p+1) I'(p+2)

172(G) — To(O)lloo < (

) 16— €ll,

which implies ||Ta(t, G, &n)) — T2(t,(,€n)||oc — 0. Then T is continuous.



Vol. 61 (2025) Solving a system of Caputo-Hadamard fractional differential equations 8

Step 2. T is bounded.
Let Br = {(¢,€) € (C([1,T],R))% |[(¢,€)]loo < R} be the closed ball of center 0 and
radius R = (Ry, Ry), and let (¢,§) € Bg. We have

|7us;[t1(bgf)TJHfmacms»¢<@nds

+[ <M§> /th@ (7)) — ka(s, 2(r), E(r))] s

(log T)* (log T)7**
Mg+ 1) + (1|¢] + b2|&] + b3)m,

<(a1[¢] + ag|é| + as)

whence

a1 (log T')?
900 < (0T 00 ) (Rt ) < o

Step 3. T maps a bounded set into a relatively compact set.

From previous steps, T is uniformly bounded, so it suffices to prove TBpg is equicon-
tinuous. In fact, for (¢,€) € Bgr and ty,ty € [1,T] with t; < t2 we have

[T1(C(t1), E(t1)) = Tu(C(E2), €(12))] <

Sﬁ [/hi ((logt ) 71— (log %)ql> <|f1(8,C(8),§(S))|+/18 |k1(s,§1(7)75(7))|d7) ds
w1 (s )q1Qﬁ@&@x«gn+zﬂh@¢¢ﬂ@@»ugd4.

From the hypothesis (H3) we get:

1T1(C(t1), §(t1)) — T1(C(t2), & (t2))]| <

b b b
SMH—MQ?E:$H+%+3U®WN—@%MW

b b by (1 A
n 1[ ¢+ baf¢] + 3/ (log—2> ds.
F(Q+ 1) t1 s

Since the function ¢ +— (log()? is continuous on a compact set, it is uniformly
continuous, which implies that |(logt2)? — (logt;)?| — 0 and |logty — logt;|? — 0 as
t1 — ta. Also, the function ¢ — (log()? is bounded (continuous on a compact set), so

to t q—1
/ (log —2) ds — 0 when t; — t5. Hence
t1 S

[T1(C(t1),&(t1)) — T1(C(t2),§(t2))]| = 0 as ty — ta.

Similarly we can obtain

[T2(C(t1), §(t1) — Ta(C(t2), §(t2))[] <

(c1 4 d1)[C] + (c2 + do) €] + c3 + ds v »
= T(p+1) (I(logt2)” — (logt1)”)

d|¢] + €] + ds /t( m)”‘l
+ log — ds,
Fip+1) 4 s
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which implies that ||T2(C(t1),&(¢1)) — T2(¢(t2),&(t2))||l0 — O as t; — to. Then TBpg is
equicontiuous.
Step 4. The set M = {(£,¢) € (C([1,T],R))*,AT((, &) = (¢, €), X €[0,1]} is bounded.
Let (¢,&) € M. We have

+/1t§ (log é)q_l /1 |k1(57C1(T)a£(T))|d7ds>

(log T)1 (log T)at!
A + + A(b +b + b3) ———,
(@11 + lé + a3) 75+ A (1[G + bl + ) o
SO
(log T4 (log T)4at1
o KA+ A(a1 Ry 4+ as Ry + a: + A (bR + by Ry + bg) ———.
<] Co (a1 Ry + ag Ry + a3) Mg +1) (b1 Ry + by Ry + b3) CED)
Similarly, one can obtain
(log T)? (log T)PH!
< Ao+ Aa1 Ry + as Ry + + AN (bR + bo Ry 4 bg) ————.
HﬁH_ 50 (al 1 T Q2it2 as) F(p—l—l) (1 1 2112 3) F(p+2)

Then [[((,€)]] = [|€]loo + ||€]]ce < 00, s0 the set M is bounded. According to Schaefer’s
fixed point theorem, T has a fixed point, which is a solution of the problem (1.1).

O
Example 2.1. Consider the following system
%C(t): LC+3siné + 4 i fl 5(8))6 +s*)ds, 1 <t <e,
Die(t) = L+ cos¢) + 4 (e~ c (2.3)
¢(1) = 0,&(1) = 0.

We check that all the hypotheses of Theorem 2.2 are satisfied. In fact, here we have

Fit..6) = 20+ 5sing
and . .
balt,5,C.6) = S(C(s) — E(s))e )
Then

1£:(t.¢.6) = fi(t,C,€)) C=Cl+35 !£—E|,

s0 (1) = & and ¢1(1) = 1.
On other hand we have

H_4t

|k1(t7 87C7€> - kl(taz>g>)’ S ge*tz‘c - Z‘ + §€*t2’£ - g’?

7t2

s0 p1(t) = m(t) = Gz



Vol. 61 (2025) Solving a system of Caputo-Hadamard fractional differential equations

We have also

(t.€.€) = (€ + o5 )

and .
Bt 5,G,€) = (6= e,
thus
1£2(t, ¢, &) — (Z@HS—K +< K—a
and

IIka(t,C,f)—ka(t,Z,f))ll<—€ (1€ = ¢l + 1€ =€),

50 a(t) = ¢(t) = §logt, @a(t) = my(t) = .
The matrix M is given by

mm+<w>nwﬁ‘@m _( 3
+ @5 + 2
(p+1) (p+2) T(p+1) ' T(p+2) 12
The characteristic polynomial of this matrix is given by

7 24/ — 35
P(\) =\ — A
) 6/ i 2\/7

‘H

&gl
S5k
N——

with the roots

A1 = 0,6029436758 < 1, and Ay = 0,055277505 < 1.

10

Then the spectral radius is strictly less than one, which implies that M converges to zero.
Consequently, all the hypotheses of Theorem 2.2 are satisfied. It follows that the problem

(2.3) has a unique solution.

Example 2.2. Consider the following system

Dil(t) = W + flt arsind(s)ds, 1 <t <e,

935(75) - 8t(1|§-||§\) * COSC < ft Smc +€d5

((1)=0,£(1) =
In this example, we have ¢

R (S
fl(t>C7£> - 2431+ K‘
and
kl(tvs)C7§) = t+ 1 SiIlC(S).
Then
150,66 = RSO < 16—,

50 Y1 (t) = @i, 01(t) = 0, p1(t) = 137 and 1 (t) = 0. Note that

kr(t,C,€) — ki(t,C,€) < —t2|c ¢+ e—% g,

(2.4)
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S0 @o(t) = é, na(t) = % and @o(t) = ny(t) = é_

We have also

M:; ¢T+i§:{ o1 + 20 :;($ (1))
TOTE) \wp+22 gi+dy ) TEOTE T 1/

where I' (2) = 0.90640..., I" (3) = 1.32934... Then we have

o (G D) e )

which implies that there are two eigenvalues,

A1 = 0.5394576881 < 1, Ay = 0.05928106463 < 1.

Hence the matrix M converges to zero, so according to Perov’s fixed point theorem the
system has a unique solution.

Now, we show that this example satisfies both hypotheses of Theorem 2.3. In fact it
suffices to check that the hypothesis (H3) holds. We have

f1<t7<7£) =

_l’_
~

t2+31
1

kl (tv S ga f) =

i cos ¢(s)
(1 +1€D) 8

Then the hypothesis (H3) holds with a; = i, by = %, L =c¢C =d =dy = %

as = agz = by = b3 = 0, so from Theorem 2.3 the problem (2.4) has a solution.

t

1 1
Plt,6.6) = < 5lél+ 51l

and

and

Conclusion

In this work, we have used two fixed point theorems to prove the existence and the
uniqueness of the solution for systems of fractional integro-differential equations. We
hope this study can provide some contribution to the existence and uniqueness problem
of initial boundary value problems. Based on these results one can find extensions to
some other fractional systems of ordinary and partial differential equations.
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