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Abstract The Penguin Search Optimization (PeSOA) is an optimization method
based on collaborative hunting strategy of penguins. In this work, a solving linear
equation systems method based on PeSOA is proposed. A dual population for
PeSOA part was also tested. Experimental results obtained with our proposed
method compared with those obtained with classical math methods, showed posi-
tive perspectives regarding possible extensions of the proposed method for systems
of equations of larger dimensions. Conclusions as well as future research directions
are also included.
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1 Introduction

1.1 Methods for solving equations systems

Even if solving equation systems is a very old and discussed problem in Algebra, this
issue continues to be of great interest in math, computer science and engineering, the
proof being the large number of scientific papers about numerical methods that have
appeared lately. Nowadays, mathematicians consider two main types of methods for
solving equation systems: direct methods and iterative methods. Mainly, direct methods
consist of converting the system of equations into an equivalent triangular system that is
easier to solve.

Direct methods make it possible to determine the exact solution of the system only
in the ideal case when there are no rounding errors due to the finite representation of
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numbers in computer memory. Major problems arise when systems with more than 100
equations are solved with direct methods, when these methods are unusable due to the
accumulation of rounding errors that seriously alter the solution. From the complexity
point of view, in general, the number of arithmetic operations performed is O(n3), which
is not very encouraging for a software developer. The most known methods of this type
are: Cramer, Gaussian elimination, Gauss-Jordan, LU factorization (decomposition) etc.

The iterative methods determine the solution on the basis of an iterative process,
starting from an initial approximation of the solution, in the conditions in which the
equations system is well conditioned. In practice, the iterative process is stopped after a
preset number of steps (unknown a priori) or after certain conditions have been met. By
iterative methods, the solution of a system of linear equations is obtained by generating a
sequence that tends to its exact solution. A major advantage of iterative methods is that
in practice rounding errors and truncation errors may be insignificant. We note that even
if the solution is affected by truncation errors that are not encountered in direct methods,
the iterative solution may have better accuracy than the solution obtained through direct
methods [4]. The most known methods of this type are: Gauss-Seidel, conjugate gradient,
Quasi-Newton methods, Broyden, Chebyshev, etc [4] . In conclusion, we can say that the
right choice of a classical numerical method is not simple, and more, improper selection
can lead to wrong solutions.

Artificial Intelligence and its results in recent decades have led to a new stage in
solving equation systems. Besides the classical numerical methods for solving equations
systems, in the last decades new methods that use artificial intelligence techniques to
determine the solutions were proposed, many more research papers being evidence of this
reality. Methods like Monte Carlo Methods (MCM), Artificial Neural Networks (ANN),
Genetic Algorithm (GA), Particle Swarm Optimization (PSO), Ant Colony Optimization
(ACO) algorithm, Imperialist Competitive Algorithm (ICA) , Harmony Search (HS) opti-
mization, Memetic Algorithm (MA), Brainstorming Optimization (BSO), Cuckoo Search
algorithm (CS), Greedy Randomized Adaptive Search Procedure (GRASP), Glowworm
Swarm Optimization (GSO), Quantum Computing and many more were used to solve
equation systems [5].

The hybridization of these new methods with classical methods has also led to promis-
ing results. In the last years, a lot of hybrid methods have been proposed for solving
equations systems. These methods combine metaheuristics with performant iterative
methods of system solving, the results being methods with good spatial and temporal
complexity and accurate solutions [5]. More than one hundred published papers on this
subject show researchers’ concern in solving equation systems using artificial intelligence
techniques. An increase in this interest can be seen especially in the last decade. Also, in
the last decade one can observe a dominance of metaheuristic methods and an increase
in the interest in hybrid methods [5]. Regarding the convergence of methods that use
techniques from artificial intelligence, there are only a few published papers in which, for
the particular cases of the proposed methods, the convergence is mathematically demon-
strated [5].
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1.2 Penguin Search Optimization Algorithm (PeSOA)

The PeSOA is inspired from penguins hunting strategy where each penguin represents a
solution of the optimization problem [2]. A penguin colony is organized in groups and
each group searches for food in an assigned hole. Each penguin dives at a random depth
and begins searching in random directions. After a number of dives it returns to the
surface and shares the amount of food and location. Each group shares the location of
the food and at the next iteration penguins from groups with little food follow penguins
who caught a lot of fish. The penguins hunt in groups and must synchronize their dives.
The PeSOA method agrees to optimize their objective function, such as maximizing the
amount of energy extracted from the energy invested. The relation (1.1) [2] is the base of
the PeSOA, where a new candidate solution is computing using the best local solution,
the last solution and a random number used for distribution.

Dnew = DLastLast + rand()∗ |XLocalBest −XLocalLast | (1.1)

where Dnew is the new solution, DLastLast is the last best solution corresponding to this
penguin, rand() is an uniformly distributed random number, XLocalBest the best local
solution and XLocalLast the local last solution.

The following rules explain the basic algorithm [2]:

• Rule 1: A penguin population is made up of several groups.

• Rule 2: Each group is composed of a variable number of penguins that can vary
depending on food availability in a specific location.

• Rule 3: They hunt in group and move randomly until they find food when oxygen
reserves are not depleted.

• Rule 4: They can perform simultaneous dives to a depth identical.

• Rule 5: Each group of penguins starts searching in a specific position (hole i) and
random levels (levels j1, j2, ..., jn).

• Rule 6: Each penguin looks for food in random way and individually in its group,
and after rough number of dives, penguins back on the ice to share with its affiliates,
the location (represented by the level or depth of the dive) where he found food and
plenty of it (represented by the amount of eaten fisch). This rule ensures intra-group
communication.

• Rule 7: At one level, one can have from 0 to N penguins (penguin or any group)
according to the abundance of food.

• Rule 8: If the number of fish in a hole is not enough (or none) for the group, part
of the group (or the whole group) migrates to another hole. (This rule ensures
inter-group communication)

• Rule 9: The group who ate the most fish delivers the location of rich food repre-
sented by the hole and the level.
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A detailed description of the basic algorithm as well as the auxiliary ones in pseudo-
code can be seen in the paper [2]:
The basic Algorithm of PeSOA [2]:
1: Generate K regions in the solution space
2: Generate penguins x(ij), (j = 1, 2, ..., N/K) for each group i within the designated
region;
3: while stopping criterion is not reached do
4: Initialise the oxygen reserve for each penguin;
5: for each group i do
6: for each penguin j in this group do
7: improve the penguin position x(ij)
8: endfor
9: update the food abundance degree for this group ;
10: endfor
11: update the global best solution;
12: update membership function values for each group b;
13: redistribute penguins to groups according to the membership function;
14: abandon the group if it has no members;
15: endwhile
16: end

The algorithm proposed in [2] was validated with different benchmarks test functions
like Rastrigin function, sphere function, Rosenbrock function, Schwefel function, and
Michalewicz function. Additionally, some PeSOA applications are listed. An application
of PeSOA is given in paper [8] where the method is used to solve the traveling salesman
problem (TSP). To improve the search technique of PeSOA, for the same problem, a
hybridization of PeSOA with the Harmony Search algorithm (HS) is done in work [7].
In paper [1] the PeSOA is used to consolidate multiple virtual machines in exceedingly
cloud-based distributed hosting surroundings. Paper [9] proposes a PeSOA method for
solving one of the most difficult NP-hard combinatorial optimization problems in discrete
case, the Quadratic assignment problem. A hybridization of GA, ACO and PeSOA meth-
ods for solving the vehicle routing problem (VRP) is described in [1]. A modified version
of the PeSOA by adding gaussian exploration for use in water resource field is proposed
in paper [6]. In paper [10] the PeSOA is hybridized with three different classifiers, Naive
Bayes(NB), k-Nearest Neighbors (kNN) and Support Vector Machines (SVMs) to find the
best subset features in case of Biomedical Data Classification. PeSOA is used for find-
ing the optimal location and sizing of Distributed Generation and Distribution STATic
COMpensator (DSTATCOM) with the aim of reducing the total power loss along with
voltage profile improvement of Radial Distribution System in work [11]. In paper [3], the
authors proposed an Algorithm for Association Rules Mining (ARM) that uses PeSOA.
As a final remark, from 2016 more than one hundred papers about real problems that
can be solved by PeSOA were published.
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Figure 1: Diagram of Simple-PeSOA

2 The proposed method

The problem to find a solution for an equations system is in fact a multi-objective op-
timization problem (MOP). The continuous MOP considered in our problem can be
mathematically defined as:

minimize F (x) = (f1(x), f2(x), . . . , fm(x))T (2.1)

with Ω ⊂ Rn the decision space or variable space, x = (x1, x2, . . . xn) ∈ Ω a candidate
solution, the function F : Ω→ Rm consisting of m real-valued objective functions (in our
problem, m is the number of equations) and Rm the objective space.

The basic idea of the proposed algorithm for finding solutions of equations systems is
to generate random solutions and improve them until termination conditions are satisfied.

Here we have three termination conditions: an exact solution is found (the value of
fitness function is equal to zero), an approximate solution (noted good enough in the
diagram) is found (a certain precision is satisfied) or a preset number of iterations is
reached.

A first variant of the proposed algorithm follows the main structure of the PeSOA
proposed in [2] and is represented in Figure 1.

The computational complexity for the population generation process is O (p2 + n)
where p represents the number of groups and n represents the number of penguins. The
complexity for the iterative search process is O(n · i) where i is the maximum number of
iterations (as a condition to stop the search). Thus, we have O (p2 + n + ni). Because in
practical application, p << n, we have O (ni) as a worst case.

In our proposed method for solving linear equations systems, an individual is rep-
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resented by a vector in which the elements represent the values/solutions of unknowns.
Even if the most components of this vector are good or good enough, only one or a
few bad components can negatively affect the global fitness of the individual, the global
solution of the linear equations system. It is known that diversity is very important in
evolutionary multi-objective optimization. In general, in evolutionary algorithms based
on fitness of individuals, individuals are selected for the next generation based on their
fitness values. Individuals with lower fitness are weeded out. The fitness value of an
individual is given by the sum of all sub-fitness of all genes. In our opinion, this is very
risky, because these individuals may have the most favorable genes but a poor minority
of genes may negatively influence the global fitness of the individual. For solving this
possible problem we propose to keep a little part of individuals with bad fitness and
recombine them. It is possible for these bad individuals to lead in a new generation to
individuals with good fitness. This strategy is the idea for a new variant of the PeSOA,
called Dual-Penguin Search Optimization Algorithm (DPeSOA). In the case of DPeSOA
we have two populations, the first formed by individuals with best fitness (main popula-
tion) and the second formed by individuals with worst fitness (second population). This
variant of the proposed algorithm begins with only one population but after the first
iteration the individuals selection process forms two populations. The main population
is used to obtain accuracy while the second is good for diversity and for individuals with
latent genes. It should be noted that migration between the two populations is possi-
ble. The main disadvantage of working with two populations is obviously the increase in
computational effort and the larger memory space required.

In the proposed algorithm for solving systems of equations inspired from penguins
hunting strategy, the problem is viewed as an optimization problem.

Finding a solution for the system of equations f(x) = 0 where the vector x =
{x1, x2, . . . ., xn} represents the unknowns, involves finding a solution such that every
equation in the system is satisfied, i.e.:

{f1 (x1, x2, . . . , xn) = 0, f2 (x1, x2, . . . , xn) = 0, . . . , fn (x1, x2, . . . , xn) = 0} . (2.2)

A solution is an assignment of values to the variables x1, x2, . . . , xn such that each
of the equations is satisfied. The solution set is the set of all possible solutions for the
equations system and there are three possible situations: unique, infinitely many, or
no solution for the system. In our approach the method is viewed as an optimization
problem (finding a solution by minimizing a given objective function). This is called a
fitness function and it should quantitatively measure how fit a given solution is in solving
the problem. For each equation in part we used function f 2

i (x) and to compute the fitness
for entire system we used the formula given by relation (2.3)

F (x) =
n∑

i=1

f 2
i (x) (2.3)

where x is the solution vector and n is the number of equations. This fitness function
tells the algorithm how good a particular solution is. It is obvious that the condition
must be met F (x) ≥ 0 by definition. Thus, for x∗ to be global minimum of F (x), i.e. an
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Figure 2: The main user interface

exact solution of equations system, then the following must hold true: f1 (x∗) = f2 (x∗) =
. . . = fn (x∗) = 0.

As will be seen in next section, the proposed method is able to find solutions even in
cases when the number of unknowns is smaller than the number of equations or in cases
when the number of unknowns is greater than the number of equations in the system,
i.e. over-determinate and under-determinate systems.

In the main user interface of our application (Figure 2) the user can select the system
of equations, the parameters for the initialization of the program and the working pa-
rameters. First, the user has to select the folder containing details about the equations
system. The system is displayed in the text area for inspection. Afterwards, a domain
can be added for each unknown in the system. The user can also select the number of
penguins in the population, the number of penguin groups, the number of holes and how
many groups should be assigned per group as well as the maximum number of iterations.
After all data was selected the user can press the button Execute Algorithm to start the
program. The result is displayed at the bottom and includes the value for each unknown,
the fitness value and the iteration at which the solution was found.

The main idea of the proposed algorithm to solve linear equations systems is to gen-
erate random solutions for a given equations system and improve them until a certain
precision is satisfied or until a number of iterations is reached. The algorithm as can be
seen in Figure 1, follows the main structure of the PeSOA proposed in [2]. The most
important implementation steps are briefly described in the following:

• population initialization is performed at the beginning of the program, a method
that creates the initial penguins population and assign penguins to groups, as can
be seen in Figure 2;

• assigning each group to a hole is the next phase. Because the search space for
equations systems can be big, it is divided into smaller intervals. Each penguin
searches at an assigned depth and hole, and is searching for a part of the solution;
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• after the dives each group generates a solution, the fitness value is calculated and it
is passed to the other groups. As every group communicates its own solution, new
solutions are generated based on different hole location and depth and the fitness
value is computed. The solution with the best fitness value is communicated to
all groups and at the next iteration penguins have a probability to follow penguins
that found a better solution;

• the hole represents where it performs the search, the depth represents the search
space and the depth level is used to identify which part of the solution the penguin
returns;

• the fitness value, the new solution that is found, the last solution and the best
solution that is found are communicated to the whole group. Each penguin in the
group will dive numerous times and at a specified depth and return a solution to
the group. The penguins move in a random way but they will also try to follow the
penguins that have a smaller fitness value, hence they have found a better solution;

• in our implementation there is a class called PenguinGroup, that contains the list
of penguins for this group, the group number and the number of unknowns in the
system. It is used to calculate the max depth level, the fitness value for the group,
a possible solution based on the findings of the penguins and the best solution
found by this group or another. Each penguin group will retrieve solutions found
by penguins and will compute the fitness value to determine the best local solution.
After a dive session the best local solution is communicated to the other groups,
this way intercommunication between groups is achieved;

• the class PeSOAProcess contains the method execute() which is called from the
main UI when the Execute Algorithm button is pressed. It contains the population,
a best global solution which is returned as output after ending conditions are met,
a list of all holes and the initial search spaces for each unknown in the system, these
are later divided into smaller intervals and assigned to each hole, the fitness value
and a list that hold all the unique solutions communicated by the penguin groups;

• before running the program, the user will create a new depth level for each unknown
in the system. After all depth levels are created the user can run the algorithm to
find the solution. To do this, in UI implementation there is an option Add domain.
Also, the user can set the running parameters of the program;

• at the beginning of the computation process, a method called firstTimeDive(), is
called once to initialize the first solution for each penguin, and it chooses a random
number inside the search space. After this, a method called dive() is called every
iteration and represents the way penguins move through the search space. The new
solution is generated by the following formula:

Xnew = Xlast + o + r∗ (Xbest −Xlast ) (2.4)

where Xnew is the new solution, Xlast is the last solution found, o is a random
number in (0, 1) that represents the oxygen reserve of the penguin, r is a random
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number in (0, 1), r 6= 0, and Xbest is the best solution found at the corresponding
depth.

• the penguins usually would follow the best solution but there is a chance they will
search for a random solution in the search space.

3 Experimental results

3.1 First set of experiments

This set of experiments aimed at testing the first variant of the proposed algorithm,
i.e. only one population of penguins was used. Thus, systems of equations, of small
dimensions, including under-determinate and over-determinate ones, were solved using
this variant of the algorithm, while others methods fail, as can be seen in Figure 3, where
some experimental results are presented. For each system of equations, the solutions
obtained in the case of four different runs of the proposed simple method are presented,
in order to highlight the convergence of the algorithm, even if the number of iterations
differs, sometimes by one or even two orders of magnitude. The average values for each
individual system are highlighted with italic fonts. The working parameters values in
algorithm implementation were and can be set by the application user, as can be seen in
Figure 2:

• number of penguins: 20 x number of systems unknowns;

• number of penguins groups: 20;

• number of holes: 4;

• number of penguins group per hole: 5;

• searching interval: [-100, 100];

• precision: 0.005;

• max. number of iterations: 2000

3.2 Second set of experiments

The second set of experiments aimed at testing the second variant of the proposed al-
gorithm DPeSOA, i.e. the variant that works with two populations of penguins. In this
set of experiments we wanted to see if DPeSOA leads to better convergence or solutions.
First, we generated linear equation systems with sizes between 2 and 5. After that, only
the systems that admit a unique solution were selected. The set of experimental data
includes 10 systems of equations for each size. The working parameters values were the
same as in the first set of experiments. Regarding to the second variant of the proposed
algorithm DPeSOA that uses a dual population, the following were observed:
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Figure 3: Experimental resuls with one population

• the solutions found by both variants were about the same;

• in general, the number of necessary iterations has decreased in the case of DPeSOA,
sometimes up to half, except when the maximum number of iterations (2000 in our
implementation) has been reached, as can be seen in Figure 4;

• even if the execution time increases due to the management and processing of two
populations, the overall execution time decreases due to the significant reduction of
the number of iterations needed to find the solution. As an average, the reduction
in execution time is about 15%, a fact that is not necessarily an advantage in the
case of small systems;

• using two different populations, the algorithm can explore the objective space more
thoroughly and can have more stable performance;

• experimentally it was observed that the best ratio between the main and the sec-
ondary population seems to be 2/1. A comparation of PeSOA and DPeSOA variants
from number of iterations needed can be seen in Figure 4. We mention again that
the solutions founded by both variants are the same or very close (differences from
3th decimal).



Vol. 60 (2024) Solving Equations Systems Using the Penguins Search Optimization 108

Figure 4: Experimental resuls with dual populations - average iterations needed

4 Conclusions and future work

In this paper, an approach inspired from nature for solving systems of equations was
proposed. The problem was transformed into a problem of optimization, more exactly into
a minimization problem from objective function point of view. The proposed algorithm
is accurate and was able to find the solution of a given system of equations even in cases
where traditional methods fail. If the maximum number of iterations was reached, a
good enough approximation of the solution is given by the proposed method. The dual
population approach seems to be better than the classical approach from the number of
iterations and in cases of systems with multiple solutions, thus the study and improvement
of this variant will be one of our concerns in the future. One of interests for future work is
to reduce the time complexity and spatial complexity of the proposed algorithm and for
these, the study of Pareto front and Gaussian joint distribution regarding their possible
advantages in case of our algorithm, will be another future work. A parallelization of
the algorithm will be taken into consideration, especially for DPeSOA, with the aim of
solving large systems in reasonable times.
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