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Abstract In this paper, we present a novel class of Copson-type inequalities involv-
ing the right-sided k-Hadamard fractional integral operator with all parameters of
integrability p 6= 0 and obtain some classical special cases of Copson inequalities.
The main results will be proved by employing the Hölder inequality and the Fubini
theorem.
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1 Introduction

In literature, the following inequality known by the Copson integral inequality has been
proven in [2, Theorem C], for p > 1 and a non-negative continuous function f on (0,∞)∫ ∞

0

(∫ ∞
x

f(t)
dt

t

)p
dx ≤ p p

∫ ∞
0

fp(x)dx, (1.1)

where the operator

Cf(x) =

∫ ∞
x

f(t)
dt

t
,

represents the Copson operator, also known as the Hardy adjoint operator.
In 1976, E.T.Copson proved the following inequalities [3] for c 6= 1, 0 < b ≤ ∞ and a
non-negative continuous function φ on (0,∞)∫ b

0

F p(x)Φ−c(x)φ(x)dx ≤
(

p

|c− 1|

)p ∫ b

0

fp(x)Φp−c(x)φ(x)dx, for p ≥ 1, (1.2)
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and∫ b

0

F p(x)Φ−c(x)φ(x)dx ≥
(

p

|c− 1|

)p ∫ b

0

fp(x)Φp−c(x)φ(x)dx, for 0 < p ≤ 1. (1.3)

where

Φ(x) =

∫ x

0

φ(t)dt, F (x) =



∫ x

0

f(t)φ(t)dt for c > 1,

∫ ∞
x

f(t)φ(t)dt for c < 1.

In [1] the following Copson inequality for p < 0 and α 6= p− 1 has been proved:∫ b

0

F p(x)Φα−p(x)φ(x)dx ≤
(

p

|p− 1− α|

)p ∫ b

0

fp(x)Φα(x)φ(x)dx, (1.4)

where

Φ(x) =

∫ x

0

φ(t)dt, F (x) =



∫ x

0

f(t)φ(t)dt for α > p− 1,

∫ ∞
x

f(t)φ(t)dt for α < p− 1.

During the 20th century, Copson-type inequality (1.1) has been the subject of par-
ticular attention by various authors, which has led to important lines of study. In recent
decades, the study of dynamic inequalities over time scales has become a prominent area
in applied and pure mathematics. While the authors have presented some generaliza-
tions of the Hardy-Copson integral inequalities that involve dynamic inequalities on time
scales, the majority of research findings focus primarily on Hardy-type and Copson-type
dynamic inequalities on time scales [4, 5, 8–10,13,14,16].

On the other hand, fractional inequalities have become an active field of research,
with several authors interested in proving Copson inequalities of fractional type using
the conformable calculus on time scales [15]. In particular, Saker et al. [12] proved some
Copson and converse Copson-type inequalities via conformable calculus.

Motivated by the literature above, in this study we provide a novel version of the
Copson-type inequalities in fractional calculus employing the right-sided k-Hadamard
fractional integral operator on the interval [a, b] ⊂ (0,∞) defined as follows:

Hα, k
b− (f)(x) =

1

k Γk(α)

∫ b

x

(
log

t

x

)α
k
−1

f(t)
dt

t
, a ≤ x < b, (1.5)

where f is an integrable function on (a, b) and the k-gamma function is defined for allα, k >
0 by

Γk(α) =

∫ ∞
0

tα−1e−
tk

k dt ,

and verifies
Γk(α + k) = αΓk(α).



Vol. 60 (2024) Copson-type Inequalities via the k-Hadamard Operator 75

For k = 1, we get the right sided Hadamard fractional integral operator

Hα
b−(f)(x) =

1

Γ(α)

∫ b

x

(
log

t

x

)α−1
f(t)

dt

t
, a ≤ x < b. (1.6)

Putting α = 1 in (1.6), we get the Copson operator Cf as follows:

Cf (x) =

∫ b

x

f(t)
dt

t
, a ≤ x < b. (1.7)

The Hölder inequality is one of the most well-known integral inequalities. The following
statement was proved.

Theorem 1.1. Let [a, b] ⊂ (0,∞), p > 1 and f , g be measurable functions on [a, b]. If
f ∈ Lp([a, b]) and g ∈ Lq([a, b]) where 1

p
+ 1

q
= 1, then

∫ b

a

|f(t)g(t)|dt ≤
(∫ b

a

|f(t)|pdt
) 1

p
(∫ b

a

|g(t)|qdt
) 1

q

. (1.8)

The inequality (1.8) is reversed for 0 < p < 1 and p < 0.
For p = 1, we have ∫ b

a

|f(t)g(t)|dt ≤ ‖g‖∞ ·
(∫ b

a

|f(t)|dt
)
, (1.9)

where
‖g‖∞ = ess sup

t∈[a,b]
|g(t)| .

Fore more details see [6, Theorem 189], [7] and [11].

2 Main results

We will use Hölder inequality, Fubini theorem, and the monotonicity of the function φ to
demonstrate the main results. The functions f and φ used in this study are assumed to
be positive measurable on the interval [a, b] ⊂ (0,∞). We denote by Ψ the function that
is defined as Ψ(x) = log b

x
, a ≤ x < b.

Theorem 2.1. Let p > 1 and k, α > 0 such that α
k
≥ 1.

1. If φ is a non-increasing function, then∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ k b φ(a)

(α(p− 1) + k) Γp−1k (α + k)

×
[
(Ψ(a))

α
k
(p−1)+1Hα, k

b− (fp) (a) − Hα, k
b−

(
fp · Ψ

α
k
(p−1)+1

)
(a)
]
.

(2.1)
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2. If φ is a non-decreasing function, then∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ k b

(α(p− 1) + k) Γp−1k (α + k)

×
[
(Ψ(a))

α
k
(p−1)+1Hα, k

b− (fp φ) (a) − Hα, k
b−

(
fp · φ · Ψ

α
k
(p−1)+1

)
(a)
]
.

(2.2)

Proof. Using the Hölder inequality for 1
p

+ 1
q

= 1, we obtain∫ b

a

(Hα, k
b− (f)(x))p φ(x) dx

=

∫ b

a

φ(x)

∫ b

x

[
1

k Γk(α)

(
log

t

x

)α
k
−1

1

t

] 1
p

f(t)

[
1

k Γk(α)

(
log

t

x

)α
k
−1

1

t

] 1
q

dt

p dx

≤
∫ b

a

φ(x)

[
1

k Γk(α)

∫ b

x

(
log

t

x

)α
k
−1

fp(t)
dt

t

][
1

k Γk(α)

∫ b

x

(
log

t

x

)α
k
−1
dt

t

]p−1
dx

=
1

k Γk(α)

∫ b

a

φ(x)

∫ b

x

(
log

t

x

)α
k
−1

fp(t)
dt

t

[
1

αΓk(α)

(
log

b

x

)α
k

]p−1
dx

=
1

k Γk(α)Γp−1k (α + k)

∫ b

a

φ(x)

(
log

b

x

)α
k
(p−1) ∫ b

x

(
log

t

x

)α
k
−1
fp(t)

t
dt dx.

Using Fubini’s theorem, we get∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤

1

k Γk(α)Γp−1k (α + k)

∫ b

a

fp(t)

t

∫ t

a

φ(x)

(
log

b

x

)α
k
(p−1)(

log
t

x

)α
k
−1

dx dt,

and since φ and log( t•) are non-increasing functions, we obtain∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ φ(a)

k Γk(α) Γp−1k (α + k)

×
∫ b

a

(
log

t

a

)α
k
−1

fp(t)

(∫ t

a

(
log

b

x

)α
k
(p−1)

dx

)
dt

t
.

(2.3)
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Noting that∫ t

a

(
log

b

x

)α
k
(p−1)

dx ≤
∫ t

a

b

x

(
log

b

x

)α
k
(p−1)

dx

=
k b

α(p− 1) + k

((
log

b

a

)α
k
(p−1)+1

−
(

log
b

t

)α
k
(p−1)+1

)
,

replacing in the inequality (2.3), we get∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ k b φ(a)

(α(p− 1) + k) Γp−1k (α + k) k Γk(α)

×

[(
log b

a

)α
k
(p−1)+1

∫ b

a

(
log

t

a

)α
k
−1

fp(t)
dt

t
−
∫ b

a

(
log

t

a

)α
k
−1

fp(t)

(
log

b

t

)α
k
(p−1)+1

dt

t

]
,

this yields the inequality (2.1).
The proof of the inequality (2.2) is the same as the proof of the inequality (2.1).

Theorem 2.2. Let f, φ > 0 be positive measurable functions on [a, b] ⊂ (0,∞), 0 < p < 1
and k, α > 0 and such that 0 < α

k
≤ 1.

1. If φ is a non-increasing function, then∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥ k a

(k − α(1− p)) Γp−1k (α + k)

×
[
(Ψ(a))1−

α
k
(1−p) Hα, k

b− (fp · φ) (a)−Hα, k
b−

(
fp · φ · Ψ1−α

k
(1−p)) (a)

]
.

(2.4)

2. If φ is a non-decreasing function, then∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥ k a φ(a)

(k − α(1− p)) Γp−1k (α + k)

×
[
(Ψ(a))1−

α
k
(1−p) Hα, k

b− (fp) (a)−Hα, k
b−

(
fp · Ψ1−α

k
(1−p)) (a)

]
.

(2.5)

Proof. The Hölder inequality for 0 < p < 1 yields∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥

1

k Γk(α) Γp−1k (α + k)

∫ b

a

φ(x)

(
log

b

x

)α
k
(p−1) ∫ b

x

(
log

t

x

)α
k
−1
fp(t)

t
dt dx,

since (
log

t

x

)α
k
−1

≥
(

log
t

a

)α
k
−1

,
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then ∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥

1

k Γk(α) Γp−1k (α + k)

∫ b

a

φ(x)

(
log

b

x

)α
k
(p−1) ∫ b

x

(
log

t

a

)α
k
−1
fp(t)

t
dt dx,

using the Fubini theorem, we get∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥

1

k Γk(α) Γp−1k (α + k)

∫ b

a

(
log

t

a

)α
k
−1
fp(t)

t

∫ t

a

φ(x)

(
log

b

x

)α
k
(p−1)

dx dt,

given that the function φ is non-increasing, we deduce∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥

1

k Γk(α) Γp−1k (α + k)

∫ b

a

(
log

t

a

)α
k
−1
fp(t)

t
φ(t)

∫ t

a

(
log

b

x

)α
k
(p−1)

dx dt.

(2.6)

We notice that∫ t

a

(
log

b

x

)α
k
(p−1)

dx ≥
∫ t

a

(
log

b

x

)α
k
(p−1)

a

x
dx

=
k a

k − α(1− p)

[(
log

b

a

)α
k
(p−1)+1

−
(

log
b

t

)α
k
(p−1)+1

]
,

replacing in the inequality (2.6), we obtain∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≥ k a

(k − α(1− p)) k Γk(α) Γp−1k (α + k)

×

[(
log b

a

)1−α
k
(1−p)

∫ b

a

(
log

t

a

)α
k
−1

fp(t)φ(t)
dt

t
−
∫ b

a

(
log

t

a

)α
k
−1

fp(t)φ(t)

(
log

b

t

)1−α
k
(1−p)

dt

t

]
,

which is the desired inequality (2.4). The proof of the inequality (2.5) is similar to the
proof of the inequality (2.4).

Theorem 2.3. Let f, φ > 0 be positive measurable functions on [a, b] ⊂ (0,∞), p < 0
and k, α > 0, such that α

k
≥ 1.
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1. If φ is a non-increasing function, then∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ k b φ(a) Γ1−p

k (α + k)

α(1− p)− k

×
[
Hα, k
b−

(
fp · Ψ

α
k
(p−1)+1

)
(a) − (Ψ(a))

α
k
(p−1)+1 Hα, k

b− (fp) (a)
]
.

(2.7)

2. If φ is a non-decreasing function, then∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ k bΓ1−p

k (α + k)

α(1− p)− k

×
[
Hα, k
b−

(
fp · φ · Ψ

α
k
(p−1)+1

)
(a) − (Ψ(a))

α
k
(p−1)+1 Hα, k

b− (fp · φ) (a)
]
.

(2.8)

Proof. Utilizing the Hölder inequality for p < 0 yields

Hα, k
b− (f)(x) =

∫ b

x

(
1

k Γk(α)

(
log

t

x

)α
k
−1

1

t

) 1
p

f(t)

(
1

k Γk(α)

(
log

t

x

)α
k
−1

1

t

) 1
q

dt

≥

(∫ b

x

1

k Γk(α)

(
log

t

x

)α
k
−1

fp(t)
dt

t

) 1
p
(∫ b

x

1

k Γk(α)

(
log

t

x

)α
k
−1
dt

t

) 1
q

,

therefore∫ b

a

(
Hα, k
b− f(x)

)p
φ(x)dx

≤
∫ b

a

φ(x)

(∫ b

x

1

k Γk(α)

(
log

t

x

)α
k
−1

fp(t)
dt

t

)(∫ b

x

1

k Γk(α)

(
log

t

x

)α
k
−1

dt

t

)p−1

dx

=
Γ1−p
k (α + k)

k Γk(α)

∫ b

a

φ(x)

(
log

b

x

)α
k
(p−1) ∫ b

x

(
log

t

x

)α
k
−1

fp(t)

t
dt dx.

Using the Fubini theorem and the fact that φ and log( t•) are non-increasing functions,
as in (2.3), we obtain ∫ b

a

(
Hα, k
b− f(x)

)p
φ(x)dx ≤

Γ1−p
k (α + k)φ(a)

k Γk(α)

∫ b

a

(
log

t

a

)α
k
−1

fp(t)

(∫ t

a

(
log

b

x

)α
k
(p−1)

dx

)
dt

t
.

(2.9)
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As α
k
(p− 1) < −1 and∫ t

a

(
log

b

x

)α
k
(p−1)

dx ≤
∫ t

a

b

x

(
log

b

x

)α
k
(p−1)

dx

=
k b

α(1− p)− k

((
log

b

t

)α
k
(p−1)+1

−
(

log
b

a

)α
k
(p−1)+1

)
,

by applying the inequality (2.9), we obtain∫ b

a

(
Hα, k
b− (f)(x)

)p
φ(x) dx ≤ k b φ(a) Γ1−p

k (α + k)

(α(1− p)− k) k Γk(α)

×

[∫ b

a

(
log

t

a

)α
k
−1

fp(t)

(
log

b

t

)α
k
(p−1)+1

dt

t
−
(

log
b

a

)α
k
(p−1)+1 ∫ b

a

(
log

t

a

)α
k
−1

fp(t)
dt

t

]
,

this is the needed inequality (2.7).
The proof of the inequality (2.8) is the same as the proof of the inequality (2.7).

3 Applications

Putting k = 1 in the above Theorems 2.1, 2.2 and 2.3 yields the following results related
to the Hadamard operator.

Corollary 3.1. Let α > 0 and f, φ > 0 be positive measurable functions on [a, b] ⊂
(0,∞).

• For all p > 1 and α ≥ 1, if φ is a non-increasing function, we get

∫ b

a

(Hα
b−(f)(x))p φ(x) dx ≤ b φ(a)

(α(p− 1) + 1) Γp−1(α + 1)

×
[
(Ψ(a))α(p−1)+1 Hα

b− (fp) (a) − Hα
b−

(
fp · Ψα(p−1)+1

)
(a)
]
,

and if φ is a non-decreasing, we have

∫ b

a

(Hα
b−(f)(x))p φ(x) dx ≤ b

(α(p− 1) + 1) Γp−1(α + 1)

×
[
(Ψ(a))α(p−1)+1 Hα

b− (fp · φ) (a) − Hα
b−

(
fp · φ · Ψα(p−1)+1

)
(a)
]
.
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• For all 0 < p < 1 and 0 < α ≤ 1, if φ is a non-increasing, we get∫ b

a

(Hα
b−(f)(x))p φ(x) dx ≥ a

(α(p− 1) + 1) Γp−1(α + 1)

×
[
(Ψ(a))α(p−1)+1 Hα

b− (fp · φ) (a) −Hα
b−

(
fp · φ · Ψα(p−1)+1

)
(a)
]
,

and if φ is a non-decreasing, we have∫ b

a

(Hα
b−(f)(x))p φ(x) dx ≥ a φ(a)

(α(p− 1) + 1) Γp−1(α + 1)

×
[
(Ψ(a))α(p−1)+1 Hα

b− (fp) (a) −Hα
b−

(
fp · Ψα(p−1)+1

)
(a)
]
.

• For all p < 0 and α ≥ 1, if φ is a non-increasing, we get∫ b

a

(Hα
b−(f)(x))p φ(x) dx ≤ b φ(a) Γ1−p(α + 1)

α(1− p)− 1

×
[
Hα
b−

(
fp · Ψα(p−1)+1

)
(a) − (Ψ(a))α(p−1)+1 Hα

b− (fp) (a)
]
,

and if φ is a non-decreasing, we have∫ b

a

(Hα
b−(f)(x))p φ(x) dx ≤ bΓ1−p(α + 1)

α(1− p)− 1

×
[
Hα
b−

(
fp · φ · Ψα(p−1)+1

)
(a) − (Ψ(a))α(p−1)+1 Hα

b− (fp · φ) (a)
]
.

Putting α = 1 in the previous Corollary 3.1, we get the following Copson-type in-
equalities.

Corollary 3.2. Let f, φ > 0 be positive measurable functions on the [a, b] ⊂ (0,∞) and

Cf(x) =

∫ b

x

f(t)
dt

t
.

• For p > 1, if φ is a non-increasing, we have

p

∫ b

a

(Cf(x))p φ(x) dx ≤ b φ(a)

[(
log

b

a

)p ∫ b

a

fp(t)
dt

t
−
∫ b

a

fp(t)

(
log

b

t

)p
dt

t

]
,

if φ is a non-decreasing, we get

p

∫ b

a

(Cf(x))p φ(x) dx ≤ b

[(
log

b

a

)p ∫ b

a

fp(t)φ(t)
dt

t
−
∫ b

a

fp(t)φ(t)

(
log

b

t

)p
dt

t

]
.
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• For 0 < p < 1, if φ is a non-increasing, we have

p

∫ b

a

(Cf(x))p φ(x) dx ≥ a

[(
log

b

a

)p ∫ b

a

fp(t)φ(t)
dt

t
−
∫ b

a

fp(t)φ(t)

(
log

b

t

)p
dt

t

]
,

if φ is a non-decreasing, we get

p

∫ b

a

(Cf(x))p φ(x) dx ≥ a φ(a)

[(
log

b

a

)p ∫ b

a

fp(t)
dt

t
−
∫ b

a

fp(t)

(
log

b

t

)p
dt

t

]
.

• For p < 0, if φ is a non-increasing, we have

−p
∫ b

a

(Cf(x))p φ(x) dx ≤ b φ(a)

[∫ b

a

fp(t)

(
log

b

t

)p
dt

t
−
(

log
b

a

)p ∫ b

a

fp(t)
dt

t

]
,

if φ is a non-decreasing, we get

−p
∫ b

a

(Cf(x))p φ(x) dx ≤ b

[∫ b

a

fp(t)

(
log

b

t

)p
φ(t)

dt

t
−
(

log
b

a

)p ∫ b

a

fp(t)φ(t)
dt

t

]
.

The following results are particular cases of corollary 3.2, for a non-increasing function

φ1(x) =
1

xq
and a non-decreasing function φ2(x) = xq, where q > 0.

Corollary 3.3. Let f > 0 be positive measurable function on the [a, b] ⊂ (0,∞) and

Cf(x) =

∫ b

x

f(t)
dt

t
.

• For p > 1, we have

p

∫ b

a

(Cf(x))p

xq
dx ≤ b

aq

[(
log

b

a

)p ∫ b

a

fp(t)
dt

t
−
∫ b

a

fp(t)

(
log

b

t

)p
dt

t

]
,

and

p

∫ b

a

(Cf(x))p xq dx ≤ b

[(
log

b

a

)p ∫ b

a

fp(t) tq
dt

t
−
∫ b

a

fp(t) tq
(

log
b

t

)p
dt

t

]
.

• For 0 < p < 1, we have

p

∫ b

a

(Cf(x))p

xq
dx ≥ a

[(
log

b

a

)p ∫ b

a

fp(t)

tq
dt

t
−
∫ b

a

fp(t)

tq

(
log

b

t

)p
dt

t

]
,

and

p

∫ b

a

(Cf(x))p xq dx ≥ aq+1

[(
log

b

a

)p ∫ b

a

fp(t)
dt

t
−
∫ b

a

fp(t)

(
log

b

t

)p
dt

t

]
.

• For p < 0, we have

−p
∫ b

a

(Cf(x))p

xq
dx ≤ b

aq

[∫ b

a

fp(t)

(
log

b

t

)p
dt

t
−
(

log
b

a

)p ∫ b

a

fp(t)
dt

t

]
,

and

−p
∫ b

a

(Cf(x))p xq dx ≤ b

[∫ b

a

fp(t) tq
(

log
b

t

)p
dt

t
−
(

log
b

a

)p ∫ b

a

fp(t) tq
dt

t

]
.
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