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Copson-type Inequalities via the k-Hadamard
Operator
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Abstract In this paper, we present a novel class of Copson-type inequalities involv-
ing the right-sided k-Hadamard fractional integral operator with all parameters of
integrability p # 0 and obtain some classical special cases of Copson inequalities.
The main results will be proved by employing the Holder inequality and the Fubini
theorem.
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1 Introduction

In literature, the following inequality known by the Copson integral inequality has been
proven in [2, Theorem C], for p > 1 and a non-negative continuous function f on (0, o)

/0°° (/:0 f(t)%)pdx < pp/ooo P ()de, @)

et = [ 10T,

represents the Copson operator, also known as the Hardy adjoint operator.
In 1976, E.T.Copson proved the following inequalities [3] for ¢ # 1, 0 < b < oo and a
non-negative continuous function ¢ on (0, co)

where the operator

/Ob FP(2)®™(2)¢(x)dr < (]cf 1’>p/0b @) (2)d(x)dx, forp>1,  (1.2)
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and

b P b
/o FP(x)®™(z)p(z)dr > (|Cf 1|> /0 ()PP (z)p(x)dx, for 0 <p<1. (1.3)

where

/zf(t)qb(t)dt for c > 1,
O(z) = /0 s(t)dt, F(z) = OOO
[ s o<1

In [1] the following Copson inequality for p < 0 and « # p — 1 has been proved:

/0 b FP(2) 0P (2)d(x)dw < ( )p /0 b f7(2)®% (2)¢(x)dx, (1.4)

B
p—1-qf
where .
/ ft)o(t)dt for a>p—1,
x 0
o) = [t F@ =
/ f@)ot)dt for a <p—1.

During the 20th century, Copson-type inequality (1.1) has been the subject of par-
ticular attention by various authors, which has led to important lines of study. In recent
decades, the study of dynamic inequalities over time scales has become a prominent area
in applied and pure mathematics. While the authors have presented some generaliza-
tions of the Hardy-Copson integral inequalities that involve dynamic inequalities on time
scales, the majority of research findings focus primarily on Hardy-type and Copson-type
dynamic inequalities on time scales [4,5,8-10, 13, 14, 16].

On the other hand, fractional inequalities have become an active field of research,
with several authors interested in proving Copson inequalities of fractional type using
the conformable calculus on time scales [15]. In particular, Saker et al. [12] proved some
Copson and converse Copson-type inequalities via conformable calculus.

Motivated by the literature above, in this study we provide a novel version of the
Copson-type inequalities in fractional calculus employing the right-sided k-Hadamard
fractional integral operator on the interval [a,b] C (0, 00) defined as follows:

HM(f) () = k:Fi(a) / <10g 2)_ £(#) %, a<z<bh, (1.5)

where f is an integrable function on (a, b) and the k-gamma function is defined for all o, k >
0 by

o0 tk
Fi(a) = / t*lemwdt
0

and verifies
Fi(a+ k) = alk(a).
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For k =1, we get the right sided Hadamard fractional integral operator

b a—1
HO (f)(x) = ﬁ / <log %) (1) %, a<z<b (1.6)

Putting & = 1 in (1.6), we get the Copson operator C'f as follows:

b dt
Cf(x):/ 0% a<e< (1.7)
The Holder inequality is one of the most well-known integral inequalities. The following

statement was proved.

Theorem 1.1. Let [a,b] C (0,00), p > 1 and f, g be measurable functions on [a,b]. If
f € Ly(la,b]) and g € L,(|a,b]) where % + % =1, then

1
q

/ a0l < ( / b |f(t)lpdt); ( / b \g(t)]th> . 18)

The inequality (1.8) is reversed for 0 < p <1 and p < 0.
Forp=1, we have

/ L a(0)dt < gl (/ b olar) (19)

where

9]l = ess sup |g(t)].
tela,b]

Fore more details see [6, Theorem 189], [7] and [11].

2 Main results

We will use Holder inequality, Fubini theorem, and the monotonicity of the function ¢ to
demonstrate the main results. The functions f and ¢ used in this study are assumed to
be positive measurable on the interval [a,b] C (0, 00). We denote by ¥ the function that
is defined as ¥(z) =log 2, a <z <b.

Theorem 2.1. Let p > 1 and k, a > 0 such that 3 > 1.

1. If ¢ is a non-increasing function, then

kbo(a)
((p—1) + k) TP o + k)

/b (Hf:k(f)(x))p o(z)dx <
| (2.1)

b—

< [(W(@)E I HEE () (0) — HER (7 00D (o))
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2. If ¢ is a non-decreasing function, then

kb
(a(p— 1)+ k) TP (o + k)

/ (2 @) oo <
< [(w(@)EOI B (179) (a) — HRF(f7- 9 wECDH) (a)].

Proof. Using the Holder inequality for é + % = 1, we obtain

[ | rwta (e2) ] 0 i ()] ]
= abM k e / (mé) T p(w%] [k ey / (1og§) %] L

oo [ (lgi) o7 [ari<a> (lgg)]“

_ 1 b p\ £ b I\ E o)
_ka(a)Fﬁ_l(OHLk)/a o(x) (log5> /:C (log;) = dt dr.

Using Fubini’s theorem, we get

/ (M@ o) do <

1 bfp(t) t b (-1 t -1
krk(a>rg—1<a+k)/a t / ) (log 5) (log 5) dodt

and since ¢ and log(%) are non-increasing functions, we obtain

| (1 0@) swyds < (a)jﬁ%‘i{ TEws

b -1 t b z-1) d
x/a (log 2) f2(t) (/a <log E) d:v) Tt

(2.3)
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Noting that

t b %(P—l) t b b %(P‘l)
/ <log —) der < / — (log —) dx
a x 0o X x

3 kbo(a)
(a(p—1)+k) Fi_l(a + k) kg ()

b -1 b 51 % (p=1)+1
Q. t\* dt t\F b\ * dt
x [(bg byk® 1)“/ (log 5) Ok —/ (log 5) F2(t) (log Z) 7] ,

this yields the inequality (2.1).
The proof of the inequality (2.2) is the same as the proof of the inequality (2.1). O

Theorem 2.2. Let f, ¢ > 0 be positive measurable functions on |a,b] C (0,00), 0 <p <1
and k, « > 0 and such that 0 < £ < 1.

1. If ¢ 1s a non-increasing function, then

’ k1)) é(z)de ka
[ (@) ote)de > e "
X (@) TECP HEE (7 9) (a) = HER (7 60 WIEOD) (a)]
2. If ¢ is a non-decreasing function, then
’ a, k x p ) dr ka¢(a)
[, (o) iz g ey 2

x| (W(a) TEEP R () (a) = HE (- w00 (0)]
Proof. The Holder inequality for 0 < p < 1 yields

/ (@) o) do >

1 b b\ FPY b £\ F )
krk(a)rzl(mk)/a #a) (10g5> / (logi) e e

since
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then

1 b b (=1 b t it fp<t)
ka(a)FZ_l(a—i—k)/a o(z) (log;) /:C <loga) . dt dux,

using the Fubini theorem, we get

/ (@) o) do >

1 b A\ FL IO p\ &1
kTi(a) TP Yo+ k) / (logg) — / () (log;> da dt,

given that the function ¢ is non-increasing, we deduce

/a b (25 0)@))" (@) de >

1 b £\ E () t B\ £-D
krk(a)rg‘l(wrk)/a <10g5) o) / (logg) du dt.

We notice that

(2.6)

ka b Z-1)+1 b Zp—1)+1
— " A (loe= — (1002
i) (D)

replacing in the inequality (2.6), we obtain

b
ok x : x)dx
[ (@) swnte> o

§ a_y | 1-%(1-p)
[ og )10 [ (0g 2N s @ = [ (0t oo (10s” a|
o a t a a t t

which is the desired inequality (2.4). The proof of the inequality (2.5) is similar to the

proof of the inequality (2.4).
[

Theorem 2.3. Let f, ¢ > 0 be positive measurable functions on [a,b] C (0,00), p < 0
and k, o > 0, such that 3 > 1.
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1. If ¢ 1s a non-increasing function, then

/ab (Hl‘){k(f)(m)y o) do < /’{;bi((a1 Eip)ﬁ(fé;_ k)

(2.7)
x [k (7 wEODR) (0) — (@) FOIT R (17) (a)]
2. If ¢ is a non-decreasing function, then
’ P koD P+ k
[ () oy o < 220D
¢ (2.8)

) [Hh (7 6 WEODY () — (@) O HER (- 0) (a)]

Proof. Utilizing the Hélder inequality for p < 0 yields

() @) :/:(kri(a) <10g£)z—1 %>;f © <kri<a) (logé)# %f‘”
- ([ et () o) (f e () 4)'
v (a) . (a)

therefore

/a b (H @) ola)da
< [0 ([ i (m3) " 0%) ([ e () )

B Flfp(a_’_k) b b (-1 b t -1 fp(t)
= kkr‘w /a ¢(Z’) (lOg E) /m <log E) Tdt dl’

Using the Fubini theorem and the fact that ¢ and log(%) are non-increasing functions,

as in (2.3), we obtain
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As 2(p—1) < —1and

¢ T-1) t T-1)
/ (logé) dx §/ é (logé) dx
a x o T x

V P kbg(a) Ty P(a+ k)
/a (Hb— (f)($)> (b(x)dxg( (1_ )—]{?) ka( )

bR b\ FPIH pNFEUHE b p\ET Lt
log ~ ?(t) (log - 1 log ~ P(t) =
X[/ (oga> f(t)(ogt> n (og ) /a (oga) MO

this is the needed inequality (2.7).
The proof of the inequality (2.8) is the same as the proof of the inequality (2.7).

3 Applications

Putting £ = 1 in the above Theorems 2.1, 2.2 and 2.3 yields the following results related
to the Hadamard operator.

Corollary 3.1. Let a > 0 and f, ¢ > 0 be positive measurable functions on |a,b] C
(0, 00).

e Forallp>1 and o > 1, if ¢ is a non-increasing function, we get

[ @y o) d < s

~(alp =1+ DI Ha+1)

x| (@) T H (£7) (a) = Hy (7 WD) (0) ]

and if ¢ is a non-decreasing, we have

| @Y o) ds < s

x| (@) T H (7 9) (a) = Hp (7 6+ WD) (a)]
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o forall0<p<1land0<a<1,ifdisanon-increasing, we get

[ @y s>

“(ap—-1)+ I Ha+1)

< | (@) T H (7 ) (a) = HE (f7- 60 0TI (a)]

and if ¢ is a non-decreasing, we have

e ad(a)
| @y o) e > s

x| (@) T H (f2) (a) = Hy (/7 9o (0) |

o forallp <0 and a > 1, if ¢ is a non-increasing, we get

bé(a) " P(a+1)
a(l—p)—1

[ (i) ol ds <

x [Hy (7 we00) (a) = ((a)" 0 H (1) ()]
and if ¢ is a non-decreasing, we have

bIP(a+1)

[ (@) o de < TS

<[ (17 0 00 (0) — (W@ TV H (7 6)(a)].

Putting @ = 1 in the previous Corollary 3.1, we get the following Copson-type in-
equalities.

Corollary 3.2. Let f, ¢ > 0 be positive measurable functions on the [a,b] C (0,00) and

_ /:f(w%

o Forp>1, if ¢ is a non-increasing, we have

p [ Cror s <vow () [ 0% [ o (o)) 4.

if ¢ is a non-decreasing, we get

p/ab(Cf(x))p (b(x)dxgb[(log > /fp /fp (log—)p% :
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o For0<p<1, if ¢ isanon-increasing, we have

p [ swirza|(os?) [ rawn® - [ oo (1eh) ¢

if ¢ is a non-decreasing, we get

» /;(Cf(x))” o) dr > a6(a) Klog ) / 0 /abfp(t) (lgl;)%}

e Forp <0, if ¢ is a non-increasing, we have

[ sy s <voa | [0 () § - (0s2) [0,

if ¢ is a non-decreasing, we get

o [ s swir<o | [ o0 () 005 - (1e2) [ o0 ?]

The following results are particular cases of corollary 3.2, for a non-increasing function

o1(x) = — and a non-decreasing function ¢o(x) = 29, where g > 0.
x

Corollary 3.3. Let f > 0 be positive measurable function on the [a,b] C (0,00) and

b
dt
= t)—.
/x Ft)
e Forp>1, we have

18 8 (2] [ o o) 2]

and

p [y i <s](1s2) [raoeD- [ oo (o)) %),

e For (O <p<1, we have

e ) [ 52422

and

[ ears o () [ [ o) 2]

e Forp <0, we have

[ < 2 [ 0 (10g8) % (062) [ 0]

and

o [erop i< | [ poo(os)) T (e2) [ oot

_
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