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Nowadays, in the  OECD (Organization for Economic 
Co-operation and Development) test reports of agricultural 
tractors, the values of dislocation of the COG are omitted. 
For this reason, an experimental test must determine 
the  dislocation of the  COG height above the  ground. 
Calculating the  vertical and longitudinal coordinates of 
the  COG could be solved by applying an ISO standard 
(Majdan et al., 2021). The  Slovak national standard STN 
27 8154, which is based on ISO 5005:1977, describes 
the basic principles of determining the dislocation of COG 
of earthmoving machines. The applied algorithm, based 
on the mentioned STN and ISO standards for calculating 
the dislocation of the COG of agricultural machines, must 
consider the  corrections provided by error calculation 
(Rédl and Páleš, 2018). In many cases, experimental 
measurement is technically difficult or impossible for 
too weighty machines. The  research performed by 
the  authors about the  existence of a  similar presented 
methodology for estimating the  height of the  COG has 
not been satisfied. For this reason, they developed an 
alternative methodology for estimating the  height of 
tractor‘s COG based on using the  Monte Carlo method 
(MCM). 

MCMs are a  broad class of computational algorithms 
that rely on repeated random sampling to obtain 
a  numerical result. They are often used in physical and 
mathematical problems when it is impossible to obtain an 

analytical solution, and the application of a direct algorithm 
is infeasible. 

The  MCM is mainly used in three distinct problems: 
numerical integration, simulation, and optimisation (Walker, 
2016). The MCM is an algorithm that uses the uncertainty of 
problem‘s inputs to determine the uncertainty of outputs. 
The  algorithm takes a  sample from inputs, calculates 
the  output, and repeats this process many times to 
converge to an output with uncertainty. The MCM has many 
past technical applications in vehicle dynamics. A review 
of various works has been presented, which highlights 
the  importance of introducing the  variability of the  road-
track/vehicle system into dynamic simulations as soon as 
this latter is meant to be predictive (Funfschilling and Perrin, 
2019). In their work, a  stochastic framework is adopted, 
uncertainties are propagated through the  dynamic model 
thanks to Monte Carlo (MC) sampling, and stochastic 
abacus is built. Moreover, the  numerical approach allows 
the  estimation of the  margin between the  unloading 
criterion and vehicle overturning. 

The  combination of the  research methods of vibration 
or vibration damage estimation under stochastic loading 
in the aerospace application, the combination of the finite 
element method and Monte Carlo simulation (MCS) and 
the  probabilistic assessment of structures and failure 
predictions were presented by many authors (Páleš et al., 2014; 
Ptak and Czmochowski, 2023; Hamdia and Ghasemi, 2023). 
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A comprehensive review of MCMs, simulation, and 
its related subjects, which are covering 444 references in 
the  relevant literature, was done (Song and Kawai, 2023). 
The  authors present an extensive review of formulations 
and techniques along with insightful summaries of 
developments of existing numerical methods which are 
dealing with the  utilisation of classic MCMs and Markov 
Chain MCM. They are analysing the various areas of science, 
for example, the areas of artificial neural networks, structural 
reliability, the sensitivity analysis of the probability of failure, 
structural reliability analysis, variance reduction techniques 
for structural reliability analysis and many more. 

Parameters of machines 
The test protocols of OECD (DLG, 2024) were used to gather 
the technical parameters of the analysed tractors. The test 
protocols contain many parameters determined by machine 
testing. All the  companies providing the  tests have been 
certified. The  tractors used and their relevant parameters 
are shown in Table 1. 

For simplification of design process of model, 
the  parameter Dy (the  shift of the  y coordinate of COG) is 

Material and methods

Table 1	 Tractors' parameters

No. Tractor type Manufacturing 
year

COG height h 
(mm)

Shift of the y coordinate 
of COG Dy (mm)

Track width tw 
(mm)

1 CASE INTERNATIONAL 7130 4WD 1988 1074 5 1626

2 CASE INTERNATIONAL 7140 4WD 1988 1120 13 1626

3 CASE INTERNATIONAL 9110 1987 1158 0 1524

4 CASE INTERNATIONAL 9130 1987 1202 0 1524

5 CASE INTERNATIONAL 9150 1987 1334 0 1524

6 CASE INTERNATIONAL 9170 1987 1366 0 2032

7 CASE INTERNATIONAL 9180 1987 1421 0 1935

8 DEUTZ-FAHR AGROPLUS 60 1998 818 8 1400

9 DEUTZ-FAHR AGROPLUS 70 1997 890 6 1400

10 DEUTZ-FAHR DX 4.51 1989 958 12 1600

11 FIAT 140-90 DT/12 1985 1090 8 1720

12 FIAT 160-90 DT/1 1985 1090 8 1720

13 FIAT 44-28 1981 1340 12 1830

14 FIAT F100 DT/16 1992 840 3 1550

15 FIAT F130 DT/16 1992 835 3 1450

16 FORTSCHRITT ZT 323 A 1985 929 1 1766

17 KUBOTA M1-100S-DT 1993 929 4 1500

18 KUBOTA M-110-DT 1999 1009 2 1530

19 KUBOTA M-120-DT 1999 1002 1 1510

20 KUBOTA M-9580-DT 1993 929 4 1500

21 MASSEY FERGUSON 4270 1997 974 2 1525

22 MASSEY FERGUSON 4260 1998 974 2 1735

23 MASSEY FERGUSON 4255 1998 962 7 1735

24 MASSEY FERGUSON 4235 1998 945 4 1635

25 MASSEY FERGUSON 4245 1996 951 4 1635

26 NEW HOLLAND TN 65D 1999 840 10 1222

27 NEW HOLLAND TL 80 1999 830 13 1526

28 NEW HOLLAND TL 100 1999 850 12 1350

29 STEYR 9090.70 2002 936 12 1870

30 STEYR 8180 1989 1101 6 1900

31 VOLVO BM VALMET 2105 1985 1135 2 1920

Source: DLG, 2024
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neglected. The  effect of the  offset of COG with respect to 
the pitch axis on the critical slope angle is minimal.

Critical slope angle
In the general position, as depicted in Fig. 1, the tractor has 
a  stable static position on slope, and the  COG is defined 
with h and +Dy. From known parameters, angle ϕLim can be 
derived as follows if +Dy is neglected: 

		  (1)

During the  tilting process, the  tire-ground contact 
point C changes its position to the  position CLim (Fig. 1). 
The  angle orientation ϕLim of the  line  with respect 
to the  ground is represented by the  horizontal line ToS 
(the  tip of the  slope) and . The  solved limiting 
angles, which are also critical overturning angles, are listed 
in Table 2. The advantage of our approach is in the fact that 
we prevent mistakes with the exact definition of the contact 
point B between the  tire and ground with respect to tire 
lateral deformation during the  tilting. We assume that 
the  mentioned factor was considered during the  testing 
process by the OECD.

Fig. 1	 Static tilt position of the tractor (on the tilt table)

Monte Carlo method
The  MCM is a  statistical simulation method that may be 
contrasted with conventional numerical discretisation 
methods, which are typically applied to ordinary or partial 
differential equations that describe some underlying 
physical or mathematical system. In many applications of 
MCM, the physical process is simulated directly, and there is 
no need to even write down the differential equations that 
describe the behaviour of the system. The only requirement 
is that the  physical (or mathematical) system is described 
by a probability distribution function (PDF). Once PDFs are 
known, MCS can proceed by a  random sampling of PDFs. 
Many simulations are then performed (multiple “trials“ or 
“histories“), and the  desired result is taken as an average 
over the  number of observations (which can be a  single 

observation or perhaps millions of observations). There 
are at least four crucial ingredients in a  basic MC strategy 
(Steinhauser, 2013; Ross, 2013). These are:

1.	 Generating random variables;

2.	 PDFs,                               , where -                                              ;

3.	 The moments of a PDF,                                               ;

4.	 The calculations of variances,                                        .

The number n of MCS iterations is determined by Eq. (2) 
(Bukaçi et al., 2016) as follows:

		  (2)

where:	 zc – a variable depending on the confidence level 
for normal distribution; Sx – standard deviation; 

 – mean; E – percentage error bound

Statistical probability tests of input data 
We assumed that the  probability distribution of all input 
values has normal (logistic) distribution. This hypothesis 
was tested by Wilk and Anderson-Darling test algorithms 
at significance level 0.05, which were performed using 
the  Spyder software IDE (Integrated Development 
Environment) (Python, 2023) in the  Python language with 
algorithms 1 and 2. Experimental values are easily imported 
from Excel worksheets into the Spyder and Mathcad IDEs as 
a matrix. 

Algorithm 1 Shapiro test Python code
from scipy import stats
# ficritcsv – imported data from Excel
p_value = stats.shapiro(ficritcsv)
# Set a significance level (alpha) for test
alpha = 0.05
# Checking the p-value against the significance level
if p_value > alpha:
print(“Sample has a normal distribution“)
else:
print(“Sample does not has normal distribution“)
Output from IPython console:
ShapiroResult(statistic=0.9790266752243042, 
pvalue=0.7850747108459473)

Algorithm 2 Anderson-Darling test Python code
statistic, critical_values, significance_level = stats.
anderson(ficritcsv, dist=‘distr‘)
if statistic < critical_values[2]:

print(“Data has a ‘distr’ distribution (at“, alpha, 
“significance level)“)

else:
print(“Data does not has a ‘distr’ distribution (at“, alpha, 

“significance level)“)

In algorithm 2, distr represents the  variations of tested 
distributions: expon – exponential; normal – normal; 

Results and discussion
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logistic  – logistic; gumbel_r – Gumbel right; gumbel_l – 
Gumbel left. The  probability distribution tests proved that 
the input data has normal distribution. All other distribution 
types are rejected due to tests results. The Python code was 
used for its very useful form of commands and very user-
friendly environment of Spyder software. 

Monte Carlo simulation algorithm setup  
To set up an algorithm, the basic MCS strategy mentioned 
above was followed. The flow chart diagram depicted in Fig. 
2 describes the details for each step of algorithm. The basic 
technical parameters are stored in the  Excel sheet. In 
the Mathcad solving block, the preliminary values of critical 
overturning angles, means, and standard deviations for 
angles and vehicles tracks width were solved. These values 
are the basic components for MCS. After solving the critical 
overturning angles array, the type of probability distribution 
of input values was determined. For this purpose, the Python 
programming language in the Spyder software environment 
was used. 

Fig. 2	 Simulation flow chart

The  next step was the  setup of the  input parameters 
for MCS (which are standard deviation and mean). 
The  derivation of simulation function is based on Fig. 1. 
The simulation function must satisfy the real solving of Eq. 
(1). The results of MCS are the simulation matrix with range 
n × 3. For MCS results utilisation, it is necessary to create 
a chart with simulated parameters. That belongs to the part 
“Curve“ (Fig. 2). Desing the approximation function should 
by performed by polynomials or Fourier transformations 

approximation. The  calculation of the  coefficient of 
determination R2 refers to the quality of the goodness of fit 
of designed approximation function. If R2 has an acceptable 
value, then the results and outputs should be processed.

Simulation results
Firstly, from the  known parameters listed in Table 1, 
a  histogram and distribution function curve as a  function 
variable f(ϕcri, range) and f(tw, range) were set up. The charts 
are depicted in Figs 3 and 4. All the  charts are processed 
using the Mathcad® Prime software. 

Fig. 3	 Histogram and distribution function of ϕcri
dataϕ – the number of elements in each bin; ϕcri, Fone, Ftwo – 
distribution functions; range_m – the number of subintervals 
with the same length 

Fig. 4	 Histogram and distribution function of tw
dataϕ – the number of elements in each bin; ϕcri, Fone, Ftwo – 
distribution functions; range_m – the number of subintervals 
with the same length 

As proved by a  test provided by Python, the  input 
parameters in analysis have normal distribution. Normal 
distribution is identified in Figs 3 and 4 where the histogram 
charts have an additional curve of normal distribution. 
Setting up the simulation function (in which the term critical 
in subscript was used instead of limit), is as follows:

	 f(ϕcr , h): = h · tan(ϕcr) 	 (3)
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Increasing the  number of samples causes the  highest 
precision of simulated dataset, and the error of simulation 
is normalised if n ≥1000 (Bukaçi et al., 2016). For that reason, 
n = 2500 was chosen and it lays in interval defined above. 
The simulation result is the matrix of n MC samples created 
by calculating function f for variables randomly generated 
given the  information found in the  matrix rvals. A part of 
the results matrix is depicted in Fig. 5. The first column “ϕ“ 
is the set of critical overturning angles (ϕcr) in radians; “h“ is 
the set of COG height (h); and the “output“ is the track width 
(tw), but of a half of values, all in millimetres.

The  dataset is not sorted. The  new matrix is sorted 
in the  ascending order of angles and full track width. 
The histograms of result matrix elements are depicted in Figs 
6, 7, 8. The generated values have a typical shape of normal 
distribution. The  variables dataϕ, datah are the  number of 
elements in each bin; range is the  number of subintervals 
with the same length.

Then, the  mean and standard deviations for critical 
overturning angles and track width were solved as follows:

	 mϕ: = mean (ϕcr) = 0.673, mtw: = mean (tw) = 816.613	
	 sϕ: = Stdev (ϕcr) = 0.06, stw: = Stdev (tw) = 94.373	

(4)

The  matrix rvals contains a  string naming of each 
variable in the  first column, their mean (m) values in 
the  second column, and their standard deviations (s) in 
the third column:

		  (5)

Then, the  limits matrix and distribution matrix were 
prepared:

		  (6)

For setting up the limits for MCS, the Mathcad function  
min, max was used. For increasing the  simulation interval 
purpose, we didn‘t use the  solved limits, but we used 
the  real limits based on tractors‘ known parameters 
and the  expected boundaries where random variables 
are clipped. The  distribution matrix has defined normal 
distribution proved above. The  function of MCS in 
the Mathcad® Prime software has the following form: 

	 M: = montecarlo (f, n, rvals, limits, distr)	 (7)

where:	 the variable n represents the number of samples. 
In our case, n = 2500, and solution is based on Eq. 
(2) with the following variables set: zc = 2.58; Sx = s; 

 = m. It must be considered that the  simulation 
function has two parameters as defined in Eq. (3). 
For that reason, n must be solved for the interval 
〈nϕ, ntw〉 as follows:

                                        ; E

 
Fig. 5	 MC matrix

 
 

Fig. 6	 Histogram of generated critical overturning angles ϕcr
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The  functional dependency of 
simulated track width twS and COG 
height hCGS is depicted in Fig. 9, with 
a  strict stochastic form. From this 
dependency, any usable conclusions 
cannot be predicted. Deriving 
the  approximation function is too 
difficult. For that reason, we tried to 
smooth the function shape and derive 
the approximation function. Mathcad® 
Prime has the  following inbuilt 
functions for smoothing the  datasets: 
ksmooth; medsmooth; supsmooth.

The  supsmooth function uses 
a  symmetric k nearest neighbour 
linear least-squares fitting procedure 
to make a  series offline segment 
through data. Unlike ksmooth which 
uses a  fixed bandwidth for all data, 
supsmooth will adaptively choose 
different bandwidths for different 
portions of data (Mathcad Help, 2015). 
The  function supsmooth according to 
Eq. (8) has been used: 

	 hCGSS: = supsmooth (twS1, hCGS1)	 (8)

where:	 hCGSS – COG height (mm), 
simulated and smoothed; 
twS1 – track width (mm), 
simulated; hCGS1 – COG height 
(mm), simulated

The  smoothed chart is depicted 
in Fig. 10. The  relationship between 
simulated track width and COG height 
has a  quasi-linear nature. The  fourth 
order polynomial approximation 
regression function by function polyfitc 
can be set up as follows:

	 hCG = -8 · 10-11 · tw4 + 
+ 5 · 10-7 · tw3 - 0.0013 · tw2 + 

	 + 1.7413 · tw - 161.2	
(9)

The  goodness of fit of the  plot of 
smoothed data (Fig. 10) is R2 = 0.9988. 

Verification of derived approach
For verification purposes, tractors‘ 
parameters shown in Table 2 have been 
used. Predicted COGs based on Eq. (9) 
and are listed in Table 3. The  dataset 
in Table 2 is obtained from other 
independent source than the  dataset 
in Table 1. For the input parameters in 
Eq. (9), the known tractors‘ track width 
from Table 2 was used. The  intervals 
of the  real verificatory dataset are 
twR  ∈ 〈945 mm, 1518 mm〉 and 

 
 Fig. 9	 Generated relationship between track width and COG height

 
Fig. 10	 Smoothed track width and COG height

 
Fig. 8	 Histogram of simulated track width tw
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hCOGR ∈ 〈510 mm, 729 mm〉 (Table 2). 
The  interval of the  calculated data 
from Eq. (9) is hCOGR ∈ 〈681.551  mm, 
810  mm〉. The  intervals of the  real 
dataset from Table 1 are tw  ∈ 

〈1222  mm, 1900  mm〉 and hCOG  ∈ 

〈830 mm, 1340 mm〉. Because of 
the  difference of intervals, critical 
overturning angles were used as 
the  criterion for verification. The  key 
parameter in MCS was the  critical 
overturning angle. From the  real 
dataset and simulated dataset, the real 
ϕr and simulated ϕs critical overturning 
angles were calculated according to 
Eq. (1). The critical overturning angles 
functional dependency with respect to 
real track width are depicted in Fig. 11. 

To evaluate the  process of critical 
overturning angles approximations, 
the  function polyfitstat was used in 
the following form: 

    pfsa = polyfitstat (ϕr , ϕs, 4, 0.95)	 (10)

where:	 the  order of polynomial 
has a  value equal to 4 as 
a  generated approximation 
polynomial (Eq. 9), and 
confidence interval is 0.95 
(95%). The  result matrix 
according to Eq. (10) is 
depicted in Fig. 12 with basic 
statistical information. The fit 
of approximation is R2 = 
0.906. The  polyfitstat matrix 
provided a  few submatrices 
with partial evaluation results

Fig. 12	 Polyfitstat matrix

For approximation, we used these 
results to evaluate the  fit between 
the  observed results and expected 
results based on the model, which is Eq. 
(9). A part of the  polyfitstat submatrix 
is shown in Fig. 13. The  following 
variables were defined: F0 = 12.051  – 

Table 2	 Verification group of tractors 

No. Track width (mm) COG height (mm)

1 945 691

2 1078 645

3 1120 656

4 1140 729

5 1182 510

6 1245 728

7 1250 611

8 1286 616

9 1305 654

10 1325 659

11 1518 619

Source: Franceschetti et al., 2019

Table 3	 Simulated tractor parameters from Eq. (9)

No. Track width (mm) COG height (mm)

1 945 681.551

2 1078 723.54

3 1120 734.918

4 1140 740.057

5 1182 750.299

6 1245 764.37

7 1250 765.425

8 1286 772.765

9 1305 776.464

10 1325 780.234

11 1518 810.661

 
Fig. 11 Simulated (ϕs, deg) and real (ϕr , deg) values of critical overturning angles
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F factor for hypothesis; a = 0.05 – the level of significance; 
dfprm = 4  – the  degrees of freedom for parameters; dferr = 
5 – the degrees of freedom for error. 

The critical F value (FC) was solved according to Eq. (11) 
as follows:

	 FC = qF (1 - a, dfprm, dferr) = 5.192	 (11)

where:	 the qF is the F-distribution function (Montgomery, 
2013)

The mentioned parameters are taken from the submatrix 
in Fig. 13. With the  Mathcad comparison of inequality 
F0 > FC = 1, it was proven that the hypothesis of our model 
fits the  data. The  comparison result is equal to 1 (true).  
For the  regression analysis, the  polyfitstat calculation tool 
is recommended because the  method returns statistical 
data on a  polynomial regression model, fitting the  results 
recorded in matrix Y to the  data found in matrix X (PTC, 
2023). The chosen MCM allows users to model the dataset 
with defined probability distribution. The  MCM is an 
algorithm that uses the  uncertainty of problem‘s inputs 
to determine the  uncertainty of outputs. The  algorithm 
takes a  sample from inputs, calculates the  output, and 
repeats this process many times to converge to an output 
with uncertainty. The  MCM has many past applications 
in decision analysis (Flumerfelt et al., 2019). Another 
alternative to curve approximation is using the  B-Spline 
curve approximation algorithm. The most effective way to 
determine curves for practical use is to use a set of control 
points. These control points can be accompanied by other 
restrictions for the curve, for example, boundary conditions 
or conditions for curve continuity (Páleš et al., 2016). 
However, the  mentioned method doesn‘t give a  simple 
usable approximation polynomial equation. Our approach 
of prediction of the  dislocation of COG with respect to 
tractor‘ track width is rare, and our literature review did not 
find similar published solution to the  presented problem. 
However, the  MCM is widely used in multibody dynamics, 
for example for the  computation of torque control of 
fully actuated non-deterministic multibody systems. 
The comparison between the time efficiency and accuracy 
of the polynomial chaos expansion (PCE) method extended 
with computed control torque law and the  traditional 
MCM indicates that PCE can provide the  desired accuracy 
in a  more time effective manner for some engineering 
problems (Sabet and Poursina, 2017).

Conclusion 
The  data of dislocations of COG and track width of 
31 agricultural tractors are processed for MCS. The tractors 
have a  track width in the  interval 〈1222 mm, 1900 mm〉  
and COG in the  interval 〈830 mm, 1340 mm〉. The  test of 
statistical distribution proved the  normal distribution 
of data. The  dataset of the  critical overturning angle of 
stability was calculated from known parameters. The  MC 
model was applied to generate the  dataset of COG 
heights and track widths for 2500 values. From obtained 
data from MCS, the  smoothed dataset was designed and 
then the  approximation function was set up (which was 
the polynomial of the fourth order). To verify the designed 
model, tractors‘ data were taken from a second independent 
source. The  critical overturning angle of stability was 
calculated from the  second source. Then, the  critical 
overturning angle of stability was generated by our model, 
which is Eq. (9). The  fit of simulated data was tested with 
calculated data from the  second source. The  model was 
tested with the polyfitstat function from the Mathcad Prime 
9.0.0 software and with F-distribution test. The  goodness 
of fit was R2 = 0.906. The  F-distribution test proved that 
the designed model fits the expected dataset. 

The  F-test is widely used in analysing the  variance 
of  two equal populations. The  F-test is extensible to 
three  or  more groups and so is useful for multiclass 
classification (Klosterman, 2021). We recommend that 
the  presented model should be used to predict the  COG 
height of the  tractor for the  machine parameters lying in 
the recommended intervals of COG height and track width. 
We recommend the  applied algorithms and methods for 
the  estimation of dislocation of the  COG of four-wheel 
agricultural machines with non-articulated frames with 
respect to the track width intervals mentioned in this article.
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