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Abstract — To improve the network interaction step-wise
process, a genetic algorithm is suggested for finding more stable
solutions in bimatrix games. The algorithm is based on using an
approach of successive approximation to an equilibrium situation
within a finite space of actions whose size directly depends on the
number of game repetitions (network interactions). The algorithm
has seven input parameters: the population size, the maximum
number of generations, the number of generations for the early
stop, the mutation rate, the number of bits per pure strategy, the
number of maximum network interactions, and the number of the
best chromosomes selected. The algorithm is more efficient for
fewer network interactions, when the network peers obtain more
stable and consistent strategies that encourage interaction itself
rather than resigning from sending any information due to
instability. The equilibrium concept is strengthened by
introducing a criterion of mutual profitability, which is clearly a
good tone and respect in network interactions (particularly, in P2P
file-sharing networks). This criterion, expressed as a fitness value
equal to negative maximum of potential losses, can be varied to
alternatively evaluate the consequence of swerving from a given
mixed strategy.

Keywords — approximate equilibrium, bimatrix game, genetic
algorithm, network interaction, strategic behaviour.

1. EQUILIBRIUM AND FINITENESS

In telecommunications, non-cooperative games are used to
model and analyse various scenarios where multiple entities
(e.g., users, devices, service providers) have competing
interests and must make decisions that affect one another [1],
[2]. Finite non-cooperative games provide a powerful
framework for modelling and analysing strategic interactions in
telecommunications [3], [4]. By representing the decisions and
payoffs of competing entities (players), these games help in
understanding and predicting the behaviour of users and
providers [5], [6]. This subsequently optimises resource
allocation [7], pricing strategies [8], managing interference [9],
peer-to-peer (P2P) file-sharing networks [10], and negotiating
quality of service [6], [11].
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While non-cooperative game theory helps in understanding
dynamics of strategic behaviour and can suggest mechanisms
(e.g., reputation systems [12], incentives [13], [14]) to
encourage cooperation in P2P networks [10], [15]), the solution
even in a finite game may be challenged if it is not of pure
strategies. Indeed, any finite non-cooperative game has at least
one solution, either in pure or mixed strategies. Commonly such
a solution relies on the concept of the Nash equilibrium, by
which any player cannot improve one’s benefit (i.e., increase
one’s payoff) by individually retreating from an equilibrium
situation. If there is a single Nash equilibrium situation and it is
of mixed strategies, a practical implementation of the
equilibrium encounters difficulties, when strategy probabilities
are irrational numbers or rational fractions of big integers in
numerator and denominator. The matter is the number of
connections is finite anyway, during which statistical
performance of the equilibrium situation comes out incomplete
[13], [16], [17].

As an example, consider a P2P file-sharing network, where
two peers can choose whether to share a file or not. Each peer
benefits from sharing own files but incurs a cost for
downloading files shared by others. The file of peer #1 is larger
than that of peer #2. When both download (pure strategy #1),
the respective payoffs are 100 and 45; when both share (pure
strategy #2), the respective payoffs are 120 and 50. When peer
#1 downloads and peer #2 shares, the respective payoffs are 75
and 55; when peer #1 shares and peer #2 downloads, the
respective payoffs are 95 and 75. Such a benefit configuration
exists during a short period of time, where the peer can make a
limited number of shifts of one’s pure strategy (from
downloading to sharing and vice versa). The respective payoff
matrices of the players are

100 75
A= (1)
95 120

and
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The bimatrix game with payoff matrices (1) and (2) has a single
equilibrium situation which is

et 3G sl

Thus, peer #1 must download and share with probabilities %
and % , respectively. Peer #2 must download and share with
probabilities %0 and %O , respectively. Theoretically,

equilibrium strategies P* and Q" in (3) ensure that on average
peer #1 receives payoff

V(P*,Q*)=P*.A.(Q*)T:%:97.5 (4)

and on average peer #2 receives payoff

u(P*,Q*):P*.B.(Q*)T:37£~53.5714. (5)

However, the number of strategic interactions, as it is
abovementioned, is limited and thus payoffs (4) and (5) are
hardly reachable [16], [17]. Moreover, even if there are 10
possibilities to shift one’s pure strategy, peer #1 cannot exactly

implement probabilities % and % . The closest faction to

A in this case is % (> SO peer #1 can implement a mixed
strategy

rather than

Then, the expected payoffs are

v(Pl,Q*)=P1~A-(Q*)T:%:97.5 (©)
and
u(Pl,Q*)ZPl.B.(Q*)T:%:53.95. 7)

It might seem that situation

N I

is even better than equilibrium situation (3) because peer #1
does not lose anything and peer #2 receives a 0.7067 % higher
payoff. That said, situation (8) is not equilibrium: peer #2 may
want to swerve to a non-equilibrium strategy

Q, :[1 0]

implying only downloading, which within the respective non-
equilibrium situation

(P, Q)= {% %} [ 0]} ©)

provides the expected payoffs

197

v(Pl,Q])=P1~A-(Q1)T_T=98.5 (10)

and

u(P.Q)=P-B:(Q) =66. (11
Despite payoffs (10) and (11) are higher than payoff (6) and (7),
peer #1 subsequently may want to swerve to another non-
equilibrium strategy

P, :[1 O]

also implying only downloading to further increase one’s
payoff to 100, whereas the payoff of peer #2 drops down to 45.
Moreover, in addition to that, when there are seven possibilities
to shift one’s pure strategy, peer #2 cannot exactly implement

probabilities %0 and %0 , and similar non-equilibrium

skipping starts.

This has been a demonstration of instability of an equilibrium
situation by a few possibilities of pure strategy shifting.
Furthermore, by a fewer possibilities, the equilibrium
inconsistency only builds up. Therefore, the players need a
method to form their equilibrium strategies dependable on the
number of repetitions of the game. This method should provide
a better stability of a non-cooperative game solution, which
would ensure a feasible equilibrium under a finite number of
network connections, pings, transactions, bids, queries, etc.

II. OBJECTIVE AND TASKS

Due to Nash equilibria become infeasible (unstable) for a
finite number of game repetitions, the objective is to suggest a
method of finding more stable solutions in bimatrix games for
improving telecommunication interactions. Such a method can
be based on using an approach of successive approximation to
an equilibrium situation within a finite space of actions whose
size directly depends on the number of game repetitions. The
approach of successive approximation must be based on a
genetic algorithm. To reach the objective, the tasks listed below
are to be fulfilled.
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1. To build a genetic algorithm that finds approximate Nash
equilibria in bimatrix games.

2. To correct the algorithm in its part, where chromosomes
are formed as mixed strategies being probability distributions.
The chromosome must satisfy a constraint of the finiteness of
an action space.

3. To validate completeness of statistical performance of the
approximate equilibria.

4. To discuss the merits and drawbacks of the suggested
algorithm applied for improving telecommunication strategic
interactions.

5. To conclude on the obtained results and outline promising
ways of furthering the research.

III. GENETIC ALGORITHM

The primary inputs to the genetic algorithm are real-valued

MxN and B:[bifJMxN

where M and N are the numbers of pure strategies of the first
and second players, respectively. If initial payoff matrices
contain negative entries, they are intentionally made positive by
adding to each matrix a sufficiently great value (the same value
is added to every matrix). In both bimatrix games (such games
are called affine equivalent), the player has the same
equilibrium strategies, while the respective payoffs differ by
that value added to an initial matrix.

One of the best practices is to use a binary representation of
the chromosome [18], [19]. For instance, a mixed strategy of
two pure strategies can be represented as a six-bit string

positive payoff matrices A:[aﬁ]

>

‘110101,

where the first three bits (1, 2, 3) correspond to the first pure
strategy and the next three bits (4, 5, 6) correspond to the second
pure strategy. In this three-bit pure strategy representation, there
are 2° =8 possible integer values per pure strategy, between 0
and 7. In this particular example, the value of the first pure
strategy (‘110”) is 6, and the value of the second pure strategy
(‘101) is 5. Upon the normalization, the mixed strategy

beCOmeS a veCtOI‘
5 6

Therefore, the number of bits per pure strategy is another input
parameter. Let it be denoted by b. The population size is
denoted by S, and the maximal number of generations (steps or
rounds of the genetic algorithm) is denoted by R. The mutation
rate denoted by p is a probabilistic value between 0 and 1, by
which the algorithm decides whether the child as a result of the
crossover operation will have mutations or not. Another input
parameter is the number of the best chromosomes selected for
crossover and mutations. Let this number be denoted by T.

At every generation, a score (fitness) is calculated for every
chromosome of a population by using a fitness function [19].
The current-generation best chromosome is then found, at
which the fitness is maximal. If this fitness is increased, it is
stored along with the currently best chromosome. Then a new

population is generated based on parameters 7 and p. As all the
generations are run over and done, the finally best chromosome
is converted into mixed strategies of the players, which must
approximate a Nash equilibrium situation. The players’ payoffs
at this situation are subsequently calculated.

The suggested genetic algorithm utilises six modules, each of
which is used during every generation [18], [19]. These
modules fulfil the following: population creation, conversion of
a binary chromosome part to a mixed strategy, fitness
calculation, crossover operation over two parental
chromosomes (parents), mutation operation over a
chromosome, selection of the best 7' chromosomes.

A population is created as a set of binary strings. The set size
is S. Each string (being a chromosome) is of (M + N)b bits. This
module is invoked just once before the first generation starts.

In the binary-to-probability conversion module, a binary
chromosome part is taken, which is a substring of either first
Mb bits or next Nb bits. Every b bits in the substring are
converted to an integer decimal value, which is subsequently
divided by 2°-1. Each decimal value is divided by the sum of
all decimal values (whose number is either M or N), and thus a
mixed strategy is obtained. If the sum is O (this happens only if
the substring is of either Mb or Nb zero bits), then all the
probabilities in a mixed strategy are equal to either y or

M
A
N
The fitness calculation module takes a chromosome,
calculates its respective mixed strategies

P = [pl ]1><M
and
Q = |:q/ :|1><N ’
where
M —_—
> p=1,p20 Vi=1M
i=1
and

N
qu:l, quO Vj=LN,

J=1
and calculates the first and second players’ payoffs
(12)
(13)

v(P,Q)=P-A-Q",
u(P,Q)=P-B-Q".

In addition, the first player’s payoffs obtained by swerving from
mixed strategy P to its M pure strategies are calculated:
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N

v (Q)=D a4, i=1,

Jj=1

(14)

The second player’s payoffs obtained by swerving from mixed
strategy Q to its N pure strategies are calculated similarly:

M
u].(P)ZZbijpl., j=LN. (15)
i=1
Then, the fitness is calculated as
max {v, (Q)} max {u, (P)}
f=-max{—==~ 2 (16)
v(P, Q) u(P, Q)

With fitness function (16), the genetic algorithm focuses on the
players’ mixed strategies in such a way that in the situation
composed of these strategies the payoffs of the players are
balanced as much as possible and neither player would want to
swerve from this approximate balance. This, in fact,
approximates an equilibrium situation in the bimatrix game.

The crossover operator takes two chromosomes (parents), for
which an integer between 1 and (M + N)b is randomly drawn.
This integer referred to as the crossover point and denoted by 4
breaks each chromosome into two parts, which are interchanged
making thus two new chromosomes. Namely, if

_ <k>
C = [cl

]1><(M+N)b

and

:|1><(M+N)b

are the parents, then the two new chromosomes are

C3 = |:c3<k> ]1><(M+N)b - {{cfb }::1 > {c;b}(k/‘;:j\l/)b} (17)

and

O R N (= AU i v S

The crossover operator is applied to a set of T selected

chromosomes {C,}

_, as generation of a new population starts.

In more detail, the crossover is done over T—1 pairs of
chromosomes

{CI’ Ct+l}tT:711'

Every parent and every child is subject to mutation at rate p,
where a value p of a uniformly distributed random variable on
interval (0;1) is used. Value p is drawn for every bit of the

chromosome. If

p<p (19)

for bit k of chromosome

Cc= [C<k> :Il><(M+N)b i

then this bit is inverted:

c<k>(obs) :C<k> , C<k>

— 1_c<k>(obs) .

The mutation operator is successively applied to 2-(7—1)
children and T parents. In addition, condition (19) is checked
for every parent. If (19) holds for a parental chromosome

C :[C<k>

! ! ]lx(MJrN)h

then it is flipped as [20], [21]

C :[C;k>*:|l><(M+N)h by

c<k>* _ ct<(M+N)b—k+1> for k = 1, (M + N)b

‘ (20)
and a new chromosome (20) is included into a new population
along with the children and parents, regardless of whether they
have had mutations or not.

The selection module takes a population {CI}K of K

t=1
chromosomes and its respective fitnesses { f; }tK:1 calculated by
(16). It is worth noting that apart from the newly created
chromosomes by crossover and mutation, number K includes
also the parents from the previous generation, for which
inequality (19) was not true. The fitness probabilities are

calculated as

A, =f-minf+2%, t=1K, 1)
t=1,K
. A
A =—"—, t=LK. (22)
>
r=I1

Probabilities (22) are sorted in descending order, whereupon the
first Tc{l,_K} indices are taken out of this order. The

subsequently selected subpopulation is

K

{Cf }teT < {Ct}t:I : (23)
It is important that a pair of probability vectors differing by no
more than 107" is not included in subpopulation (23). Only one
of such vectors is included in it. This pairwise refinement makes
subpopulation (23) more diverse. Besides, it speeds up the
algorithm owing to probability vector repetitions are excluded.
It is clear that, due to (16), the fitness value does not exceed
—1. Therefore, if f=—1 at a generation, the algorithm stops.
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IV. ACTION SPACE FINITENESS

The binary-to-probability conversion module is used within
the fitness calculation module to calculate respective mixed
strategies P and Q from a chromosome. The population of
chromosomes is a subset of an action space, where each element
is a situation in mixed strategies represented as a sequence of
(M + N)b bits. This space should be finite and its size directly
depends on the number of game repetitions d. Hence, each
mixed strategy should be of probabilities that could be
represented as fractions with the same integer denominator d.

Consequently, here is a correction in the binary-to-probability
conversion module. As a mixed strategy of probabilities {r, }1L=1
is formed upon dividing each decimal value by the sum of all
decimal values (whose number is either M or N), a set of new

values is calculated:

24

where (&) rounds & to the nearest integer. From the set

J={l:r >0} {1 L} (25)

of indices of nonzero values (24) a one index /. is randomly
chosen, whereupon assignment

n =0 (26)

is done. Then entry r: is re-assigned to the result of subtracting

the sum of all values {r;}; from 1:

L

* *
r,*=1—§r,-

1=1

27)

Manipulations (25)—(27) may result in one or more negative
values in set (24). To get rid of negative values in set (24),
manipulations (25)—(27) are repeatedly fulfilled while set (24)
contains a negative value.

However, it is probable that some chromosomes, within
either the initial population or a new population, upon the
conversion turn out to be the same due to rounding and negative
value elimination by (24)—(27). Then chromosomes rendered to
identical mixed strategy situations are removed from a
population so that the population would not contain a pair of
identical mixed strategy situations (the chromosomes
representing a pair of identical mixed strategy situations can
differ in one or more bits, but the difference vanishes due to
rounding and negative value elimination). This is done to
prevent non-uniform fitness evaluation.

V. VALIDATION

For validating completeness of statistical performance of the

and

approximate equilibria, payoff matrices A:[aij}MxN

B= [bl.j ]szv are randomly generated by drawing values p_,

of a uniformly distributed random variable on interval (0;1).
Each entry of these matrices is equal to

\,;(100~ppay0ff +5).

The payoff matrices are re-generated until the respective
bimatrix game has no pure strategy equilibria. If a game has two
or more equilibrium solutions, a solution whose value

P
v(2.Q) (28)
u(P,Q)
is minimal is selected. This solution denoted by
{P**’ Q**} (29)

is compared to an approximate equilibrium returned by the
genetic algorithm. The genetic approximate equilibrium being
a function of denominator d is denoted by

{P™(d).Q" (d)}. (30)

Solutions (29) and (30) are compared by the four components:

v(P7(d), Q" (d))-v(P",Q"), 31
u(P™(d),Q" (d))-u(P".Q"), (32)
V(P (d), Q" (d))+u(P"(d), Q" (d))-
(P.Q7)-u(P.Q). (33)
N {v<P*~<d>,Q’“ () u(P*~<d>,Q*~<d))}_
u(P”(d).Q" (d)) v(P" (d).Q" (d))
.. V(P**’Q**) u(P**’Q**)}
{u( Q) () (34)

The algorithm is validated in MATLAB R2018a on dual-core
processor Intel Core i5-7200U@2.50GHz with 11.8 GB of
RAM.

Primarily, the matrix size has been varied as

{M,N} e{{S, 5},{10, 5}, {10,10}, {15,10}, {15, 15}}

By b =2 and b = 4 with denominator d = 100. Here components
(31)—~(33) appear to be negative on average and they further
decrease as the matrix size grows. Difference (34) is positive
not exceeding 0.06, and the difference between b =2 and b =4
is hardly significant. Figure 1 shows how differences (31)—(33)
vary within 10 % of the respective payoffs
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V(P**’Q**)’ u(P**’Q**)’ V(P**’Q**)+M(P**7Q**)’(35)

where the percentage of instances, where inequalities
“(d),Q" (d))-v(P",Q")[<0.1:v(P",Q7), (36)
—u(P”,Q7)[<0.1-u(P",Q7).(37)

V(P (@) Q7 (@) +u(P (4). Q" () -
Q7). Q") <
<0.1:((P", Q") +u(P", Q"))

(38)

simultaneously hold, is plotted. Besides, when to inequalities
(36)—(38) a requirement of inequality

N {V(P (4).Q" () u(p*~(d>,o*~(d))}_

(P (d).Q" (d)) v(P™(d). Q" (d))
DL
) v(P7.Q7)

is added, the percentage of instances, where inequalities (36)—
(39) simultaneously hold, drops (Fig. 1).

(39)

ok

"
(P -Q
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0 1 1 1 1 1 1 1 1
5 5 10 10 10 10 15 15 15 15 M

5 5 5 5 10 10 10 10 15 15 N
2 4 2 4 2 4 2 4 2 4 b

Fig. 1. The polyline percentage of instances, where inequalities (36)—(38)
simultaneously hold (dots), along with the percentage of instances, where
inequalities (36)—(39) simultaneously hold (stars), for d=100. Both the
dependencies have a decreasing trend, and adding the requirement of having a
better payoff leverage by (39) shortens the percentage roughly twofold.

As the denominator is decreased (i.e., the number of game
repetitions becomes fewer), components (31)—~(33) tend to
decrease. The percentages of inequalities (36)—(38) and of
inequalities (36)—(39) are slightly higher for d =10 and d =5
(Fig. 2): whereas the average percentages are 22.8 % and 9.5 %

in Fig. 1, the average percentages for d =10 are 27.2 % and
10 %, and the average percentages for d =15 are 31.2 % and
11.6 %.

Another factor is the rate of instances when components
(31)—(33) are simultaneously positive: it is 8.2 %, 16.4 %, 39 %
for d=100, d=10, d=15, respectively. When to positive
inequalities (31)—(33) the requirement of inequality (39) is
added, the average percentages are 3.6 %, 5.8 %, 13 %,
respectively.

60 T T T

3

I I
10 10 15 15 M

5
5 5 10 10 15 N
2 2 2 2 2 b

Fig. 2. The polyline percentage of instances, where inequalities (36)—(38)
simultaneously hold (dots and squares for d = 10 and d = 5, respectively), along
with the percentage of instances, where inequalities (36)—(39) simultaneously
hold (stars and diamonds for d=10 and d =5, respectively). Both the
dependencies have the same decreasing trend as those in Fig. 1.

VI. DISCUSSION

The algorithm has seven input parameters: population size S,
maximum number of generations R, the number of generations
for the early stop esiop [22], [23], mutation rate p, bit length b,
denominator d, and number 7 of the best chromosomes
selected. The impact of the game size (referring to the payoff
matrix size) and the bit length along with the denominator has
been profoundly studied so far. The remaining five input
parameters must be selected by using experience or rules of
thumb. In the particular computer simulations (whose results
are illustrated in Figs. 1 and 2) they are set to: S=2500,

=1000, esop =250, p is varied between 0.0125 and 0.025,
T 50. Apart from egop and p, the population size, the
maximum number of generations, and the number 7 of the best
chromosomes are not optimal. However, their impact is far less
strong than that of the mutation rate and the denominator.

The suggested algorithm is more efficient for fewer game
repetitions. The average number of generations required for the
algorithm to converge varies between 250 and 850, but it
sluggishly increases as either of numbers M, N, b, d is increased.
Typical plots of the learning curves, showing the highest fitness
per generation, have staircase shape with pretty long last stair
(Fig. 3), so the early stop number eop could have been set even
below 250 for validation. It is a fair merit as fewer
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telecommunication strategic interactions are as likely as any
other. The network peers obtain more stable and consistent
strategies. This is expected to encourage interaction itself rather
than resigning from sending any information due to instability.

Another merit is that the resulting approximate solution (30)
is fairer owing to the fitness is calculated as (16). This imparts
more equilibrium, so to say, into the peers’ strategies. The
approximate solution strategies become closer in terms of the
respective payoffs [5], [17], [24], [25].

-1
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[ ]
-1.02 T
-1.03
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-1.04 e P
e ;
-1.06 i i il
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Fig. 3. Bunch of 80 learning staircase-shaped lines (with a zoom-in), showing
the highest fitness per generation. The lines are plotted for varying the game
size between 5x5 and 15x15 for b €{2, 4, 6} and d € {5, 10, 100}.

A drawback is that the algorithm is basically for two peers.
Nevertheless, this is just a primary study. The foundation of
non-cooperative game solutions for three and more players is
far more sophisticated and will require heavier statistical
substantiation for building practically acceptable approximate
equilibria [13], [17], [26]. Assessment of payoff matrices is a
general drawback also (although it is not an issue from the
algorithm itself) because more accurate assessment requires

more information resources. In addition, as the number of pure
strategies increases, the algorithm efficiency may start fading
away.

VII. CONCLUSION

The suggested genetic algorithm is intended to find
approximate equilibrium strategies in bimatrix games by
knowing a finite number of game repetitions. The equilibrium
concept is strengthened by introducing a criterion of mutual
profitability, which is clearly a good tone and respect in
telecommunication interactions. This criterion, expressed as
fitness value (16), can be varied to alternatively evaluate the
consequence of swerving from a given mixed strategy.

Formally speaking, the population size, the maximum
number of generations, the early stop number, mutation rate, bit
length, and the number of the best chromosomes could be fine-
tuned for a given number of potential interactions d, but this is
a computationally irrelevant task [27], [28]. It is simpler to go
into adjusting the mutation rate upon appropriately selecting the
population size, the maximum number of generations, and the
number of the best chromosomes [29], [30]. Especially since
those input parameters also depend on the payoff matrices [26],
[31], [32].

The algorithm is completely flexible and applicable to
strategic interaction problems in telecommunication [1], [2],
[5], [25], [33], [34]: network connection attempts, pinging,
executing transactions, making bids, querying, etc. are
rationalized via successively selecting pure strategies in
accordance with genetic approximate equilibrium (30). The
fewer the number of interactions, the more efficiently the
algorithm converges, outputting fairer approximate equilibria.
The research will be furthered in improving the fitness criterion
and adapting the algorithm for more players.
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